International Journal of Mathematical Archive-7(1), 2016, 53-57
@ IMA Available online through www.ijma.info ISSN 2229 - 5046

SOLUTION OF DIFFUSION EQUATION VIA INFINITESIMAL GROUP METHOD

HEENABEN A. RA]

Assistant Professor, Mathematics Department,
Mbict, New Vallabh Vidhyanagar, Anand, Gujarat, India.

M. G. TIMOL
Professor, Mathematics Department,
Veer Narmad South Gujarat University, Surat, Gujarat, India.

(Received On: 30-12-15; Revised & Accepted On: 13-01-16)

ABSTRACT

In this paper, the infinitesimal group transformation method is used to solve diffusion equation. Na & Hansen
introduced this infinitesimal transformation method in terms of characteristic function method. With the help of this
transformation the diffusion equation can be transformed into an Ordinary Differential Equation. The method
presented in this paper is seen to be very general in nature. Basically, the method established the connection between
one equation and all other equations under the contact transformation group of transformation, by the procedure of
choosing different form of the characteristics function w.
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1. INTRODUCTION

Characteristic function method is applicable to solve a wider variety of non linear problems. The characteristic function
method, in general, is a class of transformation which reduces the number of independent variables in some system of
partial differential equation by one. The characteristic function method is more convenient and more systematic since it
express the infinitesimals of the group in terms of one or more functions called the characteristic functions, where each
function depends only on one of the dependent variable. The characteristic function method is more transparent and
requires less effort to arrive the final result.

2. MATHEMATICAL FORMULATION

Joseph Fourier formulated a very complete expansion of the theory of heat conduction. The law that bears his name is
q= —k - 2.1)

The constant, is called the thermal conductivity. We had to deal with a major problem that arises in heat conduction
problems. The problem is that Fourier’s law involves two dependent variables, u and g. To eliminate g and first solve
for u, we introduce the first law of thermodynamics implicitly: Conservation of energy required that g was the same in
each metallic slab.

To elimination of g from Fourier’s law must now be done in a more general way. Consider a one-dimensional element,
as shown, the net heat conduction out of the element during general unsteady heat flow is

d%u
Qnet A= Qnet = —kAm 5}/ (22)
To eliminate the heat loss Q, in favor of T, we use the general first law statement for closed,
du d(u—uy, d
Quoe = 2= pea tet) 5y = pea & 5y (23)
Where p is the density of the slab and c is its specific heat capacity. Equations (2.2) and (2.3) can be combined to give
d’u _ pe dT _ 1du (2.4)

dy?2 ~ k dt  adt
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This is the one dimensional heat diffusion equation.

The heat diffusion equation includes a new property which is as important to transient heat conduction as k is to steady
state conduction. This is the thermal diffusivity:
k j m3 kg .k m2

pc msk kg ] s

3. PROBLEM SOLUTION

Na & Hansen express the infinitesimals of the groups in terms of characteristics function method, The Heat Equation,
ou *u
x T ay? ¢

The Equation can be written as,

p1— Pzaz =0 . (3.2)
u u
Where pP1 = E' P2 = E
0%u 0%u 0%u
P11

ZW' P22=W' p1z=m

Infinitesimal group of transformations are taken as follow;
t=t+e&(t,y,u) +o(e?)
y=y+entyu)+o(e?)
u=u+el(t,y,u)+o(e?)

E =P + snl(t'y'uupllpZ) + 0(82)
E =D2 + snz(t,y,u, P, pZ) + 0(62)

P22 = pzz + &My, & (8,5, D1, P2, P11, P22) + 0(€2) (3.3)
Where &= ap
1
ow
n= 45—
ap,
ow 4 ow
= - ——w
=D ap; b2 oD,
_ ow ow
M=% P gy
ow ow
L) dy D2 W

Invariance under the transformations can be written as

Ty — Ty = 0 (3.4)
] aw 6W 0%w 42 0%w 4 62W +2 0%w 0%w
Tt P et ez T P g P2 gz + 22 dyap, T P2 6u6 F ap P2 Guap,
Z 02 62
+p, m"‘ 2p12 P22 aprons T Ph 203 *t P22 E =0 (3.5)
w is not a function of pZ,, the co-efficient of p%, is zero.
. aZW —
e
W is independent of p; and it is linear function of p; .
w=w (ty,up;) +p1 we (6Y,uD2) (3.6)
The coefficient of py, is zero,
92w 92w 9w _
vort T P2 0apy T o (37)
Using equation (3.5), we have
0W2 0W2 aWZ _
W+p2?+ plE—O (38)
w, is not a function of p;, coefficient of p; is must be zero.
owa _
P -O- (3.9
~ w, isindependent of p,.
Wy = Wy (t, v, u) (310)
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Similarly w, is independent of y and u also.

~w=w(tyu pz) +p; wy (D (3.12)
ow ow Lo 2%w + 2 2w 4 azw 42 2%*w + 2 2w 42 2w 42 2w
~ ot — P15 au " ay? P25~ dyou P:5— ENP P12 5 A7 dyap, P12P2 dudp, D22 dydn, D22 P2 Judp,

2w %*w 2w ow

+P1za_plz+2P12 P2 s p107; + 05— o2 + P25 EM =0

aZWZ

ow, ow,  dwy , W N Rk W1 N 9’w, o 9%w, +2 9’w, + , 0%wy .
ow, ow 2w, 62W 0%w, 62W2
+2 p12 a_+2P12 P2 a—+2P22 W"‘szz P1 W‘FZ P22 P2 W"‘Z P22 P2 P1 Tapz

2 aWz

w aZw aZw ad
+P120 "‘21”121”220—Z P22 az"‘Pzzl’h az"'Pzz T+P1P2262=0

Taking coefficients of p,

Z 2 2
0. _0W1 0“wq 2 92wy
b1 + + 2p2 dy du 2 ou? 0
1. _ m_ M otwy _
bi: at ou ay2 0
2
2. a wa —
b1t du? 5
. a wa _
bPiba® 55, = 0
. Ozwl azwl _
P2z 26y6 P2 o 0
2 . a w1 — 0
P22 " 57
From equation (3.19), we have
- Wy =wyy P2 wyp
From equation (3.18), we have
6ZW1 6ZW1 _
dyd py o
2 6w12 02W1 —
dy ou
W is depends only ony.
L Wi = Wi + Wi Y
But w = wy (,y,u,p2) +p1 wy (£)

w= wyy + py [Wizg + Wiyl + pyrowy

Now from equation (3.14), the coefficients of p, are;

2
Ol_awl awl_O
bz at ay2
2
1. 20W1 :0
pa: dy du
2
2, 9%wi _
pa: du? =0
2
2, w1 _
Now Py 55 = 0

Wi = Wi+ Wi U

azwl

2. —
Also, pi: 53 0
62W11 _ 0

du? -

~ wyy IS independent of u.
Wi = Wit wippu

dwiz1 _ dwipp 92wy

=0
dt dt y dy du

For py: —
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(3.13)

(3.14)
(3.15)

(3.16)
(3.17)

(3.18)
(3.19)

(3.20)

(3.21)
(3.22)

(3.23)

(3.24)
(3.25)

(3.26)
(3.27)
(3.28)

(3.29)

(3.30)

(3.31)
(3.32)

(3.33)
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a%w ow
Here —L = —l
dy du ay

wj12 Can be written as,
. — 2
- Wiip = Wi T Wi ¥+ Wiz Y

dwi1 dwi12 _
e T T Y t2wigy + 4ywips =0

All the W’s are independent of y,
_dwip

dt
dwiz

- T + 4W1123 =0

+ Wiy =0

Now from equation (3.29) and (3.30),
] a2
== Wi + wipp u) *t5,z (Wi + wiz u) =0

2
_Owig 9wy

d a2 )
— (= wip)ut+ =+ (=w u=0
at (at 112) + ay2 + (Byz 11z

ow 9w ow ow
(_ m o 1211>_ ( 121 2W1123> w— Lwuz g,

at ay at ot

The coefficient of u®, u*, uy, uy? are zero.

ow

—altm =0 = wup =g
aw

_61;23 =0 = win =0
w1121

at - 2W1123 =0 = Wii21 = 2C2t+ C3

From equation (3.37),
Wi21 = 2C1t+ C4_

From equation (3.38),
Wi = 4C2t+ Cs

Now —%‘F 2W122 =0
w, = 2W122t+C6
w, = 8C2t2+2tC5+C6

W= wy; + [26t+ c3+ v+ cyilu+ [2cit + ¢4 + (4t + )yl py + [8 ct? + 2t c5 + ¢4y

The characteristic equation is
de _dy _du
§ n ¢
dt dy

Ow1123

ot

y*u=0

du

8cyt2 +2tcs+cg 20t + cp+ (At + c5)y  —wiyy — [26t + 3+ oy + oyu

Wii1=¢C1 = =6 =¢=0

dt d_y_ du
2cs5t - csy - —c3u
dt d
Let — =
2c5t c5y
- X
Vi
dt d
Let ==
2cgt —c3u
- u=t'f(n)
ou %u . . .
Now Frialie is transformed into the below equations
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(3.34)

(3.35)
(3.36)

(3.37)
(3.38)

(3.39)

(3.40)

(3.41)
(3.42)
(3.43)

(3.44)

(3.45)

(3.46)
(3.47)

(3.48)

(3.49)

(3.50)

(3.51)
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SOLUTIONS OF THE DIFFUSION EQUATIONS

Constant Similarity Variables Transformed Equation

=X _ ¥ . T
ci=co=cs=c6=0 n—ﬁ.f(n) T f'=af - onf

u
ci=co=ca=cs5=0 n=y, fn)= "—Bf=0
1 2 4 5 }: exp(,b’t) f ff
4 " 4 '

cr=c2=c5=0 77=y—at' f@) = wexp(cz/ce)t | f +76f+03/06f=0

y y? 3
ci=cs=ci=cs=ce=0|n=7, fm = u\/;eXPKT)/t] f”—nf’+;f=0

Yy a1,
C1=cx=c3=ci=ce=0|N= 7 f@) = u+ [a2t +y*)]/4cs | f +onf +=0

4. CONCLUSION

The carried out analysis in this paper, shows the effectiveness of the method in obtaining invariant solution of the
diffusion equation. The characteristic function method shows clear simplifications, systematic procedure as well as
elegance in the derivation based on the methods of invariance analysis as it is illustrated in the present work.
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