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ABSTRACT 
In this paper the concept of quasi affine generalized Kac Moody algebras (GKM) QAGGA2

(1)  are defined; the general 
form of connected Dynkin diagrams associated with this particular class of QAGGA2

(1) are classified. Then, root 
multiplicities for some families of quasi affine generalized Kac Moody algebras are computed; First, we consider a 
general family QAGGA2

(1)  of symmetrizable Generalized Generalized Cartan Matrices (GGCM) of quasi affine type, 
with one imaginary simple root,  of rank 4 which are obtained from the affine GCM A2

(1) of rank 3. The real simple  and 
imaginary simple roots for 3 different classes under this family QAGGA2

(1) are explicitly computed; Finally the root 
multiplicities of all roots of  GKM algebras  QAGGA2

(1)  associated with these Borcherds Cartan matrices of order 4, 
which are obtained as extensions of the affine family A2

(1) are then determined. 
 
Key words: Generalized Kac Moody algebras, real, imaginary roots, quasi affine Kac Moody algebras, highest weight 
module, root multiplicity. 
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I.  INTRODUCTION 
 
The Generalized Kac Moody algebras (GKM algebras, shortly) was introduced by Borcherds in [3]. Almost all the 
results that are true  for Kac Moody algebras (KM algebras in short) can be generalized to the GKM algebras also; The 
main difference in the structure of both, are the existence of imaginary simple roots in GKM algebras.  Determination 
of the dimensions of the root spaces of GKM algebras explicitly, is an interesting open problem. Using the basic 
structure and representation theory of Kac Moody algebras, the study can be extended to GKM algebras; 
Sthanumoorthy, Lilly and Uma Maheswari computed root multiplicities for some extended hyperbolic Generalized Kac 
Moody algebras in [23]. Sthanumoorthy et.al determined the root properties for some GKM algebras, whose  
Generalized  Cartan matrix (GGCM ) is obtained by extending the KM GCM of finite, affine and hyperbolic types and 
determined the root multiplicities([17]-[22]). 
 
In [29] and [30], root structure and root multiplicity of a special GKM algebra EB2 was obtained. 
Multiplicities of simple imaginary roots for the Borcherds algebra gII9,1 was given in  [1] by Barwald and Gebert. A 
closed form root multiplicity formula for the roots of GKM algebras was obtained by Kang and et.al ([11]-[14]). 
Applications of the dimension formula to various classes of graded Lie algebras were discussed in [14] and the 
dimension formula was also derived in [6] – [8]. In [28], Uma Maheswari  defined quasi affine Kac Moody algebras, 
which belong to the indefinite class of Kac Moody algebras and studied the structure of a specific family in the quasi 
affine type QAC2

(1). The Extended hyperbolic type of indefinite Kac Moody algebras were introduced by 
Sthanumoorthy and Uma Maheswari and the structure of  EHA(1)

1 and EHA(2)
2  were determined in ([24]-[27]). 

 
In this paper we extend the definition of quasi affine KM algebras to quasi affine GKM algebras; The general form of 
connected Dynkin diagrams associated with the symmetrizable GKM algebras are classified for QAGGA2

(1). We 
consider a general family QAGGA2

(1)  of GGCM of quasi affine type, with one imaginary simple root,  of rank 4 which 
are obtained from the affine GCM A2

(1) of rank 3,. We identify the real simple and imaginary simple roots, for 3 
different classes under this family QAGGA2

(1). Finally we  determine explicitly the root multiplicities of all roots of  
GKM algebras  associated with the Borcherds Cartan matrices of order 4, which are obtained as extensions of the affine 
family A2

(1). 
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2. PRELIMINARIES 
 
Let us first see the basic definitions and results of GKM algebras (For a detailed study on Kac Moody and Generalized 
Kac Moody algebras, root multiplicities one can refer to [2], [3], [5], [7], [9], [13]).  
 
Definition 2.1:[3] A Borcherds Cartan matrix (BKM) is a real matrix n

jiijaA 1,)( ==  satisfying the conditions:  

i) ija = 0 or  ija ≤ 0 for all i ε I  ii) ija ≤ 0 for i≠j, ija  ε Z if iia = 2 , iii) ija  = 0 implies jia = 0.         
 
We assume that the BKM is symmetrizable. Let the real simple and real imaginary roots be denoted by                         
Ire = {i ε I / iia =2} and Iim = {i ε I / iia  ≤ 0}; Let the charge  

−
m  = { im ε Z 0> / i ε I} be a collection of positive integers 

such that im =1 for all i ε Ire .  
 
The Generalized Kac-Moody algebra g=g(A, 

−
m ) associated with a symmetrizable BKM matrix  A = (aij)

n
ji 1, =  of charge  

−
m

  
= ( im  / i ε I} is the Lie algebra generated by the elements hi, di, eik, fik,  i ε I ,k=1,…, im   with the following 

defining relations :       
[hi, hj] =[di, dj]=[hi, dj]= 0, [hi, ejl]=aijejl, [hi, fjl]=-aijfjl, 
[di, ejl] = jlijeδ , [di, fjl]= jlij fδ− ,  [eik, fjl]  = iklij hδδ  

      
).,...,1,,...,1,,(,00],[],[

,,20)()()()(
)1()1(

jiijjlikjlik

iijlikjl
a

ik

mlmkIjiaifffee

jiaifffadeead
ija

ij

==∈===

≠===
−−

 

 
The subalgebra  h = )()( ii CdCh ⊕⊕⊕ is called the Cartan subalgebra of g. For each i ε I, we define a linear functional   

iα  ε h*, by iα  (hj) = aij,  iα  (dj) = aij ijδ  ,i,j εI . iα ’s are called the simple roots of g.  
 
The GKM algebra g = g(A, 

−
m ) has the root space decomposition  

,αα
gg

Q∈
⊕= where }.,)(],/[{ Hhallforxhxhgxg ∈=∈= αα  

 

Let Q+ .
1

.∑
=

+=
n

i
iZ α  Q has a partial ordering “≤ ” on h* defined by βα ≤  if αβ −  ∈  Q+, where βα , ∈  Q. 

 
Definition 2.2: [9] Define ri ∈  End (H*) as −= αα )(ir i

v
i ααα 〉〈 , where ( )v

i
v
i αααα =〉〈   and i∈  Ire. For each i, ri is 

an invertible linear transformation of H* and ri is called a fundamental reflection. Define the Weyl group W to be the 
subgroup of aut(H*) generated by {ri,i∈  Ire}. Let ))(( A∆=∆ denote the set of all roots of g(A) and +∆  the set of all 

positive roots of g(A). We have +− ∆=∆  and −+ ∆∪∆=∆ . Let *h∈ρ be a linear functional, with ρ (hi) = aii/2 
for all i∈I.  
 
Definition 2.3: [9] In Kac Moody algebras the Dynkin diagrams are defined as follows: To every GGCM A is associated 
a Dynkin diagram S(A) defined as follows: S(A) has n vertices and vertices i and j are connected by max {|aij|,|aji|} 
number of lines if aij.aji 4≤  and there is an arrow pointing towards I if |aij|>1. If  aij.aji > 4, i and j are connected by a bold 
faced edge, equipped with the ordered pair  (|aij|,|aji|) of integers. For GKM algebras, in addition we have the following: If 
aii = 2, ith vertex will be denoted by a white circle and if aii = 0, ith vertex will be denoted by a crossed circle. If                 
aii = -k, k > 0, ith vertex will be denoted by a white circle with –k written above the circle within the parenthesis. 
 
Let P+ = {λ ε h*/ λ(hi) ≥ 0 for all i ε I, λ(hi) is a positive integer if aii = 2}. Let V be the irreducible highest weight module 
over G with the highest weight λ. Let T be the set of all imaginary simple roots counted with multiplicities.  
 
For F ⊂T, we write F⊥ T if λ(hi) = 0 for all αi ε F. For J ⊂ Ire, J∆  = ±± ∆∆=∆∆ ∑  JJiZ ),( α , 

±±± ∆∆=∆ JJ \)( .   

=JQ ±± =∑ QQQZQ JJi  ),( α \)(, ±± =QJQ JQ±
 .   
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We define  

.),(
)(

)()(
0 α

αα
gghg

J

JJ

J
±∆∈

±∆∈
⊕=⊕⊕=   We get the triangular decomposition:  

)(
0

)()(
0

)( , JJJJ gwheregggg +− ⊕⊕= is the Kac Moody algebra associated with the GCM AJ = (aij)i,,jεJ. 
)()( JJ gandg +− represent the direct sum of irreducible highest weight and lowest weight modules respectively over 

)(
0

Jg ; WJ = 〈rj / jεJ〉 be the subgroup of W generated by the simple reflections. 

Let W(J) ={ w ε W/ w )(J++− ∆⊂∆∆   .  
 
Proposition 2.4: [13] [16] ))(((

||)(

)(

)( ρρ −−⊕=

=+
⊂
∈

FswVH J

kFwl
TF

JWw

J
k   

where VJ(µ) denotes the irreducible  highest weight module over g0
(J) with highest weight µ ; s(F) denotes the sum of 

elements in F. Let the homology space H(J) = )))((()1(

1||)(

)(

1||)( ρρ −−−∑
≥+

⊂
∈

++ FswVJ

Fwl
TF

JWw

Fwl ; P(H(J))={α ε Q-(J) / dim Hα ≠ 0} 

with d(i)=dim H )( J
iτ

for i=1,2,… Let T(J)(τ ) = {n=(ni)i≥1/ni εZ≥0,Σ ni iτ = τ }; Let |n|=Σ ni and define the Witt partition 

function  W )( J (τ ) = ( ) )(,)(
!

)!1|(|

)()(

JQforid
n

n i

J

n

Tn

−

∈

∈
− ∏∑ τ

τ

. 

 
The following theorem gives the closed form root multiplicity formula for all symmetrizable GKM algebras 
 
Theorem 2.5: [11][12][13] Letα ε Δ-(J) be a root of a symmetrizable GKM algebra g. Then dim                                  

gα= =∑ )/()(1 )(

|
dWd

d
J

d
αµ

α

i

J

n

dTnd
id

n
nd

d
)(

!
)!1|(|)(1

)/(| )(
∏∑∑

∈

−

αα

µ
  

where µ is the classical Mobius function. 

 
The Kostants formula given by Liu in [15] was repeatedly used by Kang in determining the root multiplicities 
([12,[13]). 
 
Proposition 2.6: [7][13] Suppose that a Borchers-Cartan matrix A=(aij)

n
ji 1, =  of charge 

−
m

 
= ( im ε Ire/ i ε I} satisfies : 

i)Ire is finite, ii) aij≠0 for all i,j in Iim. Let J = Ire and the corresponding decomposition of the GKM algebra  
g=g(A,

 −
m ) = .)()(

0
)( JJJ ggg +− ⊕⊕ Then the algebra ),(

)(

)(

)(

)(
α

α
α

α
gglyrespectivegg

J

J

J

J
+− ∆∈

+
∆∈

− ⊕=⊕= is 

isomorphic to the free Lie algebra generated by the space ))(,()( ** i

im

i

im

m
iJ

Ii

m
iJ

Ii
VVlyrespectiveVV ⊕

∈

⊕

∈
−⊕=−⊕= αα   

where VJ( µ ) (resp. VJ*(µ )) denotes the irreducible highest weight (resp. lowest weight) module over the Kac Moody 
algebra go(J) with highest weight µ (resp. lowest weight - µ ). With these assumptions, the GKM algebra g=

)()(
0

)( JJJ ggg +− ⊕⊕  is isomorphic to the maximal graded Lie algebra with local part .*)(
0 VgV J ⊕⊕

 
 
Theorem 2.7:[4][8][10] Let ˅(˄0) be the basic representation of the affine Kac-Moody algebra An

(1), and let λ be a 

weight of  ˅(˄ 0). Then, 





 −=Λ

2
),(1))(dim( )(

0
λλλ npV , where the function p(n)(m) are defined by 

n

j

jn
m

n

qq )1(
1

)(
1 (m)qp

1
0

m)(

∏∑
≥

∞

= −
==

φ
 

 
Remark 2.8: The above formula can be restated as dim(˅ (˄ 0))λ=p(n)(m), where λ=˄ 0 -mδ, ˄0 is the highest weight, δ is 
the null root and +Ζ∈m  
 
Definition 2.9: [28] Let , 1( )n

ij i jA a == , be an indecomposable GCM of indefinite type. We define the associated 
Dynkin diagram S(A) to be of Quasi Affine (QA) type if S(A) has a proper connected sub diagram of affine type with 
n-1 vertices. The GCM A is of QA type if S(A) is of QA type. We then say the Kac-Moody algebra g(A) is of QA type.  
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3. ROOT MULTIPLICITIES FOR A CLASS OF QAGGA2

(1)  WITH ONE IMAGINARY SIMPLE ROOT  

WHOSE ASSOCIATED GGCM IS



















−−
−−
−−−

−−

2110
1210
112

00
a

ak
 where k, a are non negative integers.

 
 
We first define the class of generalized Kac Moody algebras of quasi affine type. 
 
Definition 3.1: We say a GGCM n

jiijaA 1,)( ==  is of Quasi Affine type if A is of indefinite type and the Dynkin 
diagram associated with A has a connected, proper sub diagram of affine type , whose GCM is of order n-1. We then 
say the associated Dynkin diagram and the corresponding GKM algebra to be of quasi affine type. 
 
Note that the GGCM of extended hyperbolic type forms a subclass of this quasi affine type and not every quasi affine 
GGCM is of extended hyperbolic type. 
 
Proposition 3.2: The general form of connected non-isomorphic Dynkin diagrams associated GGCM, of quasi affine 
type QAGGA2

(1)  can be classified as in the following Table 1 and any Dykin diagram of QAGGA2
(1)  is one of the 

types of 438 Dynkin diagrams listed in Table 1. 
 
Proof: We start with the affine Dynkin diagram A2

(1) of Kac Moody type; Extend this diagram with an additional 4th 
vertex so that we have the possible Dynkin diagrams and the associated GGCM, of quasi affine type QAGGA2

(1). Here                 
                   can represent one of the possible 9 edges:                                                                                         

 
 
 

The different possibilities of adding the fourth vertex to the existing affine diagrams are discussed in the following 
table; the extended vertex is represented in the interior of the affine diagram. 

 
Table-1 

Extended Dynkin diagram of 
quasi affine type QAGGA2

(1)   
Corresponding GGCM Number of possible 

Dynkin diagrams 
 
When k=0, 
 
 
 
 
 



















−−−
−−−
−−−
−−− −

211
121
112

0

3

2

1

321

b
b
b

aaa

 
 
 

165 

 
When k>0, 
 
 
 
 
 



















−−−
−−−
−−−
−−−− −

211
121
112

3

2

1

321

b
b
b

aaak
  

 
165 

 
When k>0, 
 
 
 
 
 
 



















−−
−−−
−−−

−−−

2110
121
112

0

2

1

21

b
b

aak

 
45 

 
When k=0, 
 
 
 
 
 
 



















−−
−−−
−−−

−−

2110
121
112

00

2

1

21

b
b

aa

 
45 

                                               
              

(-k) 

(-k) 
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When k>0, 
 
 
 
 
 
 



















−−
−−
−−−

−−

2110
1210
112

00
b

ak

  
 

9 

 
When k=0, 
 
 
 
 
 
 



















−−
−−
−−−

−

2110
1210
112

000
b

a
  

 
9 

 
Thus we see that there are 438 types of connected, non isomorphic Dynkin diagrams associated with the GGCM in the 
family QAGGA2

(1).  
 
Computation of root multiplicities for three families in QAGGA2

(1) 
 
We follow the same notations given in the earlier section for the dimension formula. 

Case 1: We start with the GKM algebra g= g(A, 
−
m ) associated with the Borcherds-Cartan matrix, 



















−−
−−
−−−

−−

2110
1210
112

00
a

ak
 

obtained as an extension of A2
(1) of charge 

−
m = (s,1,1,1), where k,s are non negative integers. Note that A is symmetric. 

 
Index set for the simple roots of g is I = {1, 2, 3, 4}; Imaginary simple root = { 1α } 
 
Real simple roots = { 2α , 3α , 4α };  T = { 1α , 1α ,…, 1α } counted s times. 
 
Since ( 1α , 1α ) = -k < 0, the set F can be either empty or F = { 1α }; 
 
Taking  J={2,3,4}, g )(

0
J  = g 0⊕C h1  where g 0 =  〈 e2, f2,  e3 , f3, e4 , f4 〉 ≈ A2

(1)
 . and W(J) = {1}. We get    

H )(
1

J  = JV  (-α 1) ⊕  ... ⊕ JV (-α 1) (s copies);    H )(
2
J  = H )(

3
J = … = 0; 

 
Hence H )( J  = JV  (-α 1) ⊕  ... ⊕ JV (-α 1) ( s copies)  where JV  (-α 1) is the standard representation of A2

(1) with 
highest weight   -α 1. Here, ˄0 =  -α 1 ; 
 
Let  λ = ˄0 - m δ ; We have  (λ , λ) = (˄0 , ˄0 ) + m2

 (δ, δ)-2m(˄0,δ) = -k – 2m.a , which implies  m = (- k –(λ ,λ)) / (2a). 
Identifying  -jα1 - l α2– m α3 –n α4  ϵ Q- with (j,l,m,n) ϵ Z 0≥ x Z 0≥ x Z 0≥  x Z 0≥ , the weights of JV  (-α 1) are listed as: 

P(H )( J )={(1,0,0,0),(1,1,0,0),(1,1,1,0),(1,1,1,1)} where dim H )(
)0,0,0,1(

J = dim H )(
)0,0,1,1(

J = dim H )(
)0,1,1,1(

J = dim H )(
)1,1,1,1(

J = s. 
 
For a weight λ = (1,l,m,n),, dim JV (-α 1) λ = p(2)( - k –(λ , λ)) / (2a); 
 
For  λ =(1,l,m,n) = α 1 + lα 2 + mα 3 + nα 4,  we compute (λ, λ) = -k-2al-2ml-2ln-2mn+2 (l2 + m2 + n2); 
(- k – (λ, λ)) / (2a) =1/a {al + ml+mn+ln+mn-(l2 + m2 + n2)}; (It is to be noted that we choose a such that                    
1/a {al + ml+mn+ln+mn-(l2 + m2 + n2) is an integer)  
 
Hence dim JV (-α 1) λ  = p(2) (1/a (al + ml+mn+ln+mn-(l2 + m2 + n2))  where the function p(2)  are defined by 

2

1

2
0

m2

)1(
1

)(
1 (m)qp

∏∑
≥

∞

= −
==

j

j
m qqφ

 . … Equation (3.1) 

So dim H )( J
λ  = s . p(2)( - k –(λ , λ)) / (2a) . 

(-k) 
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We have  P(H )( J ) = { iτ / i ≥ 1}, where  1τ = (1,0,0,0) , 2τ  = (1,1,0,0), 3τ = (1,1,0,1), 4τ = (1,1,1,0), etc.  
 
Every root of g is of the form (j, l, m, n) for j ≥ 1,  l, m, n ≥ 0. Hence the Witt partition function W )( J (τ ) becomes  

W )( J (τ ) =
i

J

n
ii

Tn a
k

ps
n

n






 −−− ∏∑

∈ 2
),(

!
)!1|(| )2(

)()(

ττ

τ

.  

 
Thus we have proved the following theorem: 
 
Theorem 3.3: Let g=g(A,

−
m ) be the Generalized  Generalized  Kac Moody algebra of quasi affine type associated with 

the Borcherds Cartan matrix A=  



















−−
−−
−−−

−−

2110
1210
112

00
a

ak

 

of charge 
−
m  = (s,1,1,1) where k, s are non negative integers.  

 
Then for any root α  = -k1 1α - k2 2α -k3 3α -k4 4α  with ki’s as non negative integers, the root multiplicity of α is given 

by 
i

J

n
ii

Tnd a
kps

n
nd

d






 −−− ∏∑∑

∈ 2
),(

!
)!1|(|)(1 )2(

)(| )(

ττµ
τα

, where the function p(2) are given by equation 3.1 and  µ is 

the classical Mobius function. 
 
Remark 3.4: Note here that the algebra g is isomorphic to the maximal graded  Lie algebra with local part    

H )( J  ⊕ (A2
(1) +h ) ⊕ H

*)( J  . 
 
4. ROOT MULTIPLICITIES FOR A CLASS OF QAGGA2

(1)  WITH ONE IMAGINARY SIMPLE ROOT  

WHOSE ASSOCIATED GGCM IS 



















−−
−−−
−−−

−−−

2110
121
112

0

b
a

bak

 obtained as an extension of A2
(1) of charge 

−
m = (t,1,1,1), 

where k, t are non negative integers. Note that A is symmetric.

 

 
Index set for the simple roots of g is I = {1, 2, 3, 4}; Imaginary simple root = { 1α } 
 
Real simple roots = { 2α , 3α , 4α };  T = { 1α , 1α ,…, 1α } counted s times. 
 
Since ( 1α , 1α ) = - k < 0, the set F can be either empty or F = { 1α }; 
 
Taking  J={2,3,4}, g )(

0
J  = g 0⊕C h1  where g 0 =  〈 e2, f2,  e3 , f3, e4 , f4 〉 ≈ A2

(1)
 . and W(J) = {1}.    

 
Then H )(

1
J  = JV  (-α 1) ⊕  ... ⊕ JV (-α 1) ( t copies);    H )(

2
J  = H )(

3
J = … = 0; 

 
Hence H )( J  = JV  (-α 1) ⊕  ... ⊕ JV (-α 1) ( t copies)  where JV (-α 1) denotes  the standard representation of A2

(1)  with 
highest weight   -α 1. Let  ˄0 =  -α 1 ; 
 
Taking  λ = ˄0 - m δ , we have  (λ , λ) = (˄0 , ˄0 ) + m2

 (δ, δ)-2m(˄0,δ) = -k – 2m.(a+b) , which implies   
m=(-k –(λ ,λ)) / (2(a+b)). 
 
Identifying  -jα1 - l α2– m α3 –n α4  ϵ Q- with (j,l,m,n) ϵ Z 0≥ x Z 0≥ x Z 0≥  x Z 0≥ , the weights of JV (-α1) are listed as: 

P(H )( J )={(1,0,0,0),(1,1,0,0),(1,1,1,0),(1,1,1,1)} where dim H )(
)0,0,0,1(

J = dim H )(
)0,0,1,1(

J = dim H )(
)0,1,1,1(

J = dim H )(
)1,1,1,1(

J = t. 
 
For a weight λ = (1,l,m,n),, dim JV (-α 1) λ = p(2)( - k –(λ , λ)) / (2(a+b)) ; 
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For  λ =(1,l,m,n) = α 1 + lα 2 + mα 3 + nα 4 ,  we compute (λ, λ) = -k-2al-2bm-2ml-2ln-2mn+2 (l2 + m2 + n2); Then 
(- k –(λ , λ)) / (2(a+b)) =1/(a+b) { al +bm+ ml+mn+ln+mn-(l2 + m2 + n2)}; 
 
(It is to be noted that we choose a+b such that 1/(a+b) { al + bm+ml+mn+ln+mn-(l2 + m2 + n2) is an integer)  
 
Hence dim JV (-α 1) λ  = p(2) (1/(a+b) (al +bm+ ml+mn+ln+mn-(l2 + m2 + n2))  where the function p(2)  is defined by 

2
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)(
1 (m)qp
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≥

∞
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==

j

j
m qqφ

 as given by equation (3.1) 

So dim H )( J
λ  = t. p(2)( - k –(λ , λ)) / (2(a+b)) . 

 

We have  P(H )( J ) = { iτ / i ≥ 1}, where  1τ = (1,0,0,0) , 2τ  =(1,1,0,0), 3τ = (1,1,0,1), 4τ = (1,1,1,0), etc.  
 
Every root of g is of the form (j, l, m, n) for j ≥ 1,  l, m, n ≥ 0. Hence the Witt partition function W )( J (τ ) becomes  

W )( J (τ ) = 
i

J
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Thus we have proved the following theorem: 
 
Theorem 4.1: Let g=g(A,

−
m ) be the Generalized  Generalized  Kac Moody algebra of quasi affine type associated with 

the Borcherds Cartan matrix A=  
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of charge 
−
m  = (t,1,1,1) where k, t are non negative integers.  

 
Then for any root α  = -k1 1α - k2 2α -k3 3α -k4 4α  with ki’s as non negative integers,  the root multiplicity  of α  is 

given by    
i

J
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, where the function p(2) are given by equation 3.1 and  

µ is the classical Mobius function. 
 
5. ROOT MULTIPLICITIES FOR A CLASS OF QAGGA2

(1)  WITH ONE IMAGINARY SIMPLE ROOT  

WHOSE ASSOCIATED GGCM IS 
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 obtained as an extension of A2
(1) of charge 

−
m = (r,1,1,1), 

where k, r are non negative integers. A is a symmetric GGCM. 
 
Index set for the simple roots of g is  I = {1,2,3,4};  Imaginary simple root = { 1α } 
 
Real simple roots = { 2α , 3α , 4α };  T = { 1α , 1α ,…, 1α } counted s times. 
 
Since ( 1α , 1α ) = -k < 0, the set F can be either empty or F = { 1α }; 
 
Taking  J={2,3,4}, g )(

0
J  = g 0⊕C h1  where g 0 =  〈 e2, f2,  e3 , f3, e4 , f4 〉 ≈ A2

(1)
 . and W(J) = {1}.    

Then H )(
1

J  = JV  (-α 1) ⊕  ... ⊕ JV (-α 1) ( r copies);    H )(
2
J  = H )(

3
J = … = 0; 

 
Hence H )( J  = JV  (-α 1) ⊕  ... ⊕ JV (-α 1) ( r copies)  where JV (-α 1) denotes  the standard representation of  
A2

(1)     with highest weight   -α 1. Let  ˄0 =  -α 1 ; 
 
Taking  λ = ˄0 - m δ , we have  (λ , λ) = (˄ 0 , ˄0 ) + m2

 (δ, δ)-2m(˄0,δ) = -k – 2m.(a+b+c), which implies   
m=(-k –(λ ,λ)) / (2(a+b+c)). 
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Identifying  -jα1 - l α2– m α3 –n α4  ϵ Q- with (j, l, m, n) ϵ Z 0≥ x Z 0≥ x Z 0≥  x Z 0≥ , the weights of JV (-α1) are listed as: 

P(H )( J )={(1,0,0,0),(1,1,0,0),(1,1,1,0),(1,1,1,1)} where dim H )(
)0,0,0,1(

J = dim H )(
)0,0,1,1(

J = dim H )(
)0,1,1,1(

J = dim H )(
)1,1,1,1(

J = r. 
 
For a weight λ = (1,l,m,n),, dim JV (-α 1) λ = p(2)( - k –(λ , λ)) / (2(a+b+c)); 
 
For λ = (1, l, m, n) = α1 + lα2 + mα3 + nα4,  we compute (λ, λ) = -k-2al-2bm-2cn-2ml-2ln-2mn+2 (l2 + m2 + n2); Then 
(- k – (λ , λ)) / (2(a+b+c)) =1/(a+b+c) {al +bm+cn+ml+mn+ln+mn-(l2 + m2 + n2)}; 
 
(It is to be noted that we choose a, b, c such that 1/(a+b+c) {al + bm+cn+ml+mn+ln+mn-(l2 + m2 + n2) is an integer)  
 
Hence dim JV (-α 1) λ  = p(2) (1/(a+b+c) (al +bm+cn+ ml+mn+ln+mn-(l2 + m2 + n2))  where the function p(2)  is defined 

by
2

1

2
0

m2

)1(
1

)(
1 (m)qp

∏∑
≥

∞

= −
==

j

j
m qqφ

 as given by equation (3.1) 

So dim H )( J
λ  = r. p(2)( - k –(λ , λ)) / (2(a+b+c)) . 

 

We have  P(H )( J ) = { iτ / i ≥ 1}, where  1τ = (1,0,0,0) , 2τ  =(1,1,0,0), 3τ = (1,1,0,1), 4τ = (1,1,1,0), etc.  
 
Every root of g is of the form (j,l,m,n) for j ≥ 1,  l, m, n ≥ 0. Hence the Witt partition function W )( J (τ ) becomes  

W )( J (τ ) =
i

J

n
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Thus we have proved the following theorem: 
 
Theorem 5.1: Let g=g(A,

−
m ) be the Generalized  Generalized  Kac Moody algebra of quasi affine type associated with 

the Borcherds Cartan matrix A=  
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of charge 

−
m  = (r,1,1,1) where k, r are non negative integers. 

Then for any root α  = -k1 1α - k2 2α -k3 3α -k4 4α  with ki’s as non negative integers,  the root multiplicity  of α is 

given by
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, where the function p(2) are given by equation 3.1 and  µ 

is the classical Mobius function. 
 
CONCLUSION 
 
In this work, a particular class of quasi affine GKM algebras are defined, the general form of associated Dynkin 
diagrams given and the root multiplicities for three specific classes in QAGGA2

(1) are computed; There is further scope 
for determining the root multiplicities of other GKM algebras of indefinite type , which are quasi affine. 
 
ACKNOWLEDGEMENT 
 
The author sincerely wishes to acknowledge the University Grants Commission, New Delhi, India for granting the 
Research Award and this research work is done under the UGC Research Award Scheme (RA-2012-14-NEW-GE-
TAM-4144). 
 
REFERENCES 
 

1. O. Barwald and R. Gebert, On th imaginary simple roots of the Borcherds algebra 9,1gII , Nuclear Phys. B, 
510, (1998), 721-738. 

2. S.Berman and R.V.Moody, Multiplicities in Lie algebras, Proc. Amer. Math. Soc., 76, (1979), 223-228. 
3. R.E.Borcheds, Generalized Kac-Moody algebras, J.Algebra, 115, (1988), 501-512. 

 



A. Uma Maheswari* / Root Multiplicities for a class of Quasi Affine Generalized Kac Moody Algebras… / IJMA- 7(2), Feb.-2016. 

© 2016, IJMA. All Rights Reserved                                                                                                                                                                         13   

 
4. I.B.Frenkel and V.G Kac, Basic representation of affine Lie algebras and dual resonance models, Invent. 

Math., 62, (1980), 23-66. 
5. E.Jurisich, J.Lepowsky and R.L.Wilson, Realization of the Monster Lie algebra, Selecta Mathematica, New 

Series, 1, (1995), 129-161. 
6. E.Jurisich, An exposition of generalized Kac-Moody algebras, in: Lie algebras and their representations; 

S.J.Kang, M.H.Kim, I.S.Lee(eds), Contemp. Math., 194, (1996), 121-159. 
7. E.Jurisich, Generalized Kac-Moody Lie algebras, free Lie algebras, and the structure of the monster Lie 

algebra, J.Pure and applied algebra, 126, (1998), 233-266. 
8. V.G.Kac, Infinite Dimensional Lie Algebras, Dedkind’s η-function, classical MÖbius function and the very 

strange formula, Adv. Math., 30, (1978), 85-136. 
9. V.G.Kac, Infinite Dimensional Lie Algebras, 3rd ed. Cambridge: Cambridge University Press, 1990. 
10. V.G.Kac and D.H.Peterson, Affine Lie algebras and Hecke modular forms, Bull, Amer. Math. Soc., 3, (1980), 

1059-1061. 
11. S.J.Kang, Generalized Kac-Moody algebras and the modular function j, Math. Ann., 298, (1994), 373-384. 
12. S.J.Kang, Root multiplicities of graded Lie algebras, in: Lie algebras and their representations, S.J.Kang, 

M.H.Kim, I.S.Lee(eds), Contemp. Math., 194, (1996), 161-176. 
13. S.J.Kang and M.H.Kim, Dimension formula for graded Lie algebras and  its applications, Trans. Amer. Math. 

Soc., 351, (1999), 4281-4336. 
14. K.Kim and D.U.Shin, The recursive dimension formula for graded Lie algebras and  its applications, Comm. 

Algebra, 27, (1999), 2627-2652. 
15. L.S.Liu, Kostant’s formula for Kac-Moody Lie algebras, J.Algebra, 149(1992), 155-178. 
16. S.Naito, The strong Bernstein-Gelfand-Gelfand resolution for generalized Kac-Moody algebras I: The 

existence of the resolution, Publ. RIMS,  Kyoto Univ.,  29, (1993), 709-730. 
17. N.Sthanumoorthy and P.L.Lilly, On the root systems of generalized Kac-Moody algebras, J.Madras 

University (WMY-2000 special issue) Section B:Sciences, 52, (2000), 81-103. 
18. N.Sthanumoorthy and P.L.Lilly, Special imaginary roots of generalized Kac-Moody algebras, Comm. Algebra, 

30, (2002), 4771-4787. 
19. N.Sthanumoorthy and P.L.Lilly, A note on purely imaginary roots of generalized Kac-Moody algebras, 

Comm. Algebra, 31, (2003), 5467-5480 
20. N.Sthanumoorthy and P.L.Lilly,  On some classes of root systems of generalized Kac-Moody algebras, 

Contemp. Math., AMS, 343, (2004) 289-313. 
21. N.Sthanumoorthy and P.L.Lilly, Complete classifications of Generalized Kac-Moody algebras possessing 

special imaginary roots and strictly imaginary property, to appear in Communications  in algebra (USA),35(8), 
(2007), pp.2450-2471. 

22. N.Sthanumoorthy and P.L.Lilly,  Root Multiplicities of some generalized Kac-Moody algebras, Indian J.Pure 
appl. Math., 38(2), (April 2007) :55-78. 

23. N.Sthanumoorthy, P.L.Lilly and A.Uma Maheswari, Root multiplicities of some classes of extended-
hyperbolic Kac-Moody and extended - hyperbolic generalized Kac-Moody algebras, Contemporary 
Mathematics, AMS, Vol. 343,(2004), pp. 315-347. 

24. N.Sthanumoorthy and A.Uma Maheswari, Purely imaginary roots of Kac-Moody algebras, Comm. Algebra, 
Vol. 24, (1996), No. 2, pp. 677-693. 

25. N.Sthanumoorthy and A.Uma Maheswari, Root multiplicities of extended hyperbolic Kac-Moody algebras, 
Comm. Algebra, Vol.  24, (1996), No. 14, pp. 4495-4512. 

26. N.Sthanumoorthy, A.Uma Maheswari and P.L.Lilly, Extended-hyperbolic Kac-Moody algebras EHA2
(2) 

structure and Root Multiplicities”, Comm. Algebra, Vol. 32, (2004), No. 6, pp. 2457-2476.  
27. N.Sthanumoorthy, and A.Uma Maheswari, Structure And Root Multiplicities for Two classes of Extended 

Hyberbolic Kac-Moody Algebras EHA1
(1) and EHA2

(2) for all cases, Communications in Algebra, Vol. 40, 
(2012), pp.  632-665. 

28. A.Uma Maheswari, A Study on the Structure of Indefinite Quasi-Affine Kac-Moody Algebras QAC2
(1), 

International Mathematical Forum, Vol. 9, (2014), no. 32, 1595 – 1609. 
29. Xinfang Song and Yinglin Guo, Root Multiplicity of a Special Generalized Kac- Moody Algebra EB2, 

Mathematical Computation,  Volume 3, Issue 3, (September 2014), PP.76-82. 
30. Xinfang Song and Xiaoxi Wang Yinglin Guo, Root Structure of a Special generalized Kac-Moody algebras, 

Mathematical Computation,  Volume 3, Issue 3, (September 2014), PP.83-88. 
 

Source of support: University Grants Commission, New Delhi, India, Conflict of interest: None Declared. 
 

[Copy right © 2016. This is an Open Access article distributed under the terms of the International Journal 
of Mathematical Archive (IJMA), which permits unrestricted use, distribution, and reproduction in any 
medium, provided the original work is properly cited.] 


