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ABSTRACT 

Let Α be the class of functions����� � � � � 	
�
�
�
  analytic in the unit disc � � ��� ��� � ��. For starlike univalent 

function������ � ��, we denote by � and �� the subclasses of functions ���� in A satisfying �� ������� ��� ! " # and 

�� ����� ���! " # respectively. We wish to obtain the sharp upper bounds for the functional  �	
	$ % 	&
�. 
 

Keywords: Analytic univalent functions, Close-to-Star functions, Close-to-Convex functions, Carath�'odory class. 
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1. INTRODUCTION 

 

Let � denote the class of functions 

(1.1)  ���� � � � � 	()(�(�
    

  

which are analytic in the unit disc �� � �)� �)� � ��.  
 

Carath*'odory [1] introduced the class +�of functions of the form 

 

(1.2) ,��� � � � � -.).�.�/  

 

which are analytic in E and satisfy Re �,�)�� " #, z ��01�
(1.3) 2� � �� � 3��4 �567�5�6�5� � ,�)�! 

 

is the class of starlike univalent functions. 

(1.4) 8 � 9� � 3��4 �:567�5�;�67�5� � ,�)�< 
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is the class of convex univalent functions. 

(1.5) � � �� � 3��4 ��567�5�=�5� � ,�)�> ?�)� � �2�! 
 

is the class of close-to-convex functions introduced by Kaplan[5]. 

(1.6) �/ � �� � 3��4 �567�5�@�5� � ,�)�> A�)� � B! 
 

is the subclass of �. 

(1.7) �� � �� � 3��4 � 6�5�=�5� � ,�)�> ?�)� � �2�! 
 

is the class of close-to-star functions introduced by Reade [9]. 

(1.8) �/� � �� � 3��4 � 6�5�@�5� � ,�)�> A�)� � �B! 
 

is the subclass of ��. 
(1.9) CD�E� � �� � 3��4� F D�)� � E)F DD�)� � ,�)�> # G E G �� 

 

Janteng et al. [3, 4] obtained sharp upper bounds for the functional  �	
	$ % 	&
� for the classes 2�, K and��D�#�. Also 

Soh and Mohamad [1] obtained sharp upper bounds for the functional  �	
	$ % 	&
� for certain classes of close-to-

convex functions. 

 

2. PRELIMINARY LEMMAS  

 

Lemma: 2.1 ([8]). If  , ��+��then  �-.� G H  (k = 1, 2, 3 ...).  

 

The result is sharp for  ,�)� � /I5/J5 � � � � H).�.�/ . 

 

Lemma: 2.2 ([6, 7]). If  p ��+��then 

 

(2.1) H-
 � -/
 � �K % -/
�L, 

 

(2.2) K-& � -/& � H-/�K % -/
�L % -/�K % -/
�L
 � H�K % -/
��� % �L�
�)  
 

for some x and z satisfying �L� G ��MNO��)� G �. 

 

Lemma: 2.3 ([4]) (i) If f ��2�>�PA*N�
 

(2.3)  �	
	$ % 	&
� G �1 
 

(ii)  If  f ��8>�PA*N�
 �H1K�� � �	
	$ % 	&
� G /Q�1��RA*�S*TUVPT�(2.3) and (2.4) are sharp. �
Lemma: 2.4 ([1]). If f ��2�>�PA*N�
 

(2.5)  WXYXZQ % X[Y\ W G /Q�1 
 

Lemma: 2.5 If f ��8>�PA*N��
(2.6)  WXYXZQ % X[Y\ W G Q\$]^Q�1 
 

The result is sharp. 

 

Proof:  Since f ��8>�_P�F`VV`aT�from (1.4) 

(2.7)                       b)F D�)�cD � F D�)�,�)�. 
 

Identifying terms in (2.7) yields 
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(2.8)         

def
eg 	
 � hi
�	& � hY] � hiY]	$ � h[/
 � hihYQ � hi[
$

j 
 

From (2.1), (2.2) and (2.8), it can be established that 

(2.9)    WXYXZQ % X[Y\ W � //^&]Q �kK-/-& � �l-/
-
 % mH-

 % k-/$� 
       � /
^n&] �Hl-/�K-&� � �l-/
�H-
� % �o�H-
�
 % �#-/$� 

                            

                                     �� /
^n&] ��p-/$ � mq-/
�K % -/
�L % �oK � ��-/
��K % -/
�L
 � kK-/�K % -/
��� % �L�
�)� 
 

Let  -/ � - and - � r#> Hs. Using Triangular Inequality and �)� G �, we get WXYXZQ % X[Y\ W G /
^n&] ��p-$ � mq-
�K % -
��L� � �oK � ��-
��K % -
��L�
 � kK-�K % -
��� % �L�
��  
                  � /
^n&] ��p-$ � kK-�K % -
� � mq-
�K % -
��L� � �oK % kK- � ��-
��K % -
��L�
�                     
     � /
^n&] ��p-$ � kK-�K % -
� � mq-
�K % -
�t � �mH % ��-��H % -��K % -
�t
� 
                   � /
^n&]u�t�,  where  t � �L� G �. 

 

Since uD�t� � mq-
�K % -
� � �mH % ��-��H % -��K % -
�Ht v #, u�t� is an increasing function which implies 

Max�u�t� � u��� � %mH-$ � �mo-
 � Hko � w�-�, say. Consequently 

x	
	$p % 	&
q x G �H#lmow�-� 
 

For�w�-� � %mH-$ � �mo-
 � Hko , wD�-� � %�Hp-& � HlH- and wDD�-� � %mpK- � HlH. 

 

Now  wD�-� � # y - � #�MNO�- � z/nQ �. 
Clearly wDD�#� " #�MNO�wDD {z/nQ | � # . Therefore Max.w�-� � w{z/nQ | �� � Q^/
  .   

This proved the lemma. 

The result is sharp for -/ � z/nQ  , -
 � %� and -& � % nn\\]}&$ .] 
 

3. Main Results 

Theorem: 3.1 If  F� � �>�PA*N��	
	$ % 	&
� G n&n
�1��~S``F~S``F~S``F~S``F���Since  F� � �, it implies from (1.5) that 

(3.1)    )F D�)� � ?�)�,�)� 
 

for some �?��� � � � � �()(�(�
  ��2�1��
Identifying terms in (3.1), we get 

 

(3.2)                 

def
eg 	
 � �Y
 � hi
	& � �[& � �Yhi& � hY&	$ � �Z$ � �[hi$ � �YhY$ � h[$

j 
 3T��? � 2�>��FS`��(1.3) 

 

(3.3)   )?D�)� � ?�)�,�)� 
 

Equating coefficients in (3.3), we have 

 

(3.4)                 

df
g �
 � -/�& � hY
 � hiY
�$ � h[& � hihY
 � hi[]

j 
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From (3.2) and (3.4), we obtain 

       ��	
	$ % 	&
� � �:�Y
 � hi
 ; :�Z$ � �[hi$ � �YhY$ � h[$ ; % :�[& � �Yhi& � hY& ;
� y                 ��	
	$ % 	&
� � W:�Y�ZQ % �[Y\ ; � : n
$ -/-& % //$$-/
-
 % 
\ -

 % //$$ -/$;W  y        �	
	$ % 	&
� G W�Y�ZQ % �[Y\ W � W n
$-/-& % //$$-/
-
 % 
\ -

 % //$$-/$W 
 

By using Lemma 2.4, we get 

(3.5)          �	
	$ % 	&
� G /Q �� W n
$-/-& % //$$-/
-
 % 
\ -

 % //$$-/$W       
       

Now using (2.1) and (2.2), we have 

 

� lHK-/-& % ��KK -/
-
 % Hq-

 % ��KK-/$� � �Hpp �%�p-/$ � q-/
�K % -/
�L % �oK � k-/
��K % -/
�L
 � KH-�K % -/
��� % �L�
�)� 
 

Suppose  -/ � - and - � r#> Hs. Application of triangular inequality and �)� G � gives 

� lHK -/-& % ��KK-/
-
 % Hq-

 % ��KK-/$�G �Hpp ��p-$ � KH-�K % -
� � q-
�K % -
�t � �mH % k-��H % -��K % -
�t
� 
               � /
QQ��t�,  where  t � �L� G �. 

 

Since uD�t� � q-
�K % -
� � H�mH % k-��H % -��K % -
�t v #, u�t� is an increasing function. Therefore, 

Max�u�t� � u���. Consequently 

 

� lHK-/-& % ��KK -/
-
 % Hq-

 % ��KK-/$� G �Hpp �K-$ % p-
 � Hko� 
 

One can easily see that�w�-� � K-$ % p-
 � Hko attains its maximum at - � # and maximum value of w�-� �� �Hko .  

Therefore 

(3.6)   W n
$-/-& % //$$-/
-
 % 
\ -

 % //$$-/$W G Q\ . 
 

The result follows from (3.5) and (3.6). 

 

Taking -/ � #> -
 � %H> MNO�-& � %H in (3.5) shows the result is sharp. 

 

Theorem: 3.2 If  F� � �/>�PA*N��	
	$ % 	&
� G Q$�\/&Q
$�1��~S``F~S``F~S``F~S``F���Since  F� � �/, it implies from (1.6) that 

(3.7)    )F D�)� � A�)�,�)� 
 

for some �A��� � � � � �()(�(�
  ��B1��
Identifying terms in (3.7), we get 

 

(3.8)                 

df
g 	
 � �Y
 � hi
	& � �[& � �Yhi& � hY&	$ � �Z$ � �[hi$ � �YhY$ � h[$

j 
3T��A � B>��FS`��(1.4) 

 

(3.9)  �)A��)��� � A��)�,�)� 
 

Equating coefficients in (3.9), we have 

 

(3.10)                 

def
eg �
 � hi
�& � hY] � hiY]�$ � h[/
 � hihYQ � hi[
$

j 
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From (3.8) and (3.10), we obtain 

      ��	
	$ % 	&
� � �:�Y
 � hi
 ; :�Z$ � �[hi$ � �YhY$ � h[$ ; % :�[& � �Yhi& � hY& ;
� y                 ��	
	$ % 	&
� � W:�Y�ZQ % �[Y\ ; � :/\\]-/-& % �/\
-/
-
 % $
n-

 % /n/n
Q-/$;W  y        �	
	$ % 	&
� G W�Y�ZQ % �[Y\ W � W/\\]-/-& % �/\
 -/
-
 % $
n-

 % /n/n
Q-/$W 
 

By using Lemma 2.5, we get 

 

(3.11)          �	
	$ % 	&
� G Q\$]^Q �� W/\\]-/-& % �/\
-/
-
 % $
n-

 % /n/n
Q-/$W          
    

Now using (2.1) and (2.2), we have 

��qqo-/-& % k�qH -/
-
 % KHl -

 % �l�lHp-/$� 
                                � /&$�] �%mo-/$ � K�-/
�K % -/
�L % �k�H � Km-/
��K % -/
�L
 � mKH-/�K % -/
��� % �L�
�)�  
 

Suppose  -/ � - and - � r#> Hs. Using Triangular Inequality and �)� G �, we get 

��qqo-/-& % k�qH -/
-
 % KHl -

 % �l�lHp-/$� 
                                            G /&$�] �mo-$ � mKH-�K % -
� � K�-
�K % -
�t � �Hko % Km-��H % -��K % -
�t
�  

                                                   � /&$�] ��t�, where  t � �L� G �. 

 

Since uD�t� � K�-
�K % -
� � H�Hko % Km-��H % -��K % -
�t v #, u�t� is an increasing function which implies 

Max�u�t� � u��� � Hko % �k-$ % HH-
 � w�-�> TM�. Thus 

��qqo-/-& % k�qH -/
-
 % KHl -

 % �l�lHp-/$� G �KmHw�-� 
 

where�w�-� attains its maximum at - � # and maximum value of w�-� �� �Hko .  

Therefore 

(3.12)   W/\\] -/-& % �/\
-/
-
 % $
n -

 % /n/n
Q -/$W G /]
n . 
 

Using (3.12) in (3.11), we get the required inequality. 

 

Taking -/ � #> -
 � %H> MNO�-& � %H  in (3.10) shows the result is sharp. 

 

Theorem: 3.3 If  F� � ��>�PA*N��	
	$ % 	&
� G q1��~S``F~S``F~S``F~S``F���Since  F� � ��, it implies from (1.7) that 

(3.13)    F�)� � ?�)�,�)� 
 

for some �?��� � � � � �()(�(�
  � 2�1��
Identifying terms in (3.13), we get 

 

(3.14)                 9 	
 � �
 � -/	& � �& � �
-/ � -
	$ � �$ � �&-/ � �
-
 � -& j 
 3T��? � 2�>��FS`��(1.3) 

 

(3.15)  )?D�)� � ?�)�,�)� 
 

Equating coefficients in (3.15), we have 

 

(3.16)                 

df
g �
 � -/�& � hY
 � hiY
�$ � h[& � hihY
 � hi[]

j 
 

From (3.14) and (3.16), we obtain 
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       ��	
	$ % 	&
� � ���
 � -/���$ � �&-/ � �
-
 � -&� % ��& � �
-/ � -
�
� y                 ��	
	$ % 	&
� � Wb�
�$ % �&
c � :n&-/-& % �&-/
-
 % H-

 � /& -/$;W  y        �	
	$ % 	&
� G ��
�$ % �&
� � Wn& -/-& % �& -/
-
 % H-

 � /& -/$W 
 

By using Lemma 2.3, we get 

(3.17)          �	
	$ % 	&
� G � � Wn& -/-& % �& -/
-
 % H-

 � /& -/$W      
        

 

Now using (2.1) and (2.2), we have 

 

�lm -/-& % km-/
-
 % H-

 � �m-/$� 
                                               � //
 �%k-/$ % p-/
�K % -/
�L % �HK � -/
��K % -/
�L
 � �K-/�K % -/
��� % �L�
�)�  
 

Suppose  -/ � - and - � r#> Hs. Using Triangular Inequality and �)� G �, we get Wn& -/-& % �&-/
-
 % H-

 � /& -/$W G //
 //
 �k-$ � �K-�K % -
� � p-
�K % -
�t � ��H % -��H % -��K % -
�t
�  
                  � //
 ��t� ,          where  t � �L� G �. 

 

Since uD�t� � p-
�K % -
� � H��H % -��H % -��K % -
�t v #, u�t� is an increasing function. Therefore, 

Max�u�t� � u���. Consequently 

�lm -/-& % km-/
-
 % H-

 � �m-/$� G �m �HK % m-
 % -$� 
 

It is easy to see that�w�-� � HK % m-
 % -$ attains its maximum at - � # and maximum value of w�-� �� �HK . 

Therefore 

(3.18)  Wn& -/-& % �&-/
-
 % H-

 � /& -/$W G p . 

 

(3.17) and (3.18) together gives the required inequality. 

 

Putting -/ � #> -
 � %H> MNO��-& � %H  in (3.17) shows the equality holds. 

 

Theorem: 3.4 If  F� � �/�>�PA*N��	
	$ % 	&
� G /&/
$ 1��~S``F~S``F~S``F~S``F���Since  F� � �/�, it implies from (1.7) that 

(3.19)    F�)� � A�)�,�)� 
 

for some A��� � � � � �()(�(�
 � � �B1 �
Identifying terms in (3.19), we get 

 

(3.20)                 9 	
 � �
 � -/	& � �& � �
-/ � -
	$ � �$ � �&-/ � �
-
 � -& j 
 3T��A � B>��FS`��(1.4) 

 

(3.21)  �)A��)��� � A��)�,�)� 
 

Equating coefficients in (3.21), we have 

 

(3.22)                 

def
eg �
 � hi
�& � hY] � hiY]�$ � h[/
 � hihYQ � hi[
$

j 
 

From (3.20) and (3.22), we obtain 

         ��	
	$ % 	&
� � ���
 � -/���$ � �&-/ � �
-
 � -&� % ��& � �
-/ � -
�
� y          �	
	$ % 	&
� G ��
�$ % �&
� � W/\/
 -/-& % &Q -/
-
 % $& -

 % &
$ -/$W 
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By using Lemma 2.4, we get 

(3.23)          �	
	$ % 	&
� G /Q � W/\/
-/-& % &Q-/
-
 % $&-

 % &
$-/$W            
  

Now using (2.1) and (2.2), we have 

��q�H-/-& % mp-/
-
 % Km-

 % mHK-/$� 
                                            � /$Q �%o-/$ % m-/
�K % -/
�L % �oK � m-/
��K % -/
�L
 � mp-/�K % -/
��� % �L�
�)�  
 

Suppose  -/ � - and - � r#> Hs. Using Triangular Inequality and �)� G �, we get W/\/
-/-& % &Q -/
-
 % $&-

 % &
$-/$W G /$Q �o-$ � mp-�K % -
� � m-
�K % -
�t � �oK % mp- � m-
��K % -
�t
�  
                  � /$Q ��t� ,          where  t � �L� G �. 

 

Since uD�t� � m-
�K % -
� � H�mH % m-��H % -��K % -
�t v #, u�t� is an increasing function. Therefore,  

Max�u�t� � u���. Consequently 

 

��q�H-/-& % mp-/
-
 % Km-

 % mHK-/$� G �o �mH % k-
� 
 

Obviously�w�-� � mH % k-
 has its maximum at - � # and maximum w�-� �� �mH . Therefore 

(3.24)  W/\/
-/-& % &Q -/
-
 % $&-

 % &
$-/$W G /]&  . 

 

Combining (3.24) with (3.23), we get the required inequality. 

 

Taking -/ � #> -
 � %H> MNO����-&� G H    in (3.23) shows the result is sharp. 

 

Theorem: 3.5 If  F� � CD�E�,�PA*N��	
	$ % 	&
� G $\�/I
��Y�1��~S``F�~S``F�~S``F�~S``F����3T�F� � CD�E�>�FS`��(1.10) �
(3.25)� F ��)� � E)F ���)� � ,�)���0�UMP_N?��`SS*T-`NO_N?��`*FF_�_*NP�_N�(3.25), we have 

 

(3.26)                 

def
eg 	
 � hi
�/I��	& � hY&�/I
��	$ � h[$�/I&��

j 
(3.27) implies 

�	
	$ % 	&
� � x� -/H�� � E�� � -&K�� � mE�� % � -
m�� � HE��
x 
       � /
QQ�/I���/I
��Y�/I&�� �q�� � HE�
-/�K-&� % p�� � E��� � mE��H-
�
�  

 

Using (2.1) and (2.2), we have 

�	
	$ % 	&
� � �Hpp�� � E��� � HE�
�� � mE� ��� � KE � �HE
�-/$ � H�� � KE � �HE
�-/
�K % -/
�L% ��mH � �HpE � qoE
� � �� � KE � �HE
�-/
��K % -/
�L
 � �p�� � KE � KE
�-/�K % -/
���% �L�
�)���
Suppose  -/ � - and - � r#> Hs. Using Triangular Inequality , �)� G � and �L� � �, we get 

�	
	$ % 	&
� G �Hpp�� � E��� � HE�
�� � mE� ��� � KE � �HE
�-$ � �p�� � KE � KE
�-�K % -
�� H�� � KE � �HE
�-
�K % -
��L�� �mH�� � KE � mE
� % �p�� � KE � KE
�- � �� � KE � �HE
�-
��K % -
��L�
� 
 

         � /
QQ�/I���/I
��Y�/I&�� ��� � KE � �HE
�-$ � �p�� � KE � KE
�-�K % -
� � H�� � KE � �HE
�-
�K % -
�����o�� � KE � mE
� % �� � KE � �HE
�-��H % -��K % -
��
 � 
 

which imply 

(3.28)  �	
	$ % 	&
� G /
QQ�/I���/I
��Y�/I&����t�, 
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 ��t� � �� � KE � �HE
�-$ � �p�� � KE � KE
�-�K % -
� � H�� � KE � �HE
�-
�K % -
��� ��o�� � KE � mE
� % �� � KE � �HE
�-��H % -��K % -
��
 

 

Since �D�t� v #, ��t� is increasing function and, therefore, max.���t� � ����1 
 

Let�w�-� � ���� � �Hp�� � KE � mE
� % K�k � pE � �HE�� % E��-
 % H�� � KE � �HE
�-$1  
 

Since wD�-� G #, w�-� is decreasing function in [0, 2]. 

 

Therefore max.�w�-� � w�#� � �Hp�� � KE � mE
�. 
 

From (3.28), we have  

   �	
	$ % 	&
� G $\�/I
��Y .   

 

Corollary: 3.1 If  F� � CD�#�,�PA*N�� � � �	
	$ % 	&
� G $\1��RA_T�S*TUVP�_T�-S`�*O��� Janteng et al.[3]. 

 

Corollary: 3.2 If F � CD���,�PA*N�� ����������������������������������	
	$ % 	&
� G $Q/1��RA*�S*TUVP�_T�TAMS-�F`S�,��� � /I5Y/J5Y�1��
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