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ABSTRACT
Let G(V, E) be a graph with n vertices and m edges. The graph G is said to be an adjacent edge graceful graph if
there exists a bijection f: E — {1, 2,...,m} such that the induced mapping f*:V—{1,2,..} b f*(u) = Z f (ei)taken

over all edges e; incident to adjacent vertices of u is an injection. The resulting edge and vertex labels are distinct.
Then the function f is called an adjacent edge graceful labeling of G. In this chapter we developed an adjacent edge
graceful labeling of certain graphs such as Ps U P,, Friendship F,, the graph f, U Ps, the graph P,?, dumbbell graph
(P2,Car+1), graph P, and graph (P,, Cs) are adjacent edge graceful labeling of the graphs.
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1. INTRODUCTION

In this paper, we consider finite, undirected, simple graph G(V,E) with n vertices and m edges. For notations and
terminology we follow Bondy and Murthy [1].The concept of edge graceful labeling was first introduced by Lo in [3].
A detailed survey of graph labeling can be found in [2]. Tharmaraj and Sarasija [4, 5] introduced the concept of
adjacent edge and strongly adjacent edge graceful labeling of graphs. We extended the work of adjacent edge graceful
labeling for some different types of graphs such as Ps U P,, Friendship F;, the graph f. UPs, the graph P,%, dumbbell
graph (P2,Car1), graph Prs and graph (P,Cs)

Definition: Let G(V, E) be a graph with n vertices and m edges. The graph G is said to be an adjacent edge graceful
graph if there exists a bijection f: E — {1,2,.,m}such that the induced mapping f*: V—{1,2,...} by

f *(u) = Z f (ei ) taken over all edges e; incident to adjacent vertices of u is an injection. The resulting edge and
vertex Iabelslare distinct. The function f is called an adjacent edge graceful labeling of G.
2. MAIN RESULTS
Theorem 2.1: Every path Ps U P,, where r > 5 and r is not a multiple of 4, is an adjacent edge graceful graph.
Proof: Let P, be a path with r vertices and r — 1 edges.
Let Psbe a path with 5 vertices and 4 edges.
LetV(PsUP,)={v,1<i<r+5}

LetE(PsUP,) ={&=ViVis3, 1 <i<4; g1 =VjVjry, 6 j<r+4}
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Hence the number of vertices and edges of the graph Ps U P, are n = (r + 5) and m = (r + 3) respectively.
Define a bijection function f :E(PsUP,) — {1,2,....m}byf(e)=i,1<i<r+3.
Let f* be the induced vertex labeling of f.
Define an injective function f*: V(Ps U P,) —{1,2,...} by
f*(v)) =3, [*(v2) =6, f*(vs) =10, f*(va)=9, f*(Vvs) =7,
f*(ve) =11, f*(v7) =18, f*(vi)=4i -6 ,8<i<r+3,
[*(Virg) =3r+6, f*(Viis) =2r+5.
The edge labels and vertex labels are distinct.
Hence the path Ps U P, where r > 5 and r is not a multiple of 4, is an adjacent edge graceful graph.
Theorem 2.2: Every Friendship graph F; (r = 1) is an adjacent edge graceful graph.
Proof: Let F, be a friendship graph with r triangle.
Hence the number of vertices and edges of the graph F, are n = (2r + 1) and m = 3r respectively.
Let the vertices F, = {v;, 1 <i<2r, vy}
Let E( Fr) = {V2r+1Vi, 1<i<?r, Voig Voi, 1 < i< r}.
Define a bijection f: E (F,) — {1, 2,...,3r} by
f (V2r+1V2i_1) =3i-2,1<i<r, f (V2r+1V2i) =3i,1<i<r and
f (Vgi_1V2i) =3i-1,1<i<r.
Let f* be the induced vertex labeling of .
Define an injective function f*: V(F,) —{1, 2,...} by
f*(vi) =5+r@r+1); f*(v2)=3+r@3r+1),
f*(va) =6i-3+k 2<i<rand f*(v,.)=6i+k-1,2<i<r wherek=3r+r
Thus the resulting vertex and edge labels should be distinct.
Hence the Friendship graph F, is an adjacent edge graceful graph.
Theorem 2.3: Every dumbbell graph (P,, Cyr41), 1 = 1, is an adjacent edge graceful graph.
Proof: The dumbbell graph (P,, Cyrvq) (r=1) is the join sum of the cycle Cy.q r = 1 and the path graph P,
Let v; and v, be the vertices of the path P,and {u;, 1 < i < 4r} be the vertices of the cycle Cy..1 (r = 1) and the edges of
this graphs is
{V1V2, V1Ug, Vi Ugry Vo Uzrst, Vo Uar, Uillisr, 1S TS 2r =1, UjUjeg, 2r+ 1 < j<4r-1}

Therefore | V(P2 ,Car+1) |=n=4r+2and | E(P2, Coria) |=m=4r+3.

Define a bijection f: E(G) — {1, 2,...,4r + 3} by f(viuy) =1, f(Uuiuir)) =i+ 1, 1<i<2r-1, f(uyvy) =2r + 1,
fvive) =2r+2, f(VoUprer) =2r+3, f(UjUjs) =j+3,2r+ 1 < j<4r-1, f(vous) =4r +3.

Let f* be the induced vertex labeling of f.

The induced vertex labels f*: E((P,, Cor+1)) — {1, 2,... } by

f*(ve) = 12(1 + 1), f*(v2) = 16(1 + 1), f*(uy) =9 +4r, f*u) =2Q2i+1),2<i<2r-1, f*(uy) =8r+3
[*(Ugre1) = 12r + 17, f*(Upr+i) = 8r + 4i+ 10, 2<i<2r-1, f*(us) = 16r + 11.

The edge labels and vertex labels are distinct.

Then f becomes an adjacent edge graceful labeling of the graph (P, Cyr41) (1= 1).
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Theorem 2.4: The graph (f, U Ps) is an adjacent edge graceful graph, where f, is a fan graph, r is an odd integer and
r=5.

Proof: Let f,be a fan graph with r + 1 vertices and 2r — 1 edges, r = 5 and odd humber.

Let Ps be a path graph with 5 vertices and 4 edges. Then the number of vertices and edges of the graph (f, U Ps) are
n=r+6and m=2r + 3 respectively.

The vertices of the fan graph f, = {v;, 1 < i < r + 1} and v, is the apex vertex.

The vertices of the path graph Ps are uy, U,, Us, Uy and us. Thus

v, 1<i<r+1

Let V(f, UPs) = .
el s {ui,1£|£5

g, =VV, 1<j<(r-0

LetE(f,UPs)=<€ ... =VV ., 1< j<r

r=1+i iTr+l

e, =uu.,, 1<k<4

Define a bijection f: E(PsU f,) — {1, 2,..., 2r + 3} by
fe)=j1<j<r—1,fran)=r-1+i,1<i<r f(e)=2r-1+i,1<i< 4.

Then f induces an injective function f *: V(f, U Ps) — {1, 2,...} by
3r’+r+8 3r? +13r - 20 3r’+7r—10

fou) = BEIEE gy o EBICI0 g o 3470
P =22 i) = T g (i-1), 1< r -3,
f*(uy) = 4r+1, f*(u,) = 6r + 3, f*(us) = 8r + 6, f*(us) = 6r + 6, f*(us) = 4r + 5.

Thus the vertex and edge labels are distinct.
Hence the graph (f, U Ps) admits an adjacent edge graceful graph.
Theorem 2.5: Every graph P, (N> 5, n# 9 ) is an adjacent edge graceful graph.

Proof: The square of a simple path graph P, is the graph P,2 and n# 9. The vertices of the graph P,’ is same as the
vertices of the path graph P,. Every pair of vertices with distance two or less in P, is connected by an edge.

Let P, be a path with n verticesand n—1 edgesandn>5,n# 9.
Let V(P,) ={vi, 1<i<n}
EPD) ={ViVise, 1<i<n-1;ViVisp, 1<i<n-2}
IV(PY)|=nand |[E(PY)I=m=2n-3
Define a bijection f: E [Py2] —{1,2,....m} by f(ViVis1) =i, 1<i<n-1, f(vivip) =n+(i-1),1<i<n-2.
Define the induced vertex labels as the injective function f *: V(P,2) — { 1,2,...}.
Case-(i): If n =10 then the induced vertex labels are
f*(vy) =3n+ 11, f*(v;) =5n+ 19, f*(v3) =6n + 31, f*(v4) =7n + 45,
f*(vi)=8n-20+16i,5<i<n-4, f*(v,) =10n-20, f*(vy1) = 15n- 34,
f*(Vao) =190 —49, f*(v,3) = 22n — 66.

Case-(ii): If n = 5 then the vertex labels are
f*(ve) =26, f*(vo) =36, f*(vs) =39, f*(v4) =37 and f*(vs) = 30.

Case-(iii): If n = 6 then the induced vertex labels are as follows:
f*(v1) =29, f*(v2) =49, f*(vs) =57, f*(va) = 60, f*(vs) =56, f*(ve) = 40.
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Case-(iv): If n = 7 then the vertex labels are
f*(v1) =32, f*(v2) =54, f*(va) =73, f*(va) =82, f*(vs) =84, f*(ve) = 71, f*(v7) = 50.

Case (v): If n = 8 then the induced vertex labels are:
f*(v1) =35, f*(v2) =59, f*(va) =79, f*(va) = 101, f*(vs) = 110, f*(ve) = 103,
f*(v7) = 86, f*(ve) = 60.

Hence P,2, n>5and n # 9 is an adjacent edge graceful.

Theorem 2.6: The graph P, s (r =3, s =3) is adjacent edge graceful.
Proof: Let u and v be two fixed vertices of the graph Py,s.

Let Uiq, Ujz,..., Ui 1 be the vertices of the i path.

Let V(P ={u,v ujl<i<s 1<j<r-1}and
uu., 1<i<s

i1’
E(Prs) = yUU 1<i<s,1<j<r-2

ij+1?
UV, 1<i<s
|V(Pr,s) | =n= (r— 1)5 + 2 and | E(Pr,s) | =m=rs

Define a bijection f: E(P;s) — {1, 2,...,rs} by f(uuy)) =r(i-1)+1,1<i<s
fUjbjs) =r(i-1)+ j +1L,1<i<s, 1<j<r-2,fUjraV)=ri,1<i<s

Let f* be the induced vertex labeling of .

Define a injection f *: E(P,¢) — {1, 2,....} by

f*(u) =s[r(s—1) +3], f*(v) =s[r(s + 1) - 1],

) =22 42(-1)] +s + 5, 1<i<s

fR(ug) =4[(-1)r + j] +2,1<i<s,2<j<r-2,
s(s+1)

fuir) =rf2i+ ——]-3,1<i<s.

Here the edge label and vertex labels are distinct.
Hence we obtained the graph P, is an adjacent edge graceful graph.
Theorem 2.7: The graph P, is not an adjacent edge graceful graph.

Proof: Let u and v be the adjacent vertices.

25(2s+1)
Here f*(U)=1+2+...+2s= T: s(2s + 1) = f*(v)

Hence the adjacent vertices u and v have same label as s(2s+1).
Therefore P, is not adjacent edge graceful .
Theorem 3.24: The graph (P, ,Cs), r = 2 is an adjacent edge graceful graph.

Proof: Letuy, Uy ,...,u, be the vertices of path P, and v;, vi.1 , Vi+» be the vertices in the i copy of cycle Cas.

u;, 1<i<r
Let V(P ,Cs) = :

v, 1<i<3r

uu.,, 1<i< (r-1)
Let E(Pr,C3) = U;Vyi 5, 1<is<r

V3i—2 V3i—l,v3i—l V3i,V3i V3i—2,1 sisr
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Then |V(P,,C3)|=n=4r and |E(P, ,C5)l=m=5r-1.
Define a bijection f: E [P, ,Cs] — {1, 2,....m}by f(ujujg) =5i, 1 <i<r-1,
f(upvy) =4, f(Uivsip) =5i—4,2<i<r,f(vivy) =1, f(VaVs) =2, f(vaVvy) =3,
f(Vgi_2V3i_1) =5i- 3, 2<i< r, f(Vgi_1V3i) =5i- 2, 2<i< r, f(Vgi V3i-2) =5i- 1, 2<i<r.
The induced vertex label is an injection function f*: V(P,,C3) — {1, 2,...}

The vertex and edge labels are distinct.

Hence we obtained that the (P,, C5) graph is an adjacent edge graceful graph.
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	f *( v1) =  , 𝟑𝒓² + 𝒓 + 𝟖-𝟐.     ƒ *(vr-1) =  ,𝟑𝒓² + 𝟏𝟑𝒓 − 𝟐𝟎-𝟐.    ƒ*(vr) =  ,𝟑𝒓²+𝟕𝒓−𝟏𝟎-𝟐.,
	ƒ*(vr+1) = ,𝒓(𝟓𝒓 −𝟑)-𝟐.,    ƒ*(vi+1) =  ,𝟑𝒓²+𝟑𝒓+𝟏𝟔-𝟐.  + 6 (i – 1), 1 ≤ i ≤ 𝒓−𝟑.

