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ABSTRACT 
In this paper, we introduce a new class of set called 𝜓𝜓𝜓𝜓𝜓𝜓-closed sets in topological spaces and also we introduce a 
new type of functions called 𝜓𝜓𝜓𝜓𝜓𝜓-continuous functions and 𝜓𝜓𝜓𝜓𝜓𝜓-irresolute functions. Further we introduce a 𝜓𝜓𝜓𝜓𝜓𝜓-
homeomorphism and studied the group structure of 𝜓𝜓𝜓𝜓𝜓𝜓-homeomorphism in topological spaces. 
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1. INTRODUCTION 
 
O. Njastad [11] introduces the concept of α-closed sets in topological spaces. The notion of 𝜓𝜓-closed sets is introduced 
by MKRS Veerakumar [17]. In this chapter, we introduce a new class of notion, namely, 𝜓𝜓𝜓𝜓𝜓𝜓 -closed sets for 
topological spaces. As applications of 𝜓𝜓𝜓𝜓𝜓𝜓-closed sets, we introduce and study some new spaces, namely 𝜓𝜓αgT1/2 
space, 𝜓𝜓αgTα space and 𝜓𝜓αgTs spaces. Further we introduce and study 𝜓𝜓𝜓𝜓𝜓𝜓-continuous and 𝜓𝜓𝜓𝜓𝜓𝜓 - irresolute maps. For a 
topological Space (X, τ), we define groups 𝜓𝜓𝜓𝜓𝜓𝜓-h(X, τ), 𝜓𝜓𝜓𝜓𝜓𝜓-ch(X, τ) and that contain the group h(X, τ) whose 
elements are all homeomorphisms from (X, τ) into itself. 
 
2. PRELIMINARIES 
 
In this section we recall some of the basic definitions. 
 
Definition 2.1: A subset A of space (X, τ) is called  

(i) semi open set [9] if A⊆cl(int(A)).  
(ii) semi Pre open set [1] if A⊆cl(int(cl(A))). 
(iii) pre open set [10] if  A⊆int(cl(A)).  
(iv) α-open set [11] if A⊆int(cl(int(A))).  
(v) regular open set [12] if A=int(cl(A)).  

 
Definition 2.2: A subset A of space (X, τ) is called  

(i) generalized closed (briefly g-closed) set if cl(A)⊆U whenever A⊆U and U is open set in (X, τ) 
(ii) generalized semi-closed (briefly gs-closed) set  if scl(A)⊆U whenever A⊆U and U is open set in (X, τ) 
(iii) α-generalized closed (briefly αg-closed)set if αcl(A)⊆U whenever A⊆U and U is open set in (X, τ) 
(iv) generalized pre-closed (briefly gp-closed)set  if pcl(A)⊆U whenever A⊆U and U is open set in (X, τ) 
(v) generalized semi-pre-closed (briefly gsp-closed)set if spcl(A)⊆U whenever A⊆U and U is open set in (X, τ) 
(vi) generalized pre-regular-closed (briefly gpr-closed)set if pcl(A)⊆U whenever A⊆U and U is regular open set 

in (X, τ) 
(vii) g#-closed set if cl(A)⊆U whenever A⊆U and U is αg-open set in (X, τ) 
(viii) g#s-closed set if scl(A)⊆U whenever A⊆U and U is αg-open set in (X, τ) 
(ix) 𝜓𝜓𝜓𝜓-closed set if 𝜓𝜓cl(A)⊆U whenever A⊆U and U is α-open set in (X, τ) 
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Definition 2.3: A space (X, τ) is said to be  

(i) α-space if every α-closed set is closed. 
(ii) 𝑇𝑇𝑝𝑝𝑠𝑠

∗ -space if every gsp-closed set is g*p-closed. 
(iii) pre-regular 𝑇𝑇1/2-space if every gsp-closed set is g*p-closed. 
(iv) 𝑇𝑇𝑏𝑏#-space if every g#s -closed set is closed. 
(v) semi-𝑇𝑇1/3-space  if every 𝜓𝜓-closed set is semi-closed. 
(vi) α𝜓𝜓T1/2 – space if every 𝜓𝜓𝜓𝜓-closed set is closed. 

 
Definition 2.4: A function f: (X, 𝜏𝜏)→(Y, 𝜎𝜎) is called 

(i) semi-continuous if 𝑓𝑓−1(𝑉𝑉) is a semi-closed in (X, 𝜏𝜏) for every closed set V of (Y, 𝜎𝜎). 
(ii) α-continuous if 𝑓𝑓−1(𝑉𝑉) is a α-closed in (X, 𝜏𝜏) for every closed set V of (Y, 𝜎𝜎). 
(iii) gp-continuous if 𝑓𝑓−1(𝑉𝑉) is a gp-closed in (X, 𝜏𝜏) for every closed set V of (Y, 𝜎𝜎). 
(iv) gpr-continuous if 𝑓𝑓−1(𝑉𝑉) is a gpr-closed in (X, 𝜏𝜏) for every closed set V of (Y, 𝜎𝜎). 
(v) gsp-continuous if 𝑓𝑓−1(𝑉𝑉) is a gsp-closed in (X, 𝜏𝜏) for every closed set V of (Y, 𝜎𝜎). 
(vi) g#-continuous if 𝑓𝑓−1(𝑉𝑉) is a g#-closed in (X, 𝜏𝜏) for every closed set V of (Y, 𝜎𝜎). 
(vii) g#s-continuous if 𝑓𝑓−1(𝑉𝑉) is a g#s-closed in (X, 𝜏𝜏) for every closed set V of (Y, 𝜎𝜎). 
(viii) 𝜓𝜓𝜓𝜓-continuous if 𝑓𝑓−1(𝑉𝑉) is a 𝜓𝜓𝜓𝜓-closed in (X, 𝜏𝜏) for every closed set V of (Y, 𝜎𝜎). 
 

3. 𝝍𝝍𝝍𝝍𝝍𝝍-CLOSED SETS IN TOPOLOGICAL SPACES 
 
We introduce the following definition 
 
Definition 3.1: A subset A of a space (X, 𝜏𝜏) is 𝜓𝜓𝜓𝜓𝜓𝜓-closed set if 𝜓𝜓cl(A)⊆U whenever A⊆U and U is αg-open set in 
(X, τ). 
 
Theorem 3.2: Every closed set is 𝜓𝜓𝜓𝜓𝜓𝜓-closed set.  
 
Proof: Let A be an closed set in (X, 𝜏𝜏), U be an 𝜓𝜓𝜓𝜓-open set containing A. Since A is closed, we have 𝑐𝑐𝑐𝑐(𝐴𝐴) = 𝐴𝐴,  
𝜓𝜓cl(A)⊆ 𝑐𝑐𝑐𝑐(𝐴𝐴) = 𝐴𝐴 ⊆ 𝑈𝑈 and hence  A is 𝜓𝜓𝜓𝜓𝜓𝜓-closed set. 
 
The converse of the above theorem is need not be true as it can be seen in the following example. 
 
Example 3.3: Let X = {a, b, c} and 𝜏𝜏={X, 𝜙𝜙,{a},{a, b}}. The set {b} is a 𝜓𝜓𝜓𝜓𝜓𝜓-closed set but not an closed set. 
 
Theorem 3.4: Every α-closed set and g#-closed is a  𝜓𝜓𝜓𝜓𝜓𝜓-closed set.  
 
Proof:   Obvious.  
 
The converse of the above theorem are need not be true as it can be seen in the following example. 
 
Example 3.5: Let X=Y={a, b, c} with 𝜏𝜏={𝜙𝜙, X,{b},{c},{b, c}}. A set {b} is 𝜓𝜓𝜓𝜓𝜓𝜓-closed set but not an 𝜓𝜓-closed and 
g#-closed set. 
 
Theorem 3.6: Every semi-closed  and g#s-closed set is  𝜓𝜓𝜓𝜓𝜓𝜓-closed set.  
 
Proof: Obvious. 
 
The following example shows that the converse of the above theorem are need not be true in general. 
 
Example 3.7: Let X=Y = {a, b, c} with 𝜏𝜏={𝜙𝜙, X,{b},{b, c}}. A set {b, c} is 𝜓𝜓𝜓𝜓𝜓𝜓-closed set but not an semi-closed and 
g#s-closed set. 
 
Theorem 3.8: Every 𝜓𝜓𝜓𝜓𝜓𝜓-closed set is gp-closed, gsp-closed and gpr-closed set. 
 
Proof:  The proof is obvious. So the class of 𝜓𝜓𝜓𝜓𝜓𝜓-closed set is properly contained in the class of  gp-closed (resp. gsp-
closed, gpr-closed) set. 
 
The converse of the above theorem are need not be true as it can be seen in the following example. 
 
Example 3.9: Let X=Y= {a, b, c} with 𝜏𝜏={𝜙𝜙, X,{a},{a,b}}. A set {a, c} is an gp-closed, gsp-closed and gpr-closed set 
but not an 𝜓𝜓𝜓𝜓𝜓𝜓-closed set.  
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Theorem 3.10: Every 𝜓𝜓𝜓𝜓𝜓𝜓-closed set is 𝜓𝜓𝜓𝜓-closed set. 
 
Proof: The converse of the above theorem is need not true in general as it can be seen from the following example. 
 
Example 3.11: Let X=Y={a, b, c} with 𝜏𝜏={𝜙𝜙,X,{a},{b,c}}. A set {a, b} is an 𝜓𝜓𝜓𝜓-closed set but not an 𝜓𝜓𝜓𝜓𝜓𝜓-closed set.  
 
4. APPLICATIONS OF 𝝍𝝍𝝍𝝍𝝍𝝍-CLOSED SETS 

 
As applications of 𝜓𝜓αgT1/2-closed sets, two new spaces 𝜓𝜓αgTα-spaces and  𝜓𝜓αgTs-spaces are introduced. 
 
We introduce the following definition. 
 
Definition 4.1: A space (X, 𝜏𝜏) is called 𝜓𝜓αgT1/2  space if every 𝜓𝜓𝜓𝜓𝜓𝜓-closed set is closed. 
 
Theorem 4.2: Every 𝜓𝜓αgT1/2  space is a  𝑇𝑇𝑏𝑏#-space and 𝜓𝜓-space  but not conversely. 
 
Proof: The space in the following examples are  𝑇𝑇𝑏𝑏#-space and 𝜓𝜓-space  but not a 𝜓𝜓αgT1/2  space. 
 
Example 4.3:  Let X= {a, b, c} and 𝜏𝜏={X,𝜙𝜙,{a},{b,c}}. C(X, 𝜏𝜏)= {X,𝜙𝜙,{a},{b,c}}, G#SC(X, 𝜏𝜏)={X,𝜙𝜙,{a},{b,c}} and 
𝜓𝜓𝜓𝜓𝜓𝜓-C(X, 𝜏𝜏)={ X,𝜙𝜙,{a},{b,c},{a,c}}. Thus the space (X, 𝜏𝜏) is a  𝑇𝑇𝑏𝑏#-space but not a 𝜓𝜓αgT1/2  space. 
 
Example 4.4:  Let X= {a, b, c} and 𝜏𝜏 ={X,𝜙𝜙 ,{a,b}}. C(X,  𝜏𝜏 ) = {X,𝜙𝜙 ,{c}}, 𝜓𝜓  C(X,  𝜏𝜏 ) = {X,𝜙𝜙 ,{c}} and                     
𝜓𝜓𝜓𝜓𝜓𝜓-C(X, 𝜏𝜏)={ X,𝜙𝜙,{c},{b,c},{a,c}}. Thus the space (X, 𝜏𝜏) is a  𝜓𝜓-space but not a 𝜓𝜓αgT1/2  space. 
 
Theorem 4.5: Every pre regular T1/2  space is a 𝜓𝜓αgT1/2 space but not conversely. 
 
Proof: A 𝜓𝜓αgT1/2 space is need not be T1/2 in general as it can be seen from the following example. 
 
Example 4.6: Let X= {a, b, c} and 𝜏𝜏={X,𝜙𝜙,{a},{a,b},{a,c}}. C(X, 𝜏𝜏)= {X,𝜙𝜙,{b},{c},{b,c}}, GPRC(X, 𝜏𝜏)=P(X) and 
𝜓𝜓𝜓𝜓𝜓𝜓-C(X, 𝜏𝜏)={ X,𝜙𝜙,{b},{c},{b,c}}. Thus the space (X, 𝜏𝜏) is a  𝜓𝜓αgT1/2  space but not a pre regular T1/2  space. 
 
Theorem 4.7: If (X, 𝜏𝜏) is a 𝜓𝜓αgT1/2  space, then for each x∈X, {x} is either 𝜓𝜓-closed or open. 
 
Proof: Suppose that (X, 𝜏𝜏) is a 𝜓𝜓αgT1/2  space. Let x∈X and assume that {x} is not a 𝜓𝜓-closed set. Then X-{x} is not a 
𝜓𝜓-open set. This implies that X-{x} is a 𝜓𝜓𝜓𝜓𝜓𝜓 -closed set, since X is the only 𝜓𝜓-open set containing X-{x}. Since (X, 𝜏𝜏) 
is a 𝜓𝜓αgT1/2  space. X-{x} is a closed set or equivalently {x} is open. 
 
The converse of the above theorem is need not be true as it can be seen by the following example. 
 
Example 4.8: Let X={a, b, c} and 𝜏𝜏={X,𝜙𝜙,{a},{a,c}}. The set {a} is an open set of (X, 𝜏𝜏). {b} and {c} are 𝜓𝜓-closed 
subsets of (X, 𝜏𝜏). But (X, 𝜏𝜏) is not a 𝜓𝜓αgT1/2 space.  
 
Since 𝜓𝜓𝜓𝜓𝜓𝜓-c(X, 𝜏𝜏)={ X,𝜙𝜙,{b},{c},{b,c}} and C(X, 𝜏𝜏)={ X,𝜙𝜙,{b},{b,c}. 
 
Definition 4.9: A space (X, 𝜏𝜏) is called  𝜓𝜓αgTα-space if every 𝜓𝜓𝜓𝜓𝜓𝜓-closed set is 𝜓𝜓-closed. 
 
Theorem 4.10: Every 𝜓𝜓αgT1/2  space is a  𝜓𝜓αgTα-space but not conversely. 
 
Proof:  The converse of the above theorem is need not be true as it can be seen by the following example. 
 
Example 4.11:  Let X={a, b, c} and 𝜏𝜏={X,𝜙𝜙,{a},{a,c}}. C(X, 𝜏𝜏)= {X,𝜙𝜙,{b},{b,c}},  𝜓𝜓C(X, 𝜏𝜏)={X,𝜙𝜙,{b},{c},{b,c}} 
and 𝜓𝜓𝜓𝜓𝜓𝜓-C(X, 𝜏𝜏)={ X,𝜙𝜙, {b},{c},{b, c}}. Thus the space (X, 𝜏𝜏) is a  𝜓𝜓αgTα-space but not a 𝜓𝜓αgT1/2  space. 
 
Theorem 4.12:  Every 𝜓𝜓αgTα  space is a 𝜓𝜓-space and  𝑇𝑇𝑏𝑏#-space but not conversely. 
 
Proof: A 𝜓𝜓-space and  𝑇𝑇𝑏𝑏#-space is need not be 𝜓𝜓αgTα in general as it can be seen from the following example. 
 
Example 4.13:  Let X={a, b, c} and 𝜏𝜏={X,𝜙𝜙,{a,b}}. C(X, 𝜏𝜏) = {X,𝜙𝜙,{c}}, 𝜓𝜓C(X, 𝜏𝜏)= 
{X,𝜙𝜙,{c}} and 𝜓𝜓𝜓𝜓𝜓𝜓-C(X, 𝜏𝜏)={ X,𝜙𝜙,{c},{b,c},{a,c}}. Thus the space (X, 𝜏𝜏) is a  𝜓𝜓-space but not a 𝜓𝜓αgTα  space. 
 
Example 4.14: Let X={a, b, c} and 𝜏𝜏={X,𝜙𝜙,{a},{b,c}}. C(X, 𝜏𝜏)= {X,𝜙𝜙,{a},{b,c}}, 𝜓𝜓C(X, 𝜏𝜏)={X,𝜙𝜙, {a},{b, c}} and 
g#sC(X, 𝜏𝜏)={ X,𝜙𝜙,{a},{b,c}} and  𝜓𝜓𝜓𝜓𝜓𝜓-C(X, 𝜏𝜏 )  ={X, 𝜙𝜙, {a}, {b, c},{a, c}}. Thus the space (X, 𝜏𝜏) is a  𝑇𝑇𝑏𝑏#-space but 
not a 𝜓𝜓αgTα  space. 
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Theorem 4.15:  If (X, 𝜏𝜏) is a 𝜓𝜓αgTα  space, then for each x∈X, {x} is either 𝜓𝜓-closed or 𝜓𝜓-open. 
 
Proof: Suppose that (X, 𝜏𝜏) is a 𝜓𝜓αgTα   space. Let x∈X and assume that {x} is not a 𝜓𝜓-closed set. Then X-{x} is not a  
𝜓𝜓-open set. This implies that X-{x} is a 𝜓𝜓𝜓𝜓𝜓𝜓 -closed set, since X is the only 𝜓𝜓-open set containing X-{x}. Since (X, 𝜏𝜏) 
is a 𝜓𝜓αgTα   space. X-{x} is a 𝜓𝜓-closed set or equivalently {x} is 𝜓𝜓-open. 
 
The converse of the above theorem is need not be true as it can be seen by the following example. 
 
Example 4.16:  Let X={a, b, c} and 𝜏𝜏={X,𝜙𝜙,{b},{b,c}}. The set {b} is an open set of (X, 𝜏𝜏). {a} and {c} are 𝜓𝜓-closed 
subsets of (X, 𝜏𝜏 ). But (X, 𝜏𝜏 ) is not a 𝜓𝜓 αgT1/2 space. Since 𝜓𝜓𝜓𝜓𝜓𝜓 -C(X, 𝜏𝜏 ) = {X,𝜙𝜙 ,{a},{c},{a,b},{a,c}} and                
𝜓𝜓C(X, 𝜏𝜏)={ X,𝜙𝜙,{a},{c}{a,c}}. 
 
Definition 4.17:  A space (X, 𝜏𝜏) is called 𝜓𝜓αgTs space if every 𝜓𝜓𝜓𝜓𝜓𝜓-closed set is semi closed. 
 
Theorem 4.18:  Every 𝜓𝜓αgT1/2  space is a 𝜓𝜓αgTs space but not conversely. 
 
Proof:   The converse of the theorem is need not be true as seen in the following example. 
 
Example 4.19:  Let X={a, b, c} and 𝜏𝜏={X,𝜙𝜙,{a},{a,b}}. C(X, 𝜏𝜏)= {X,𝜙𝜙,{c},{b,c}}, SC(X, 𝜏𝜏)={X,𝜙𝜙, {b},{c},{b,c}} 
and 𝜓𝜓𝜓𝜓𝜓𝜓-C(X, 𝜏𝜏)={ X,𝜙𝜙,{a},{b,c}} and 𝜓𝜓𝜓𝜓𝜓𝜓-C(X, 𝜏𝜏)={ X,𝜙𝜙, {b},{c},{b, c}}. Thus the space (X, 𝜏𝜏) is a 𝜓𝜓αgTs-space 
but not a 𝜓𝜓αgT1/2 - space. 
 
Theorem 4.20:  Every 𝜓𝜓αgTs  space is a 𝜓𝜓αgTα -space and  𝑇𝑇𝑏𝑏#-space but not conversely. 
 
Proof:  Obvious.   
 
The converse of the theorem is need  not be  true as seen in the following example. 
 
Example 4.21: Let  X={a, b, c} and 𝜏𝜏 ={X, 𝜙𝜙 ,{a}}. 𝜓𝜓 C(X, 𝜏𝜏 )= {X, 𝜙𝜙 ,{b},{c},{b,c}}, SC(X, 𝜏𝜏 )={X, 𝜙𝜙 , 
{a},{b},{c},{a,b},{b,c}} and 𝜓𝜓𝜓𝜓𝜓𝜓-C(X, 𝜏𝜏)={ X,𝜙𝜙, {b},{c},{b,c}}. Thus the space (X, 𝜏𝜏) is a  𝜓𝜓αgTα-space but not a 
𝜓𝜓αgTs - space. 
 
Example 4.22:  Let  X={a, b, c} and 𝜏𝜏={X,𝜙𝜙,{a},{b,c}}. C(X, 𝜏𝜏)= {X,𝜙𝜙,{a},{b,c}}, SC(X, 𝜏𝜏)={X,𝜙𝜙,{a},{b,c}} and 
g#s-C(X, 𝜏𝜏)={ X,𝜙𝜙,{a},{b,c}} and 𝜓𝜓𝜓𝜓𝜓𝜓-C(X, 𝜏𝜏)={ X,𝜙𝜙, {a},{b,c},{a,c}}. Thus the space (X, 𝜏𝜏) is a  𝑇𝑇𝑏𝑏#-space but not a 
𝜓𝜓αgTs - space. 
 
Theorem 4.23:   𝜓𝜓αgTs  ness is independent of αTd  ness. 
 
Proof:  This can be proved by the following examples. 
 
Example 4.24:  Let  X={a, b, c} and 𝜏𝜏={X,𝜙𝜙,{a},{b,c}}. GC(X, 𝜏𝜏)= {X,𝜙𝜙,{a},{b,c}}, SC(X, 𝜏𝜏)={X,𝜙𝜙,{a},{b,c}}, 
𝜓𝜓GC(X, 𝜏𝜏)= P(X), and 𝜓𝜓𝜓𝜓𝜓𝜓-C(X, 𝜏𝜏)={ X,𝜙𝜙, {a},{b,c},{a,c}}. Thus the space (X, 𝜏𝜏) is a αTd -space but not a 𝜓𝜓αgTs - 
space. 
 
Example 4.25:  Let X={a, b, c} and 𝜏𝜏 ={X, 𝜙𝜙 ,{a},{a,b}}. GC(X,  𝜏𝜏 ) = {X, 𝜙𝜙 ,{b},{a,c},{b,c}}, 
SC(X, 𝜏𝜏)={X,𝜙𝜙 ,{b},{c},{b,c}},𝜓𝜓GC(X, 𝜏𝜏) = {X,𝜙𝜙 ,{b},{c},{b,c},{a,c}} and 𝜓𝜓𝜓𝜓𝜓𝜓-C(X, 𝜏𝜏)={ X,𝜙𝜙 , {b},{c},{b, c}}. 
Thus the space (X, 𝜏𝜏) is a  𝜓𝜓αgTs  -space but not a αTd - space. 
 
Theorem 4.26:  If (X, 𝜏𝜏) is a 𝜓𝜓αgTs  space, then for each x∈X, {x} is either 𝜓𝜓-closed or semi-open. 
 
Proof:  Suppose that (X, 𝜏𝜏) is a 𝜓𝜓αgTs  space. Let x∈X and assume that {x} is not a 𝜓𝜓-closed set. Then X-{x} is not a 𝜓𝜓-
open set. This implies that X-{x} is a 𝜓𝜓𝜓𝜓𝜓𝜓 -closed set, since X is the only 𝜓𝜓-open set containing X-{x}. Since (X, 𝜏𝜏) is 
a 𝜓𝜓αgTs   space. X-{x} is a semi-closed set or equivalently {x} is semi-open. 
 
The converse of the above theorem is need not be true as it can be seen by the following example. 
 
Example 4.27:  Let X={a, b, c} and 𝜏𝜏={X,𝜙𝜙,{b},{b,c}}. The set {b} is an open set of (X, 𝜏𝜏). {a} and {c} are 𝜓𝜓-closed 
subsets of (X, 𝜏𝜏 ). But (X, 𝜏𝜏 ) is not a 𝜓𝜓 αgTs- space. Since 𝜓𝜓𝜓𝜓𝜓𝜓 -c(X, 𝜏𝜏 ) = {X, 𝜙𝜙 ,{a},{c},{a,b},{a,c}} and                     
SC(X, 𝜏𝜏) = {X,𝜙𝜙,{a},{c},{a,c}}. 
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5. 𝝍𝝍𝝍𝝍𝝍𝝍-CONTINUOUS MAPS AND 𝝍𝝍𝝍𝝍𝝍𝝍-IRRESOLUTE MAPS 
 
Definition 5.1:  A function f: (X, 𝜏𝜏)→(Y, 𝜎𝜎) is called 𝜓𝜓𝜓𝜓𝜓𝜓-continuous if 𝑓𝑓−1(𝑉𝑉) is a 𝜓𝜓𝜓𝜓𝜓𝜓 -closed in (X, 𝜏𝜏) for every 
closed set V of (Y, 𝜎𝜎). 
 
Theorem 5.2: Every 𝜓𝜓𝜓𝜓𝜓𝜓-continuous map is gp-continuous and gsp-continuous. 
 
Proof:  Let V be closed set in (Y,σ).Since f is 𝜓𝜓𝜓𝜓𝜓𝜓-continous, 𝑓𝑓−1(𝑉𝑉) is 𝜓𝜓𝜓𝜓𝜓𝜓- closed set in (X, 𝜏𝜏),we know that every 
𝜓𝜓𝜓𝜓𝜓𝜓 -closed set is gp-closed (resp. gsp-closed), 𝑓𝑓−1(𝑉𝑉) is gp-closed (resp. gsp-closed) set in (X, 𝜏𝜏). Therefore f is gp-
continous  (resp. gsp-closed). 
 
The converse of the above theorem are need not be true as it can be seen in the following example. 
 
Example 5.3: Let X=Y={a,b,c} with 𝜏𝜏={𝜙𝜙,X,{a},{a,c}} and 𝜎𝜎={ 𝜙𝜙,X,{c}}. Define a function f: (X, 𝜏𝜏)→(Y, 𝜎𝜎) by 
f(a)=a, f(b)=b and f(c)=c. Here f is gp-continuous and gsp-continuous but not 𝜓𝜓𝜓𝜓𝜓𝜓 -continuous, since          
𝑓𝑓−1({𝑎𝑎, 𝑏𝑏}) = {𝑎𝑎, 𝑏𝑏} is not in 𝜓𝜓𝜓𝜓𝜓𝜓-closed set in (X, 𝜏𝜏). 
 
Theorem 5.4:  Every 𝜓𝜓𝜓𝜓𝜓𝜓-continuous map is gpr-continuous and  𝜓𝜓𝜓𝜓-continuous. 
 
Proof: By the Theorem 3.8 and Theorem 3.10, The converse of the above theorem are need not be true as it can be 
seen in the following example. 
 
Example 5.5: Let X=Y={a, b ,c} with 𝜏𝜏={𝜙𝜙,X,{a},{b,c}} and 𝜎𝜎={ 𝜙𝜙,X,{a,c}}. Define a function f: (X, 𝜏𝜏)→(Y, 𝜎𝜎) by 
f(a)=a, f(b)=b and f(c)=c. Here f is gpr-continuous and 𝜓𝜓𝜓𝜓 -continuous but not 𝜓𝜓𝜓𝜓𝜓𝜓 -continuous, since           
𝑓𝑓−1({𝑏𝑏}) = {𝑏𝑏} is not in 𝜓𝜓𝜓𝜓𝜓𝜓-closed set in (X, 𝜏𝜏).   
 
Theorem 5.6: Every  𝑠𝑠𝑠𝑠𝑠𝑠𝑠𝑠-continuous and  𝜓𝜓#𝑠𝑠-continuous  map is 𝜓𝜓𝜓𝜓𝜓𝜓 -continuous. 
 
Proof: By the Theorem 3.6, The converse of the above theorem are need not be true as it can be seen in the following 
example. 
 
Example 5.7: Let X=Y={a, b, c} with 𝜏𝜏={𝜙𝜙,X,{b},{b,c}} and 𝜎𝜎={𝜙𝜙,X,{a}}. Define a function f: (X, 𝜏𝜏)→(Y, 𝜎𝜎) by  
f(a) = a, f(b)=b and f(c)=c. Here f is 𝜓𝜓𝜓𝜓𝜓𝜓 -continuous but not semi-continuous and 𝜓𝜓#𝑠𝑠 -continuous, since     
𝑓𝑓−1({𝑏𝑏, 𝑐𝑐}) = {𝑏𝑏, 𝑐𝑐} is not in semi closed and  𝜓𝜓#𝑠𝑠-closed set in (X, 𝜏𝜏).   
 
Theorem 5.8: Every  𝜓𝜓-continuous map is 𝜓𝜓𝜓𝜓𝜓𝜓 -continous. 
 
Proof:  By the Theorem 3.4, The converse of the above theorem is need not be true as shown in the following example. 
 
Example 5.9: Let X=Y={a, b, c} with 𝜏𝜏={𝜙𝜙,X,{a},{a,b}} and 𝜎𝜎={ 𝜙𝜙,X,{c}}. Define a function f: (X, 𝜏𝜏)→(Y, 𝜎𝜎) by 
f(a)=a, f(b)=b and f(c)=c. Here f is 𝜓𝜓𝜓𝜓𝜓𝜓 -continuous but not 𝜓𝜓 -continuous, since  𝑓𝑓−1({𝑎𝑎, 𝑏𝑏}) = {𝑎𝑎, 𝑏𝑏}  is not in            
𝜓𝜓-closed set in (X, 𝜏𝜏).   
 
Theorem 5.10:   Every  𝜓𝜓#-continuous map is 𝜓𝜓𝜓𝜓𝜓𝜓-continous. 
 
Proof: By the Theorem 3.4, The converse of the above theorem is need not be true as shown in the following example. 
 
Example 5.11: Let X=Y={a, b, c} with 𝜏𝜏={𝜙𝜙,X,{a},{b},{a,b}} and 𝜎𝜎={𝜙𝜙,X,{a,c}}. Define a function f: (X, 𝜏𝜏)→(Y, 𝜎𝜎) 
by f(a)=a, f(b)=b and f(c)=c. Here f is 𝜓𝜓𝜓𝜓𝜓𝜓-continuous but not 𝜓𝜓#-continuous, since  𝑓𝑓−1({𝑏𝑏}) = {𝑏𝑏} is not in 𝜓𝜓#-
closed set in (X, 𝜏𝜏).   
 
Definition 5.12:  A function  f: (X, 𝜏𝜏)→(Y, 𝜎𝜎) is called 𝜓𝜓𝜓𝜓𝜓𝜓-irresolute if  𝑓𝑓−1(𝑉𝑉) is a 𝜓𝜓𝜓𝜓𝜓𝜓-closed set of (X, 𝜏𝜏) for 
every 𝜓𝜓𝜓𝜓𝜓𝜓-closed set V of (Y, 𝜎𝜎). 
 
Theorem 5.13:  Every 𝜓𝜓𝜓𝜓𝜓𝜓-irresolute map is 𝜓𝜓𝜓𝜓𝜓𝜓-continuous. 
 
Proof: Let V be a closed set of (Y, 𝜎𝜎) and hence it is 𝜓𝜓𝜓𝜓𝜓𝜓-closed set. Since f is 𝜓𝜓𝜓𝜓𝜓𝜓-irresolute, 𝑓𝑓−1(𝑉𝑉) is a 𝜓𝜓𝜓𝜓𝜓𝜓-
closed set of (X, 𝜏𝜏). Hence f is a 𝜓𝜓𝜓𝜓𝜓𝜓-continuous map. 
The converse of the above theorem is need not be true by the following example. 
 
Example 5.14: Let X=Y={a,b,c} with 𝜏𝜏={X,𝜙𝜙,{b},{a,b},{b,c}} and 𝜎𝜎={X,𝜙𝜙,{a},{b}, {a, b}}. Define f: (X, 𝜏𝜏)→(Y, 𝜎𝜎) 
by f(a)=a, f(b)=b and f(c)=c. Then f is not 𝜓𝜓𝜓𝜓𝜓𝜓-irresolute , since {a} is a 𝜓𝜓𝜓𝜓𝜓𝜓-closed set in (Y, 𝜎𝜎), but  𝑓𝑓−1({𝑎𝑎}) = {𝑎𝑎} 
is not a 𝜓𝜓𝜓𝜓𝜓𝜓-closed set of (X, 𝜏𝜏). However f is 𝜓𝜓𝜓𝜓𝜓𝜓-continuous. 
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Theorem 5.15:  If f: (X, 𝜏𝜏)→(Y, 𝜎𝜎) and  g: (Y, 𝜎𝜎)→(Z, 𝜂𝜂) are 𝜓𝜓𝜓𝜓𝜓𝜓-irresolute ,then the composition  g∘f: (X, 𝜏𝜏)→(Z, 𝜂𝜂) 
is 𝜓𝜓𝜓𝜓𝜓𝜓-irresolute. 
 
Proof: Let V be a  𝜓𝜓𝜓𝜓𝜓𝜓-closed set in (Z, 𝜂𝜂). Since g: (Y, 𝜎𝜎)→(Z, 𝜂𝜂) is a 𝜓𝜓𝜓𝜓𝜓𝜓- irresolute function, 𝜓𝜓−1(𝑉𝑉) is a 𝜓𝜓𝜓𝜓𝜓𝜓-
closed set in (Y, 𝜎𝜎). Since f is an  𝜓𝜓𝜓𝜓𝜓𝜓- irresolute functions, 𝑓𝑓−1(𝜓𝜓−1(𝑉𝑉)) = (𝜓𝜓 ∘ 𝑓𝑓)−1(𝑉𝑉) is an  𝜓𝜓𝜓𝜓𝜓𝜓-closed set in (X, 
𝜏𝜏). Hence g∘f: (X, 𝜏𝜏)→(Z, 𝜂𝜂) is an 𝜓𝜓𝜓𝜓𝜓𝜓-irresolute functions. 
 
Example 5.16: Let X=Y={a,b,c} with  𝜏𝜏={X,𝜙𝜙,{a},{a,c}} and 𝜎𝜎={X,𝜙𝜙,{a,b}}. Define f: (X, 𝜏𝜏)→(Y, 𝜎𝜎) by f(a)=a, 
f(b)=b and f(c)=c. Then f is not 𝜓𝜓𝜓𝜓𝜓𝜓-irresolute, since {a, c} is a 𝜓𝜓𝜓𝜓𝜓𝜓-closed set in (Y, 𝜎𝜎), but  𝑓𝑓−1({𝑎𝑎, 𝑐𝑐}) = {𝑎𝑎, 𝑐𝑐} is 
not a 𝜓𝜓𝜓𝜓𝜓𝜓-closed set of (X, 𝜏𝜏). However f is 𝜓𝜓𝜓𝜓𝜓𝜓-continuous. 
 
Theorem 5.17:  Every 𝜓𝜓𝜓𝜓𝜓𝜓-irresolute function is gp-continous. 
 
Proof:  It follows from the fact that the Theorem 3.8. The following example supports that the converse of the above 
theorem is not true. 
 
Example 5.18:  Let X=Y={a,b,c} with  𝜏𝜏={X,𝜙𝜙,{a}} and 𝜎𝜎={X,𝜙𝜙,{b}}. Define f: (X, 𝜏𝜏)→(Y, 𝜎𝜎) by f(a)=a, f(b)=b and 
f(c)=c. Then f is not 𝜓𝜓𝜓𝜓𝜓𝜓-irresolute , since {a,c} is a 𝜓𝜓𝜓𝜓𝜓𝜓-closed set in (Y, 𝜎𝜎), but  𝑓𝑓−1({𝑎𝑎}) = {𝑎𝑎} is not a gp-closed 
set of (X, 𝜏𝜏). Thus f is not 𝜓𝜓𝜓𝜓𝜓𝜓-irresolute, however f is gp-continuous. 
 
7. 𝝍𝝍𝝍𝝍𝝍𝝍-c-HOMEOMORPHISM AND THEIR GROUP STRUCTURE 
 
Definition 7.1:  A function f: (X, 𝜏𝜏)→(Y, 𝜎𝜎)  is said to be  

(i) 𝜓𝜓𝜓𝜓𝜓𝜓-open is the image f(U) is  𝜓𝜓𝜓𝜓𝜓𝜓-open in (Y, 𝜎𝜎) for every open set U of (X, 𝜏𝜏). 
(ii) 𝜓𝜓𝜓𝜓𝜓𝜓-closed if the image f(U) is  𝜓𝜓𝜓𝜓𝜓𝜓-closed in (Y, 𝜎𝜎) for every open set U of (X, 𝜏𝜏). 
(iii) 𝜓𝜓𝜓𝜓𝜓𝜓-c-homeomorphism if f is bijective and f and   𝑓𝑓−1 are 𝜓𝜓𝜓𝜓𝜓𝜓-irresolute. 
(iv) 𝜓𝜓𝜓𝜓𝜓𝜓-homeomorphism if f is bijective and f and  𝑓𝑓−1 are 𝜓𝜓𝜓𝜓𝜓𝜓-continuous. 

 
Theorem 7.2:   
(i) Suppose that f is a bijection, then the following  conditions are equivalent. 

(a)  f is a 𝜓𝜓𝜓𝜓𝜓𝜓-homeomorphism. 
(b)  f is  a  𝜓𝜓𝜓𝜓𝜓𝜓-open and 𝜓𝜓𝜓𝜓𝜓𝜓-continuous. 
(c)  f is a 𝜓𝜓𝜓𝜓𝜓𝜓-closed and  𝜓𝜓𝜓𝜓𝜓𝜓-continuous. 

(ii) If f is a homeomorphism, then f and  𝑓𝑓−1  are 𝜓𝜓𝜓𝜓𝜓𝜓- irresolute. 
(iii) Every 𝜓𝜓𝜓𝜓𝜓𝜓-c-homeomorphism is a 𝜓𝜓𝜓𝜓𝜓𝜓-homeomorphism. 
 
Proof: 

(i)   It is obvious. 
(ii) First we prove that  𝑓𝑓−1  is 𝜓𝜓𝜓𝜓𝜓𝜓- irresolute. Let A be a  𝜓𝜓𝜓𝜓𝜓𝜓-closed set  of (X, 𝜏𝜏). To show (𝑓𝑓−1)−1 = 𝑓𝑓(𝐴𝐴) 

is 𝜓𝜓𝜓𝜓𝜓𝜓-closed set in (Y, 𝜎𝜎). Let U be a  𝜓𝜓𝜓𝜓𝜓𝜓-open set such that f(A)⊆U. 
       Then A=(𝑓𝑓−1(𝑓𝑓(𝐴𝐴))) ⊆ 𝑓𝑓−1(𝑈𝑈)and 𝑓𝑓−1(𝑈𝑈) is  𝜓𝜓𝜓𝜓-open. Since A is 𝜓𝜓𝜓𝜓𝜓𝜓-closed, 𝜓𝜓𝑐𝑐𝑐𝑐(𝐴𝐴) ⊆ 𝑓𝑓−1(𝑈𝑈), we have 

𝜓𝜓𝑐𝑐𝑐𝑐�𝑓𝑓(𝐴𝐴)� = 𝑓𝑓(𝜓𝜓𝑐𝑐𝑐𝑐(𝐴𝐴)) ⊆ 𝑓𝑓(𝑓𝑓−1(𝑈𝑈)) ⊆ 𝑈𝑈 and so f(A) is  𝜓𝜓𝜓𝜓𝜓𝜓-closed. Thus 𝑓𝑓−1  is 𝜓𝜓𝜓𝜓𝜓𝜓-irresolute. Since 
𝑓𝑓−1 is also a homeomorphism (𝑓𝑓−1)−1 = 𝑓𝑓  is 𝜓𝜓𝜓𝜓𝜓𝜓- irresolute. 

(iii) It is proved by theorem 5.13. 
 
Definition 7.3:  For a topological space (X, 𝜏𝜏) we define the following  three collections of functions. 

(i) 𝜓𝜓𝜓𝜓𝜓𝜓-ch(X, 𝜏𝜏) = {f / f: (X, 𝜏𝜏)→ (X, 𝜏𝜏)} is a  𝜓𝜓𝜓𝜓𝜓𝜓-c-homeomorphism. 
(ii)  𝜓𝜓𝜓𝜓𝜓𝜓-h(X, 𝜏𝜏) = {f / f: (X, 𝜏𝜏)→ (X, 𝜏𝜏)} is a 𝜓𝜓𝜓𝜓𝜓𝜓-homeomorphism. 
(iii) h(X, 𝜏𝜏) = {f / f: (X, 𝜏𝜏)→ (X, 𝜏𝜏)} is a homeomorphism. 

 
Corollary 7.4:  For a Topological space. (X, 𝜏𝜏) the following properties hold. 

(i) h(X, 𝜏𝜏) ⊆ 𝜓𝜓𝜓𝜓𝜓𝜓 − 𝑐𝑐ℎ(𝑋𝑋, 𝜏𝜏) ⊆ 𝜓𝜓𝜓𝜓𝜓𝜓-h(X, 𝜏𝜏). 
(ii) The set 𝜓𝜓𝜓𝜓𝜓𝜓 − 𝑐𝑐ℎ(𝑋𝑋, 𝜏𝜏) forms a group  under composition of functions. 
(iii) The group  h(X, 𝜏𝜏) is a subgroup of 𝜓𝜓𝜓𝜓𝜓𝜓 − 𝑐𝑐ℎ(𝑋𝑋, 𝜏𝜏). 
(iv) If f: (X, 𝜏𝜏)→(Y, 𝜎𝜎)  is a 𝜓𝜓𝜓𝜓𝜓𝜓 − 𝑐𝑐-homeomorphism then it induces an isomorphism 𝑓𝑓∗: 𝜓𝜓𝜓𝜓𝜓𝜓 − 𝑐𝑐ℎ(Y, 𝜎𝜎) →

 𝜓𝜓𝜓𝜓𝜓𝜓 − 𝑐𝑐ℎ(Y, 𝜎𝜎). 
 
Proof:    

(i) It is proved by using theorem 5.9 and theorem 5.13 and a fact that every continuous map is 𝜓𝜓-continuous. 
(ii) It is proved by using 𝜓𝜓 ∘ 𝑓𝑓  is 𝜓𝜓𝜓𝜓𝜓𝜓 − irresolute if both f and g are  𝜓𝜓𝜓𝜓𝜓𝜓 − irresolute, for any element             

𝑎𝑎, 𝑏𝑏 ∈ 𝜓𝜓𝜓𝜓𝜓𝜓 − 𝑐𝑐ℎ(𝑋𝑋, 𝜏𝜏)  the following binary operation 𝜔𝜔:𝜓𝜓𝜓𝜓𝜓𝜓 − 𝑐𝑐ℎ(𝑋𝑋, 𝜏𝜏) 𝑋𝑋 𝜓𝜓𝜓𝜓𝜓𝜓 − 𝑐𝑐ℎ(𝑋𝑋, 𝜏𝜏) → 𝜓𝜓𝜓𝜓𝜓𝜓 −
𝑐𝑐ℎ(𝑋𝑋, 𝜏𝜏)  is well defined 𝜔𝜔(𝑎𝑎, 𝑏𝑏) = 𝑏𝑏 ∘ 𝑎𝑎. 
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(iii) By (i), h(X, 𝜏𝜏) ⊆ 𝜓𝜓𝜓𝜓𝜓𝜓 − 𝑐𝑐ℎ(𝑋𝑋, 𝜏𝜏) and h(X, 𝜏𝜏) ≠ 𝜙𝜙. For any elements 𝑎𝑎, 𝑏𝑏 ∈ ℎ(𝑋𝑋, 𝜏𝜏) and the binary operation 

𝜔𝜔 in (ii) it is shown that 𝜔𝜔(𝑎𝑎, 𝑏𝑏−1) = 𝑏𝑏−1 ∘ 𝑎𝑎 ∈ ℎ(𝑋𝑋, 𝜏𝜏) 
(iv) We define 𝑓𝑓∗: 𝜓𝜓𝜓𝜓𝜓𝜓 − 𝑐𝑐ℎ(Y, 𝜎𝜎) →  𝜓𝜓𝜓𝜓𝜓𝜓 − 𝑐𝑐ℎ(Y, 𝜎𝜎) by f*(h)= 𝑓𝑓 ∘ ℎ ∘ 𝑓𝑓−1. 

 
REFERENCE 
 

1. D.Andrijeric , Semi-pre-open sets, Mat. Vesnik, 38(1) (1986), 24-32. 
2. R. Devi, K.Balachandran maki, Generalized α-closed maps and α-generalized-closed maps, Indian J. Puro. 

Appl. Mah., 29(1), (1998), 37-49. 
3. R.Devi and M.Parimala, Ultra seperarion axioms via 𝜓𝜓𝜓𝜓-Open sets. 
4. R.Devi and M.Parimala, On quasi. 𝜓𝜓𝜓𝜓𝜓𝜓- open functions in topological spaces., applied mathematical sciences, 

vol.3, 2009, no.58, 2881-2886. 
5. J.Dontchev, On supe rconnected spaces, Serdica Bulg. Math. Publ., 20(1994), 345-350. 
6. J.Dontchev, On generalizing semi-pre-open sets, Mem. Fac. Sci. Kochi Univ. Ser. A. Math., 16(1995), 35-48, 
7. Y.Gnanambal , On generalized pre-regular closed sets in topological Spaces, Indian J. Pure Appl. Math., 28(3) 

(1997), 351-360. 
8. V.Kokilavani , M.Parimala and R.Devi, On 𝜓𝜓𝜓𝜓-compact spaces, International journal of computer application 

(0975-8887) volume 5-No.1, August 2010. 
9. N. Levine, Semi-open sets and semi-continuity in topological spaces. Amer. Math. Monthly, 70(1963), 36-41. 

α – open 59. 
10. A.S. Mashhour, M. E. Abd El- Monsef and S. N.El- Deep, On pre-continuous and weak pre-continuous 

mappings, Proc. Math. Phy. Soc., Egypt, 53(1982), 47-53. 
11. O.Njastad , On some classes of nearly open sets. Pacific J. Math., 151(1965), 961-970. 
12. M. Stone, Applications of the theory of Boolean rings to general topology, Trans. Amer. Math. Soc. 41(1937), 

374-481.  
13. M.K.R.S. Veera kumar, Between closed sets and g-closed set, Mem.  Fac. Sci. Kochi Univ. Ser. A. Math., 

21(2000), 1-19. 
14. M.K.R.S. Veera kumar, g *-pre-closed sets, Acta Ciencia Indica, XXVIII, M (I) (2002) 51-60. 
15. M.K.R.S. Veera kumar, g*-locally closed sets and 𝐺𝐺𝐺𝐺𝐺𝐺� - Fuctions, India J.Math., 43(2) (2001) 231-247. 
16. M.K.R.S. Veera kumar, g*-semi-closed Sets in topological spaces, Indian J. math., 44(1) (2002). (73-87). 
17. M.K.R.S. Veera kumar, between semi-closed sets and semi-pre-closed sets, Rend. Instit. Mat. Univ. Trieste 

XXXII, (2000) 25-41. 
18. M.K.R.S. Veera kumar, On  𝐺𝐺�-closed sets in topological Spaces, Allahabad Math. Sol., 18(2003), 99-112. 
19. M.K.R.S. Veera kumar, g#-closed sets in topological Spaces, Mem. Fac. Sci, Kochi Univ. Ser. A. Math., 

24(2003), 1-13. 
 

Source of support: Nil, Conflict of interest: None Declared 
 

[Copy right © 2016. This is an Open Access article distributed under the terms of the International Journal 
of Mathematical Archive (IJMA), which permits unrestricted use, distribution, and reproduction in any 
medium, provided the original work is properly cited.] 
 
 
 
 
 


