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ABSTRACT

Let A be the class of functions f(2) = z + ¥, a,z"™ analytic in the unit disc E = {z:|z| < 1}. For starlike univalent

function g(z) € A, we denote by C and C* the subclasses of functions f(z) in A satisfying Re {Zf—(z)} >0 and

9(2)
Re {%} > 0 respectively. We wish to obtain the sharp upper bounds for the functional |a,a, — a2|.
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1. INTRODUCTION

Let A denote the class of functions
(1.1 f(2) =z+ X3 ,a,2"

which are analytic in the unit disc E = {z: |z| < 1}.

Carathéodory [1] introduced the class g of functions of the form

(12)  p(@) =1+, pxz®

which are analytic in E and satisfy Re {p(z)} > 0, z € E.
. zf! (z) _

(1.3) s*:{feA, = _p(z)}

is the class of starlike univalent functions.

(14) K={f€A; (fo,((;)) =p(2)
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is the class of convex univalent functions.

15 c={rea; Z2=p@, g e 57}

is the class of close-to-convex functions introduced by Kaplan[5].

(L6) C={feA; ]f(()’ = p(2), h(2) €K}

is the subclass of C.

1 C={fen; 2=p@, g@ e s

is the class of close-to-star functions introduced by Reade [9].
(1.8) €= {f €EA; % =p(2), h(z) € K}

is the subclass of C*.
(1.9) R()={f€A; f'(z)+azf"(z) =p(z), 0 <a<1}

Janteng et al. [3, 4] obtained sharp upper bounds for the functional |a,a, — a3| for the classes S*, K and R’(0). Also

Soh and Mohamad [1] obtained sharp upper bounds for the functional |a,a, — a3| for certain classes of close-to-
convex functions.

2. PRELIMINARY LEMMAS

Lemma: 2.1 ([8]). If p € g, then |py| <2 (k=1,2,3..).

The result is sharp for p(z) = g =1+3Yp, 225

Lemma: 2.2 ([6, 7]). If p € g, then

2.1)  2p; =p* + 4 —piPx,

(22)  4ps =pi® +2p1 (4 —prP)x — p1(4 — p)x? + 2(4 — p,2)(1 - [x[*)z
for some x and z satisfying |x|] < 1and |z| < 1.

Lemma: 2.3 ([4]) (i) If f € S*, then

(2.3) laya, — a| < 1.

(ii) If f € K, then

(2.4) laya, — a3 < %.

The results (2.3) and (2.4) are sharp.

Lemma: 2.4 ([1]). If f € S*, then

2
3284 431 -1
8 9

(2.5) s

Lemma: 2.5If f € K, then

wer
8 9

89
s —.
4608

(2.6)

The result is sharp.

Proof: Since f € K, it follows from (1.4)
2.7 (Zf’(z)) =f'(z)p(2).
Identifying terms in (2.7) yields
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P1
( w=t
2

b2 g
(238) a; ="+ 2

P_3+P1Pz+£

a, =
47 12 8 24

From (2.1), (2.2) and (2. 8) it can be established that
2
(2.9) % - ‘;3 = 10368 |54p1ps + 17p,*p, — 32p,* — 5p1*|
127p1(4p3) + 17p,(2p,) — 16(2p;)? — 10p,*|

20736

= 20738 [18p,* 4+ 39p,%(4 — p1®)x — (64 + 11p,2) (4 — p;H)x* 4+ 54p, (4 — p,2) (1 — [x[H)z]

Let p; = p and p € [0, 2]. Using Triangular Inequality and |z| < 1, we get

2 ‘f 20736{1813 +39p?(4 — p?)|x| + (64 + 11p*)(4 — p*)|x|* + 54p(4 — p*) (1 — |x[*)}
= 20736{1813 + 54p(4 — p?) + 39p%(4 — p?)|x| + (64 — 54p + 11p?) (4 — p?)|x|?}
20736{1813 +54p(4 — p?) +39p%(4 — p*)8 + (32 — 11p)(2 — p) (4 — p*) 8%}
= 5573 F (8. where 8§ = |x| < 1.

Since F'(8) = 39p?(4 —p?) + (32— 11p)(2 —p)(4 —p?)28 = 0, F(8) is an increasing function which implies
Max F(8) = F(1) = —32p + 136p? + 256 = G(p), say. Consequently
a,a, a§

3 G(p)

= 20736
For G(p) = —32p* + 136p? + 256, G'(p) = —128p® + 272p and G” (p) = —384p + 272.

Now G'(p)=0:~p:03ndp=\/%.

Clearly G (0) > 0 and G” (\/%) < 0. Therefore Max.G(p) = G( %) = %.

This proved the lemma.

The result is sharp for p; = \/% ,p =—landp; = 9;7/9_ ]

3. Main Results
Theorem: 3.1 If f € C, then |aya, — a?| < %

Proof: Since f € C, it implies from (1.5) that
(3.1) zf'(z) = g(2)p(2)

for some g(z) =z + Yoo, byz™ €S™.

Identifying terms in (3.1), we get

—bz_ Pt
=515
(32) =24 220y B2
a, = by | bsp1 , bap2 | Ps
4 4 4 4
As g € S7, from (1.3)
(3.3) zg'(z) = g(2)p(2)

Equating coefficients in (3.3), we have

b, =p;
— Pz pi?
(3.4) bs=5+5
_Ps, pwpz , pd?
kb‘* =5t
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From (3.2) and (3.4), we obtain

b by , b b bs , b 2
laya, — a2| = (_2+&)(_4+3_P1+2_P2+P_3)_(_3+2_131+P_2) |
2 2/)\a 4 4 4 3 3 3
byb b3 7 1
2| — 2D4 3 4
= — = —_ —_ —_—
laza, a3| |( 8 9)+(24p1p3 144p1 P2 p2 144p )|
= |a a. b2b4_b_3 l — PR |
204 g 24 P1P3 — 144p1 P2 pz 144p1
By using Lemma 2.4, we get
2 1 |7 1, 2, 1 4|
- <= L - _=z -
(3.5) laza, —as| < g T l32P1Ps —7;P1"P2 —5P2" — ;P2

Now using (2.1) and (2.2), we have
| 1 2 2, 1 4
24P1p3 144131 P2 9p2 144131

1
—@I—wpl +9p12(4 — p12)x — (64 4 5p12) (4 — p12)x? + 42p(4 — p; ) (1 — |x|H)z]

Suppose p; = p and p € [0, 2]. Application of triangular inequality and |z] < 1 gives
7 1 2 1

2 _
24p1p3 14_4131 pz 9p2 144_p1
_@{1813 +42p(4 — p?) + 9p*(4 — p*)8 + (32 — 5p) (2 — p) (4 — p*)&*}
= —F(8) where 8 = |x| < 1.
288

Since F'(8) =9p?(4 —p?)+2(32—-5p)(2—p)(4—p?>)8=0, F(8) is an increasing function. Therefore,
Max F(8) = F(1). Consequently

4 —{4p — 8p? + 256}

288

7 1 2 1
| b,

- - n.2 —_ .2
24p1p3 144p1 P2 9p2 144

One can easily see that G(p) = 4p* — 8p? + 256 attains its maximum at p = 0 and maximum value of G(p) = 256.
Therefore

7
(3.6) |[Zpips = == pa?pz — 2p% - —pyt < 2.

144

The result follows from (3.5) and (3.6).

Taking p; = 0, p, = —2, and p; = —2 in (3.5) shows the result is sharp.

. — q? o707
Theorem: 3.2 If f € C,, then |a,a, —aj| < 21"

Proof: Since f € Cq, it implies from (1.6) that
(3.7) zf'(z) = h(2)p(2)

for some h(z) =z + X3, z" €K

Identifying terms in (3.7), we get

a2 = %"'%
(3.8) a = 2+ 2+ 2
q, =& B3P P2 B3
4 4 4 4
As h € K, from (1.4)
(3.9 (zh'(2))' = h'(Z)p(2)

Equating coefficients in (3.9), we have

_ b1
[ e=%

2
(3.10) cs ="6—2+%
P3

3

P1p p
C4——+¥+L
12 8 24
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From (3.8) and (3.10), we obtain

2
C C, C C C: C
laya, — a2| = (_2+ﬁ)(_4+3_131+2_1’2+l’_3)_(_3+2_?1+1’_2)
2 2/ \a 4 4 4 3 3 3
2
21 _ |fc2ca c3) 19 5 2 4 2 17 4
> a,a, —a —(———+— -— - = -
laza, 5 s 5 o6 P1P3 — 155 P1"P2 = 5o P2 1728 P1
2
2 caca 2 19 5, 4 5, 17 4
= a,a, —a S———+|— -— e -
laza, 5 5 o6 P1P3 = 755 P17P2 = - P2 1728 P1

By using Lemma 2.5, we get

89 19 5 4 17
(3.11) laya, — a3| < 208 T |;p1p3 _EIHZPZ - ;pzz _Tzsp14|
Now using (2.1) and (2.2), we have
19 5 . 4 17 4
% P1P3 192 P17P2 27192 1728 P1

= ﬁ |—36p,* + 41p,2(4 — p;2)x — (512 + 43p,2)(4 — p;2)x? + 342p, (4 — p,2)(1 — |x|D)z]

Suppose p; = p and p € [0, 2]. Using Triangular Inequality and |z| < 1, we get
|19 5 4 17
96P1p3 192 P17P2 27P2 1728P1

< ——{36p* + 342p(4 — p?) + 41p*(4 — p?)8 + (256 — 43p)(2 — p) (4 — p*)?}

1
= ﬁF(S), where 6§ = |x| < 1.

Since F'(8) = 41p?(4 — p?) + 2(256 — 43p)(2 — p)(4 — p?)§ = 0, F(8) is an increasing function which implies
Max F(8) = F(1) = 256 — 15p* — 22p? = G(p), say. Thus
19 5 4 17

1
- - 2 o 2 _ 4 <
9 P1Ps ~ 797 P1 P2 T35 P2" ~ oo G(p)

432

where G(p) attains its maximum at p = 0 and maximum value of G(p) = 256.
Therefore

19 5 4 17 16
(3.12) |%p1p3 - Ep12pz _;pzz - %p14| < 27

Using (3.12) in (3.11), we get the required inequality.
Taking p; = 0, p, = —2, and p; = —2 in (3.10) shows the result is sharp.
Theorem: 3.3 If f € C*, then |aya, — a2| < 9.

Proof: Since f € C*, it implies from (1.7) that
(3.13) f(z) = g@p(2)

for some g(z) =z + Yo, b,z" €S".
Identifying terms in (3.13), we get
a = by +p;
(3.14) az =bs +byp; +p;
ay = by +bsp; +byp, + p3
As g € S*, from (1.3)
(3.15) 28'(z) = g(2)p(2)

Equating coefficients in (3.15), we have

( b, = p;
b =p_2+p_12
(3.16) 3T 2
p, — P34 PaPz 4 pi®
47 3 2 6

From (3.14) and (3.16), we obtain
© 2011, IIMA. All Rights Reserved 1198
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laza, — a3l = |(by + py)(bs + b3p; +byp, + ps) — (bs + bapy + pp)?|
7 5 1
= laza, — a§| = |(b2b4 - bsz) + (§p1p3 - §p12p2 —2p + §p14)|

7 5 1
= laa, — a3| < |b2b4 - b32| + |§p1p3 - §p12p2 - 2p,? +§p14|

By using Lemma 2.3, we get
5
(3.17) laza, — a?2,| 1+ |§p1p3 - §p12p2 - 2p,° +§p14|

Now using (2.1) and (2.2), we have

7 5, , 1,
|§p1p3—§p1 p2 — 2p, t3P

= 11—2 |—5p;* — 8p;2(4 — p12)x — (24 + p12) (4 — p2)x2 + 14p, (4 — p12)(1 — |x|D)z]

Suppose p; = p and p € [0, 2]. Using Triangular Inequality and |z| < 1, we get

7 5 1 11

[2p1ps = 2p1?pz — 2p,% + 2| < S {5p* + 14p(4 — p?) + 8p?(4 — p?)5 + (12 — P)(2 — p)(4 — p?)5%}
= 11—2F(8) , where 8§ = [x] < 1.

Since F'(8) =8p?(4—p?)+2(12—p)(2—p)(4—p?)6 =0, F(8) is an increasing function. Therefore,
Max F(8) = F(1). Consequently
5

7 1 1
|§p1p3 - §p12p2 —2p,° + §p14 <724~ 3p? — p*}

It is easy to see that G(p) = 24 — 3p? — p* attains its maximum at p = 0 and maximum value of G(p) = 24 .
Therefore

7 5 1
(3.18) |§p1p3 - §p12p2 - 2p;* +§p14| <8.
(3.17) and (3.18) together gives the required inequality.

Putting p; = 0, p, = —2, and p; = —2 in (3.17) shows the equality holds.

Theorem: 3.4 If f € C;, then |aa, — a?| < %.

Proof: Since f € Cj, it implies from (1.7) that
(3.19) f(z) = h(2)p(z)

for some h(z) =z + Y, cz" € K
Identifying terms in (3.19), we get
a; =c;+p;
(3.20) az =c3+ C;p; + P
a4 =Cq +C3p1 tC2p2 +p3

As h € K, from (1.4)

(32D (zh'(2))’ = h'(z)p(2)

Equating coefficients in (3.21), we have

— P2 pi?
(3.22) =P M

_P_3+P1Pz+£

C =
47 12 8 24

From (3.20) and (3.22), we obtain
lazay — a3| = |(c; + p1)(ca + c3p1 + 2Pz + p3) — (€3 + c2p1 + P2)?|

2 2 19 35 4 5, 3,
= laza, — aj| < |ccq — 3 |+|Ep1p3_§p1 P2 =3P2" =5 P1

© 2011, IIMA. All Rights Reserved 1199
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By using Lemma 2.4, we get

1 19 3 4 3
(3.23) laza, — a?2,| = P + |Ep1p3 - §p12p2 - gpzz - Zp14
Now using (2.1) and (2.2), we have

19 3 ) 4 ) 3 4
Eplps_gm P2_§P2 _ﬁm

= ﬁ |—6p;* — 3p,2(4 — p12)x — (64 + 3p;2) (4 — p;D)x? 4 38p, (4 — p,2)(1 — |x|H)z]

Suppose p; = p and p € [0, 2]. Using Triangular Inequality and |z| < 1, we get
|Ep1p3 - gplzpz - gpzz — %p14| < 4—18{6p4 +38p(4 — p?) + 3p?(4 — p2)8 + (64 — 38p + 3p?) (4 — p2)82}
= 4_18F(5) > where & = |x| < 1.

Since F'(8) =3p%(4—p?)+2(B2—-3p)(2—p)(4—p?)8§ =0, F(8) is an increasing function. Therefore,
Max F(8) = F(1). Consequently

19 3 4

—PiPs — 5 P1°P2 —

1
—_ < = _ 2
12 8 3 =5 (32 -5p7%

3
2 _ 4
P2 24p1

Obviously G(p) = 32 — 5p? has its maximum at p = 0 and maximum G(p) = 32 . Therefore
19 3 4 3 16

(3.24) |Ep1p3 _§p12p2 _gpzz _Zp14| 5?-

Combining (3.24) with (3.23), we get the required inequality.

Taking p; =0, p, = —2, and | p3| <2 in(3.23) shows the result is sharp.

4

. / _ 2
Theorem: 3.5 If f € R'(«), then |aya, —a3| < PRERER

Proof: Asf € R'(a), from (1.10)
(3.25) f'(z) + azf'(z) = p(z)

Equating corresponding coefficient in (3.25), we have

_ b1

a = 2(1+a)
_ P2

(3.26) % = 30420
_ D3

s = 4(1+3a)

(3.27) implies

P1 P3 P2 2
(2(1 + (x)) <4(1 + 3a)) - (3(1 + Za))
= : 19(1 + 2)2p; (4p3) — 8(1 + @) (1 + 300)(2p,)?|

288(1+a)(1+20)2(1+3w)

laya, — a§| =

Using (2.1) and (2.2), we have
1
= 2 4 2 2 _ 2
288(1 + (1 + 2002(1 + 30) [(1+4a+ 12a%)p;* + 2(1 + 4o + 12a%)p,*(4 — p12)x

—{(32+ 128 + 960a?%) + (1 + 4o + 12a?)p,2}(4 — p;2)x? + 18(1 + 4a + 4a®)p, (4 — p;2)(1
— |x|*)z]

laya, — a§|

Suppose p; = p and p € [0, 2]. Using Triangular Inequality , |z| < 1 and |x| = &, we get
i< 1+4 12a®)p* + 18(1 + 4 40%)p(4 — p?
% < BB + @ T 20)2(1 + 3o (L T A 1209p" + 181 + do+ 4at)p(4 = p*)

+2(1 + 4a + 120*)p?(4 — p?)|x|
+{32(1 + 4a + 3a?) — 18(1 + 4a + 4a®)p + (1 + 4a + 12a?)p?}(4 — p?)|x|?}

laya, —

_ 1 {(1 + 4o+ 12a®)p* + 18(1 + 4a + 4a®)p(4 — p?) + 2(1 + 4a + 12a2)p? (4 — p2)6}
2881+ (1+20)%(14+3a) +{16(1 + 4a + 30?) — (1 + 4a + 12a*)p}(2 — p)(4 — p?) &2

which imply

(3.28) laza, — a?| < : F(8).

~ 288(1+a)(14+20)2(1+3w)
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F(8) = (1 + 4a + 12a®)p* + 18(1 + 4a + 4a®)p(4 — p?) + 2(1 + 4a + 12a?)p?(4 — p?)6
+{16(1 + 4o + 3a?) — (1 + 4 + 12a?)p}(2 — p) (4 — p?)5?

Since F'(8) = 0, F(8) is increasing function and, therefore, max. F(8) = F(1).

Let G(p) = F(1) = 128(1 + 4a + 3a?) — 4(5 + 8a + 12a(1 — a))p? — 2(1 + 4a + 12a?)p*.
Since G'(p) < 0, G(p) is decreasing function in [0, 2].

Therefore max. G(p) = G(0) = 128(1 + 4a + 3a?).

From (3.28), we have

— a?l <
laza, — a3 < 9(1+2a)2

Corollary: 3.1 If f € R’(0), then
lasa, —a?| < %.

This result is proved by Janteng et al.[3].

Corollary: 3.2 If f € R'(1), then

4
laya, —aj] < —

81

. 1+22
The result is sharp for p(z) = Pt
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