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ABSTRACT
Using the idea of generalised iterations of functions we prove fix point theorems for certain class of complex functions.
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1. INTRODUCTION AND DEFINITIONS

A single valued complex function f (z) is said to belong to class 1 if f(z) is entire transcendental and class 11 if it is
regular in the complex plane punctured at a,b (a # b) and has an essential singularity at b and a singularity at a
and if T (z) omits the values & and b except possible at a.

For arbitrary complex function f (z), the iterations are defined inductively by
fo(z)=zand f ,(2)=f(f (2));n=012,...

A point ¢« is called a fix point of f (z) of order n if & is asolution of f, (z) = z and a fix point of exact order n

if « is a solution of f_(z)=2z but not a solution of f,(z)=12, k=12.3,...,n—1. With this definition of
iteration, for functions of class I, Baker [1] proved the following theorem.

Theorem: A [1] If f (z) belongs to class I, then f (z) has fix points of exact order N except for at most one value of
n.

In [4], Bhattacharyya extended Theorem A to functions in class Il as follows.

Theorem: B [4] If f(z) belongs to class Il, then f(z) has an infinity of fix points of exact order n, for every
positive integer N .

In 1997, Lahiri and Banerjee [7] introduced a new concept of iteration called relative iterations (defined below) and
using this, proved the result of Bhattacharyya [4].

Let f(z) and ¢(z) be functions of the complex variable z . Let
fi(z2)=1(2)
f,(2) = f(p(2)) = f(e.(2))
f(2) = f(o(f(2))) = f(e(f.(2)))

fn(z) = f(¢( f(¢(f (2) or ¢(z) according as N is odd or even)...)))
= f(p1(2) = T (o(f,,(2)))
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and so
¢ (2) = (2)
0,(2) = p(1(2)) = o(f,(2))
95(2) = ¢(f,(2)) = (T (¢.(2)))

0, (2) = o(f,,(2) = (1 (9, , (2)).
If f(z) and ¢(z) are functions in class Il, then so are f_(z)and ¢, (2).

A point ¢ is called a fix point of f(z) of order n with respect to ¢(z) if f ()=« and a fix point of exact
order n if f ()=« but f, (@) # o,k =12,...,n—1. Such point & is also called relative fix point.

Theorem: C [7] If f(z) and ¢(z) belong to class 11, then f(z) has an infinity of relative fix points of exact order
T(r,e,)

N for every positive integer N, provided —————— is bounded.

1 'n

Recently, Banerjee and Mandal [2] introduced the concept of relative fix point of exact factor order and using this
concept proved analogous theorem of Lahiri and Banerjee [7].

A point o is called a relative fix point of f(z) with respect to ¢(z) of exact factor order n if f ()=« but
f, (@) # a and @, () # « forall divisors k(k < n)of n.

Theorem: D [2] If f(Z) and ¢(z) belong to class 11, then f(Z) has an infinity of relative fix points of exact factor
T(r, f.,)

order N for every positive integer N provided —————= is bounded.
v in

In [3], Banerjee and Mondal introduced another type of iteration called generalised iteration which runs as follows.

Let f(z) and ¢(z) be two entire functions and & € (0,1] be any number. Then the generalised iteration of f(z)
with respect to ¢(z) is defined as follows.

f(z)=01-a)z+af (2)
f,(2) = A-a)e,(2) + of (¢,(2))
f3(2) = 1-a)o,(2) + of (,(2))

£.(2) = (- a)p, ,(2) + of (9,4(2))
and

0,(2)=1-a)z+ap(2)

0,(2) = (L-a) f,(2) + ap(,(2))

0;(2) = (1-a) f,(2) + ap(f,(2))

9, (2) =1-a) 1 (2) + ap(f,,(2)).
Note-1: When o =1, generalised iteration reduces to relative iteration.
Clearly if f(z) and ¢(z) are functions in class II, then so also are f,(z) and @, (z).

Now we introduce the following definition.
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Definition: 1 A point £ is called a generalised fix point of f(z) of order n if f_ () =/ and a generalised fix
point of exact order n if f (B) =4 but f, (B)= F.k=123,...,n-1. f iscalled a generalised fix point of
f (z) of exact factor order n if f (B)=f but f,(B)= £ and ¢, (f) # f forall divisors k(k < n) of n.

Example: 1 Let f(z) =2z+1, ¢(z)=2z-1and a € (0,1]. Then z = > Y s generalised fix point of exact
+a

a’+a+1

order 2 of f(z) and z=— is generalised fix point of exact factor order 3 of f(Zz).

a’+3a+3

We normalise the functions in class Il by takinga =0, b =00 and throughout this paper we consider such type of
functions and their generalised iteration unless otherwise stated.

Let f(z) be meromorphicin r, < |Z| <00, I, > 0. Following notations given in {[5], pp.88}, the first fundamental

theorem takes the form
m(r,a, f)+ N(r,a, f)=T(r, f)+O(logr) (1)

where the region is always F, < |Z| <00, I, >0.

Further if f(z) is non-constant and a;,8,,..,8,;0 =2, be distinct finite complex numbers, o >0 with

‘ay -a,

>0 for1< u<v <(,then

m(r,f)+zq:m(r,av,f)£2T(r,f)—Nl(r)+s(r) )
where N, (r) =N [r,%}r 2N(r, f)—N(r, ")

and S(r)zm(r,fT’j+VZ:,m[r' f i’aj+o(log r).

q
Adding N(r, f)+ 2 N(r,a,, f) toboth sides of (2) and using (1), we obtain

v=1l
9. _
Y N(r.a,, f)>(@-T(r, f)-N(r, f)-S,(r) (3)
v=1
where S, (r) = O(logT(r, f)) and N corresponds to distinct roots.
. _— . logr
Also since f has an essential singularity at oo, we have {[5], pp.90}, W —>0ar—oo.
r, n

The object of this paper is to extend Theorem C and Theorem D to functions in class Il, with generalised iteration.
2. LEMMAS

The following lemmas will be needed in the sequel.

T(rno(h) _y,
T(r, f)

Lemma: 1 If f and ¢ are functions in class II, then for any 1, >0 and M , a positive constant

for all large I, except a set of I intervals of total finite length.

This follows from the Lemma of Lahiri and Banerjee [7] simply by taking N =1 and p =1.
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Lemma: 2 If Nn is any positive integer and f (z) and ¢(z) are functions in class I, then for any r, >0 and M, a
positive constant

T(r, f T(r,p,,
( n+p)> Cor (ro p)>NIl
T(r, f,) T(r, f,)

according as P iseven or odd, for all large r except a set of r intervals of total finite length.

Proof: For j =1,2,...,n and for all large r, by using Lemma 1 we get
T(r, ) <T(r,Q-a)p;)+T(r,df (p;)) +0(Q1)
<T(r,p;)+T(r, f(p;))+0Q)
T(r.¢;) o)
=T(r, f(g))|1
CHOD 26 6 T fo)
=@+ O0@)T(r, f(p;))- @)

Again, flp;(2))=— le(Z) 2, (2) andso for large 1,
T(r, f(9;)) ST(r, fi)+T(re;)+0Q).

Therefore
T(r, f3,,)2T(r, f(e;))-T(r,@;) +0Q)

T(ry¢j) o@)
=T(r, f(¢)))|1-
(r. f(g))) T(r, f(4)) +T(r, f(4)))

=@+ 0@)T(r, f (@) ©)

From (4) and (5), for all large r
T(r, fi,,) = A+0@)T(r, f(9))). (6)

Similarly for all large r, we have

T(r,e;,) =0+0@)T(r,o(f))). )
In particular,

T(r, f))=@Q+0@)T(r,f) and T(r,@,) = 1+0@D)T(r,)).

Now we consider the following two cases.
Case-(i): When p is even.

For all large r excepta set of r intervals of total finite length, we have from (6) and (7), by using Lemma 1
T(r, n+p) (1+O(1))T(r, )
T(r, f,) T(r. f,)
_ o) @y T 0rp)
T @) T 1)
T(r, f(n.,4)) A+OM)T(r.o(f,,, )
T(r\ @p.pa) T(r, f,)
T(r (@) T(no(f,,,,))
T(rhe.,.) T f)
T(r, f ((pn+p—l)) T(r, o( fn+p72)) T(r, fn+p72)
T(r!¢n+p—l) T(r, fn+p—2) T(r, f,)
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T(r (2, ) TR g(F ) T T (4 s)  T(r8(1,))
T(Mdps) T f,n) T, T f)
>1+0@))M?
=M,, say
where M, = (1+ O(2))M P, a positive constant.

= (1+0(1)

o T(r, fn+p) . .
e, — T( ) > M, forall large r except aset of I intervals of total finite length.
r,

Case-(ii): When p is odd.

For all large r except a set of r intervals of total finite length, we have from (6) and (7), by using Lemma 1
T(r T(r,o(f,, .
(r ¢’n+p) - +O(1))M
T(r, f,) T(r, f,)
T(r,o(f,, N)T(r, f. .
— (1+O(1)) (r (p( n+p 1)) (r n+p 1)
T(r’ fn+p—1) T(r1 fn)
T(r,({)( fn+p—l)) (1+O(1))T(r1 f(¢n+p—2))
T(r, fn+p—1) T(r’ fn)
T(r,(O( fn+p—1)) T(r’ f (¢n+p—2))
T(r’ fn+p—1) T(r' fn)
T(r7¢( fn+p—1)) T(r! f ((Dmp—z)) T(r’(pn+p—2)
T(r1 fn+p—1) T(riq)mp—z) T(r’ fn)

=(1+0()

=(1+0(D)

=(1+0()

T Ay D) T Gy D TOH(ps) T(rA(E)
T(r1 fn+p—l) T(r’¢n+p—2) T(r1 1:n+p—3) T(r1 fn)

>1+0@))M?

=M, say

=(1+0@)

where M, = (1+O(2))M P, a positive constant.

. T(r ¢n+p) . ..
i.e., —————— > M, forall large r excepta setof r intervals of total finite length.

T(r, f,)

Lemma: 3 If N is any positive integer and f (z) and ¢(z) are functions in class Il, then forany r, >0 and M, a
positive constant
T(r!¢n+p) T(r’ fn+p)
_— > _ >

L or
T(r,¢,) T(r.¢,)
according as P is even or odd, for all large r except a set of I intervals of total finite length.

1

3. THEOREMS

As soon as the lemmas are obtained, the proof of the following two theorems are analogous of the proof of Theorem C
and Theorem D. However, for the sake of completeness and for convenience of readers, we outline the proof.
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Theorem: 1 If f(z) and ¢(z) belong to class Il, then f(z) has an infinity of generalised fix points of exact order
T(r,9.)
T(r, f,)

N for every positive integer N, provided is bounded.

Proof: We may assume that « # 1, because if o =1, the theorem coincides with Theorem C. We consider the
function

9(2) :M, I, <|z] < oo
z
then T(r,g)=T(r, f,)+O(logr). (8)

Assume that f (z) has only a finite number of generalised fix points of exact order n. Now from (3) by taking ¢ = 2,
a, =0, a, =1, we obtain for g,

T(r,9) < N(r,o0,g)+N(r,0,9)+N(r,1g)+S,(r,g) )
where S;(r,g) =0O(logT(r,g)) outside aset of r intervals of finite length {[6], pp.47}.

Since fn(z) belongs to class Il, it has a singularity at Z=0 and an essential singularity at z =oo0 and

f,(z) #0,00 in r0<|Z|<oo.

Also the distinct roots of g(z) =0 in I, < |Z| <t are the roots of f (z)=0 inr, < |Z| <t.So n(t,0,g)=0.

Consequently N (r,0,g) = 0. By similar argument N (r,o0,g) = 0.
Further if g(z) =1,then f (2)=1z.

So, N(r,1,g) = N(r,0, f, —2)
n-1
<D N(r,0, f;, —z)+O(logr),
i1
the term O(logr) arises due to the assumption that f (z) has only a finite number of generalised fix points of exact
order n.

Now from (9), we have

T(r,g)< nz_ll N(r,0, f,—2)+0O(logr)+0O(logT(r,qg))

<S'T(r,1,)+O(l0gT (1, g)) + O(log)

T(rf) T(nf) T
+ oot
T(r,f)) T(r, f) T(r, f,)

Tt T E) T f,-q)}T(r,¢n)

T(r.¢) T(r.4) T(r.é,) | T(r. )

O[Iog {T(r, fn)(1+ Olog r)j}]
T(r, f,) , O(logr)

T(r, f,) T(r, f,)

=T(r, f,) +{

+
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where il,iz,...,ip and i, Jyeens jq are (n—l) distinct index belong to the set {1,2,3,...,n—1} such that
(n—ip)'s are even and (n— Jq )‘s are odd

T(r.e,)

T(r, f

<T(r, f )[— K] for all large r , by Lemma 2 and since ———— is bounded

n

1
==T(r, f).
ST 1)

1
Therefore, T(r,g) < ET(r, f,) forall large r. This contradicts (8). Hence f(z) has infinitely many generalised

fix points of exact ordern .

This proves the theorem.

Theorem: 2 If f(z) and ¢(z) belong to class II, then f(z) has an infinity of generalised fix points of exact factor
T(r,9.)

''n

order n for every positive integer N, provided is bounded.

Proof: As in Theorem 1, we assume that f(z) has only a finite number of generalised fix points of exact factor

fo (2)
YA

order n . Considering the function h(z) = , 1 < |Z| < oo we have

T(r,h)=T(r, f,)+O(logr). (10)
Here also N(r,O, h) =0 and N(r,w, h)=0.
To calculate N (r,1,h) we consider two cases separately.
Case-(i): When n is even.

Now, N (r,.1,h) = N(r,0, f, —2)

< ni N(r,0, f, —2)+ N(r,0,¢; —2)]+O(logr)
s
< ni[l’(r f;)+T(r,¢;)+0O(logr)
Jpim
T(r ) T ) T(r f,) T(re,) T(r.4,) T(r¢,,.)
=T(r, f) 4ot i+ L+ et
T(r, f,) T(r ) T(r,f) T(r,f) T(rf) T(r, f,)

T(r, fj1)+T(r, 1=j3)+ +T(r, fi,.)
T(r.¢,) T(r.¢) T(r.¢,)
+T(r,4,) +T(r'¢jz)+T(r,¢,—4)+m T ¢qu) +0(logr)

T(r.¢) T(r.4) T(r.¢,)

where J;, Jg,.-s Jo, 4 aredistinct odd divisors of N and Jy, j,,..., J,, are distinct even divisors of nand strictly
less than N

< )+ " (r 0 ) + O0gr),
4n 4n

for all large r, by Lemma 2 and Lemma 3.
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Case-(ii): When n is odd.
N(r.,h)= N(r 0,f —2)

< Z[N(ro f; —2)+ N(r,0,¢, —2)]+O(logr)
/J—l
< Z[T(r, f.)+T(r,p;)+O(logr)
s
T(r, ;)
=T, f)ZT( f) )ZT( y Fotan

/J =1 /J =1
<n_—1.|_(r7 fn)+n—+1T(r,(pn)+O(Iog r),
4n 4n
for all large r, by Lemma 2 and Lemma 3.
Thus in any case,
N(r.1h) <n—_1T(r, f.) +n—+1T(r,gpn)+O(Iog r).
4n 4n
So,
T(r,h) < N(rL,h)+S,(r)
<”4_—1T(r, fn)+n4—+1T(r,gon)+O(log r)+O(logT (r, h))
n
_T(r, )n -1 n+1T(r¢) O(Iogr) O(IogT(r h))
"an T(r, f ) T(r, f ) T(r, f,)

n-1 n+1 O(logr) , O(log(T(r, f,)+O(logr))
4n T(r ) T(r, f,) ’

<T(r,f ){

is bounded

o[mg Lm, fn>[1+ggrogf ;]B
ST 1) 1+O(Iogr)+ Ty

2 T(r,f) T(r, f,)

= %T(r, f,), foralllarge r.

1
Therefore, T(r,h) < ET(r, f,) for all large r . This contradicts (10). Hence f(z) has infinitely many generalised

fix points of exact factor order N .
This proves the theorem.
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