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ABSTRACT 
In this paper, some properties of generalized fuzzy soft equivalence relation have been discussed and finally 
applications of generalized fuzzy soft relation in decision making problem have been shown. Also we present the 
definition of union and intersection between two generalized fuzzy soft relations. 
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1. INTRODUCTION 
 
In real world, the complexity generally arises from uncertainty in the form of ambiguity. Uncertainty may arise due to 
partial information about the problem, or due to information which is not fully reliable, or due to receipt of information 
from more than one source. Fuzzy set theory, Rough set theory, Vague set, theory of probability are a mathematical 
tool to handle the uncertainty arising due to vagueness. In 1965, Zadeh [9] introduced the notion of fuzzy set theory. 
Later in 1999, Moldstov [7] initiated the novel concept of soft set theory. Maji, Biswas and Roy [5] studied the theory 
of soft sets initiated by Moldstov [7] in 2003 and put forward  definitions of  equality of two soft sets , subset and super 
set of a soft set,  complement of a soft set. In 2009 Majumder and Samanta [6] initiated another important part, known 
as Generalized Fuzzy Soft Set Theory. While generalizing the concept of Fuzzy Soft Sets, Majumder and Samanta [6] 
considered the same set of parameter. But in 2012, Borah et.al [3] considering generalized fuzzy soft sets different sets 
of parameters. In 2014, Borah [4] introduced generalized fuzzy soft sets in new directions.  
 
In this paper we give the proof of some propositions of soft relation and support them with examples. We also 
discussed irreflexive, equivalence relation, complement, union, intersection, Identity and some algebraic properties of 
fuzzy soft relation.  

 
2. PRELIMINARIES 
 
Definition 2.1[7]: A pair (F, E) is called a Soft set over U if and only if F is a mapping of E into the set of all subsets of 
the set U. 
 

In other words, the soft set is a parameterized family of subsets of the set U. Every set F ( )ε , ε ∈  E, from this family 
may be considered as the set of ε -approximate elements of the soft set. 
 
Definition 2.2[5]: A pair (F, A) is called a fuzzy soft set over U where F: A →P̃(U) is a mapping from A into P̃(U) . 
 
Definition 2.3 [8]: A binary operation ∗ : [0, 1] × [0, 1] →  [0, 1] is continuous t - norm if * satisfies the following 
conditions. 

(i) * is commutative and associative  
(ii) * is continuous 
(iii) a * 1= a   ∀𝑎𝑎 ∈ [0, 1] 
(iv) a * b ≤ 𝑐𝑐 ∗ 𝑑𝑑 whenever 𝑎𝑎 ≤ 𝑐𝑐, 𝑏𝑏 ≤ 𝑑𝑑 and 𝑎𝑎, 𝑏𝑏, 𝑐𝑐,𝑑𝑑 ∈ [0, 1] 

An example of continuous t - norm is a * b = ab.  
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Definition 2.4 [8]: A binary operation ⟡ : [0, 1] ×  [0, 1] →  [0, 1] is continuous t-conorm if ⟡satisfies the following 
conditions: 

(i) ⟡ is commutative and associative  
(ii) ⟡ is continuous 
(iii) a ⟡ 0 = a   ∀𝑎𝑎 ∈ [0, 1] 
(iv) a ⟡ b ≤ 𝑐𝑐 ⟡ 𝑑𝑑 whenever 𝑎𝑎 ≤ 𝑐𝑐, 𝑏𝑏 ≤ 𝑑𝑑 and 𝑎𝑎, 𝑏𝑏, 𝑐𝑐,𝑑𝑑 ∈ [0, 1] 

An example of continuous t - conorm is a * b = a + b – ab.  
 
Definition 2.5 [5]:  For two fuzzy soft sets (F, A) and (G, B) in a fuzzy soft class (U, E), we say that (F, A) is a fuzzy 
soft subset of (G, B) if 

(i) A⊆B 
(ii) For all ε ∈A, F(ε ) ⊆ 𝐺𝐺(ε ) and is written as (F, A) ⊆�  (G, B) 

 
𝐃𝐃𝐃𝐃𝐃𝐃𝐃𝐃𝐃𝐃𝐃𝐃𝐃𝐃𝐃𝐃𝐃𝐃𝐃𝐃𝐃𝐃.𝟔𝟔[𝟓𝟓]: Union of two fuzzy soft sets (F, A) and (G, B) in a fuzzy soft class (U, E) is a fuzzy soft set (H, C) 
where BAC ∪= and C∈∀ε , 
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and is written as ( ) ( ) ( )CHBGAF ,,~, =∪ . 
 
Definition 2.7 [5]: The complement of a fuzzy soft set (F, A) is denoted by (𝐹𝐹,𝐴𝐴)𝑐𝑐and is defined by  
(𝐹𝐹,𝐴𝐴)𝑐𝑐 = (𝐹𝐹𝑐𝑐 ,¬𝐴𝐴 ) where 𝐹𝐹𝑐𝑐 :¬𝐴𝐴 → P̃(U) is a mapping given by 𝐹𝐹𝑐𝑐(𝜎𝜎) = (𝐹𝐹(−𝜎𝜎))𝑐𝑐  for all 𝜎𝜎 ∈ ¬𝐴𝐴 
 
Definition 2.8 [6]: Let  µF  be a GFSS over (U, E). Then the complement of µF , denoted by cFµ  and is defined by

δµ GF c = , where ),()( and )()( eFeGee cc == µδ .Ee∈∀  
 
Definition 2.9 [3]: Let }..,,.........,,{ 321 nxxxxX =  be the universal set of elements and },........,,,{ 321 meeeeE = be the 

set of parameters. Let EA ⊆ and UIAF →: and λ be a fuzzy subset of A i.e. ]1,0[: =→ IAλ , where UI is the 

collection of all fuzzy subsets of U. Let IIAF U ×→: be a function defined as follows:  
( ))(),()( eeFeF A λλ = , where UIeF ∈)( .Then AFλ is called a generalized fuzzy soft set (GFSS) over (U, E). 

 
Here for each parameter )(, i

A
i eFe λ indicates not only degree of belongingness of the elements of U in )( ieF but also 

degree of preference of such belongingness which is represented by )( ieλ . 
 
Definition 2.10[4]: The union of two GFSS AFλ and BGµ over (U, E) is denoted by BA GF µλ ∪~ and defined by GFSS 

IIBAH UBA ×→∪∪ :δ such that for each EBABAe ⊆∪∈ , and   

Where 
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Definition 2.11[4]: The intersection of two GFSS AFλ and BGµ over (U, E) is denoted by BA GF µλ ∩~ and defined by 

GFSS IIBAK UBA ×→∩∩ :δ such that for each EBABAe ⊆∩∈ , and  ( ),)(),()( eeKeK BA δδ =∩  
Wh ere  ( ) ( )* ( ), ( ) ( ) ( )K e F e G e e e eδ λ µ= = ◊ . In order to avoid degenerate case, we assume here that ϕ≠∩ BA . 

 
3. MAIN RESULTS 
 
Definition 3.1: Let BA GF µλ , be a GFSS over (U, E). Then generalized fuzzy soft relation (in short GFSR) R from 

AFλ   to BGµ  is a function IIBAR U ×→×:   defined by 

.),(),(
~

)(),( BAeeeGeFeeR bab
B

a
A

ba ×∈∀⊆ µλ   
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Definition 3.2: If R is a GFSR from AFλ   to BGµ  then 1−R is defined as BAeeeeReeR baabba ×∈∀=− ),(),,(),(1

 
 
Definition 3.3: Let R and S be two generalized fuzzy soft relations from AFλ  to BGµ  and BGµ  to CHδ  respectively. 
Then the composition   of R and S is defined by 

),(
~

),(),)(( cbbaca eeSeeReeSR  =  
 
Definition 3.4: A generalized fuzzy soft relation R on  AFλ  is said to be generalized fuzzy soft reflexive relation if 

),(),( aaba eeReeR ⊆  and AeeeeReeR baaaab ∈∀⊆ ,),,(),(  
 
Definition 3.5: A generalized fuzzy soft relation R on  AFλ  is said to be generalized fuzzy soft symmetric relation if 

AeeeeReeR baabba ∈∀= ,),,(),(  
 
Definition 3.6: A generalized fuzzy soft relation R on  AFλ  is said to be generalized fuzzy soft transitive relation if 

RRR ⊆  
 
Definition 3.7: A generalized fuzzy soft relation R on  AFλ  is said to be generalized fuzzy soft irraflexive relation if 

),(),( aaba eeReeR ⊄  and AeeeeReeR baaaab ∈∀⊄ ,),,(),(  
 
Definition 3.8: A generalized fuzzy soft relation R on  AFλ  is said to be generalized fuzzy soft equivalence relation if 
it is reflexive, symmetric and transitive.  
 
Proposition 3.1: If a generalized fuzzy soft relation R is reflexive then 1−R  is also reflexive.   
Proof: ),(),(),(),( 11

aaaaabba eeReeReeReeR −− =⊆=  

And ),(),(),(),( 11
aaaabaab eeReeReeReeR −− =⊆=  

Hence 1−R  is reflexive.   
Proposition 3.2: A generalized fuzzy soft relation R is Symmetric if and only if 1−= RR . 
 
Proof: Let R is symmetric, then 

),(),(),(1
baabba eeReeReeR ==−

 
1,So R R−=  

 
Conversely, let 1−= RR  then 

),(),(),( 1
abbaba eeReeReeR == −

 
 
So R is Symmetric. 
 
Proposition 3.3: A generalized fuzzy soft relation R is Symmetric if and only if the 1−R is symmetric.  
Proof: Let R is symmetric, then 

),(),(),(),( 11
abbaabba eeReeReeReeR −− ===  

 
So R is Symmetric. 
 
Conversely, let 1−R is symmetric. Then 

),(),(),(),()(),( 11111
babaabbaba eeReeReeReeReeR ==== −−−−−  

 
So R is Symmetric. 
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Proposition: 3.4. If a generalized fuzzy soft relation R is transitive then 1−R  is also transitive.   
Proof: 

 
1

1 1 1 1

( , ) ( , ) ( )( , ) ( , ) ( , ) ( , ) ( , )

( , ) ( , ) ( )( , )
a b b a b a b c c a c a b c

a c c b a b

R e e R e e R R e e R e e R e e R e e R e e
R e e R e e R R e e

−

− − − −

= ⊇ = ∩ =

= =

 

 

 

Therefore 111 −−− ⊆ RRR  .  
 
Proposition 3.5: If a generalized fuzzy soft relation R is transitive then RR   is also transitive.  

),)((),)((),)((),(),(),)(( cabccabccaba eeRRRReeRReeRReeReeReeRR  =∩⊇=

),)((),)((),)((),(),(),)(( cabccabccaba eeRRRReeRReeRReeReeReeRR  =∩⊇=  

Therefore RRRRRR  ⊆ .  
 
Proposition 3.6: If R and S are on symmetric generalized fuzzy soft relation AFλ then SR  is symmetric on AFλ and 
then if and only if RSSR  = . 
 
Proof: Since R and S are symmetric. Therefore SSRR == −− 11 , . 
 
Now  

111)( −−− = RSSR  . So SR  is symmetric. 
 
Conversely,  

SRRSRSSR  === −−− 111)( . 
Hence SR  is symmetric. 
 
Proposition 3.7: If R is symmetric and transitive generalized fuzzy soft relation then R is reflexive. 
 
Proof:  

),,)((),( aaaa eeRReeR ⊇  Since R is transitive. 

                 ),(),(),(),(),( bababaabba eeReeReeReeReeR =∩==   
 
Similarly, ),(),( abaa eeReeR ⊇  
Hence the proof.  
 
Proposition: 3.8: If S be a generalized fuzzy soft equivalence relation on AFλ then SS   is also equivalence relation. 
 
Proof:  Since S is a generalized fuzzy soft equivalence relation therefore S is reflexive, symmetric and transitive.  
 
Now  

),(),)(( aaba eeSeeSS ⊆  
∴  S 



 S is reflexive.  
 
Again  
( )( , ) ( , ) ( , ) ( , ) ( , )a b a c c b c b a cS S e e S e e S e e S e e S e e= = ∩



   since S is symmetric 

( , ) ( , ) ( )( , )b c c a b aS e e S e e S S e e= =

 

 
 
∴ S 


 S is symmetric. 

( )( , ) ( , ) ( , ) ( )( , ) ( )( , )a b a c c b a c c bS S e e S e e S e e S S e e S S e e= ⊇ ∩



     since S is symmetric 

                          
( )( , )a bS S S S e e=   

 ∴ S S ∘ 𝑆𝑆 𝑆𝑆 ⊆ S   S 
∴ S


S is transitive.  
Hence S



S is equivalent relation.  
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Proposition: 3.9: If S be a generalized fuzzy soft equivalence relation on AFλ then 1−S is also equivalence relation. 
 
Proof:  

),,(),(),(),( 11
aaaaabba eeSeeSeeSeeS −− =⊆=  since S is reflexive 

),,(),(),(),( 11
aaaabaab eeSeeSeeSeeS −− =⊆=  

𝑆𝑆¯1  is reflexive 
),,(),(),(),( 11

abbaabba eeSeeSeeSeeS −− ===  since S is symmetric 

𝑆𝑆¯1 is symmetric.  
1( , ) ( , ) ( )( , ) ( , ) ( , )a b b a b a b c c aS e e S e e S S e e S e e S e e− = ⊇ = ∩

 

                    

1 1( , ) ( , ) ( , ) ( , )c b a c b c c aS e e S e e S e e S e e− −= = ∩





 

                    

1 1( )( , )a bS S e e− −=   

𝑆𝑆¯1
𝑆𝑆¯1 ⊆ 𝑆𝑆¯1 

∴ 𝑆𝑆¯1 is transitive 
 
Thus 𝑆𝑆¯1 is equivalence relation.  
 
Definition 3.9: Let R and S be two generalized fuzzy soft relations from A to B. Then SR ≤  is defined as follows  

)),(),(),,(),((),(),( baSbaRbaSbaRbaba eeeeeeGeeFeeSeeR µλ ≥≤⇔≤ BAee ba ×∈∀ ),(,  
 
Definition 3.10: Let R be a generalized fuzzy soft relation from A to B. Then complement of R is denoted by CR and it 
is defined as follows  

)),(),,((),( ba
C

Rba
C

Rba
C eeeeFeeR λ= BAee ba ×∈∀ ),(,  

 
Definition 3.11: Let R and S be two generalized fuzzy soft relations from A to B. Then  SRSR  ,   are defined as 
follows  

)),(),(),,(),((),)(
~

( baSbaRbaSbaRba eeeeeeGeeFeeSR µλ ∗◊=  
)),(),(),,(),((),)(~( baSbaRbaSbaRba eeeeeeGeeFeeSR µλ ◊∗=∩ BAee ba ×∈∀ ),(,  

 
Proposition 3.10: Let R and S be two elements of GFSR )( BA×   

 (i) ,R R S P R S≤ ≤ 

   
(ii) ,R R S P R S≥ ≥ 

   
1 1(iii) R S R S− −≤ ⇒ ≤  

1 1 1(iv) ( )R S R S− − −=   
     

1 1 1(v) ( )R S R S− − −=   
 

Proof:  
(i) We have 

)),(),(),,(),((),)(
~

( baSbaRbaSbaRba eeeeeeGeeFeeSR µλ ∗◊=  
 
By definition of t-norm and t-co norm  

),(),(),( baRbaSbaR eeFeeGeeF ≥◊  
),(),(),( baRbaSbaR eeeeee λµλ ≤∗  

 
Therefore, by definition of ≤  

),(),)(
~

( baba eeReeSR ≥  
 
Hence  

SRR 

~
≤  
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(ii) similar to (i) 
(iii) )),(),(),,(),((),(),( baSbaRbaSbaRbaba eeeeeeGeeFeeSeeR µλ ≥≤⇒≤  

)),(),(),,(),(( 1111 abSabRabSabR eeeeeeGeeF −−−− ≥≤⇒ µλ  
1111 ),(),( −−−− ≤⇒≤⇒ SReeSeeR abab  

 
HENCE 11 −− ≤⇒≤ SRSR  
(iv) )),(),(),,(),((),)(

~
(),()~( 1

abSabRabSabRabba eeeeeeGeeFeeSReeSR µλ ◊∗==∩ −


 

),)(
~

(

)),(),(),,(),((
11

1111

ba

baSbaRbaSbaR

eeSR

eeeeeeGeeF
−−=

◊∗= −−−−



µλ
 

Hence  
111)( −−− = SRSR  . 

(v) Similar to (iv). 
 

Proposition 4.11: Let P, R and S be three elements of GFSR )( BA×  
(i) If SR ≤ then PSPR  ≤  
(ii) If SR ≤ then SSRR  ≤  

 
Proof:  

(i) )),(),(),,(),((),(),( baSbaRbaSbaRbaba eeeeeeGeeFeeSeeR µλ ≥≤⇒≤  

)),(),(),(),(),,(),(),(),(( baPbaScbPbaRcbPbaScbPbaR eeeeeeeeeeHeeGeeHeeF δµδλ ◊≥◊∗≤∗⇒

),(
~

),(),(
~

),( cbbacbba eePeeSeePeeR  ≤⇒  

PSPReePSeePR caca  ≤⇒≤⇒ ),)((),)((  
 

HENCE SR ≤ then PSPR  ≤  
 

(ii) Similar to (i).  
 
Definition 3.12: A generalized fuzzy soft relation is said to be a generalized Identity fuzzy soft relation, denoted by I∆ , 
if  

( ))(),()( eIeFeI =∆   Where EAeeIeF ⊆∈∀== ,0)(,1)(  
 
It is clear from our definition that the generalized fuzzy soft absolute set is also not unique in our way, it would depend 
upon the set of parameters under consideration. 
 
Proposition 3.12:  

(i) 1−∆=∆ II  

(ii) RRR II =∆=∆   
 
Proof:  

(i) It is obvious. 
(ii) ),)(( caI eeR ∆  

),(
~

),( cbIba eeeeR ∆= 

 
)0),(,1),(( ◊∗= baRbaR eeeeF λ  

)),(),,(( baRbaR eeeeF λ=
 

),( ca eeR=  
RR I =∆  

 
Similarly we prove that 

RRR II =∆=∆  . 
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4. AN APPLICATION OF GENERALIZED FUZZY SOFT RELATION IN A DECISION MAKING 
PROBLEM  
 
In this section, we present an application of generalized fuzzy soft relation in a candidate’s selection of an interview.  
 
4.1: Algorithm: 
 
Step-1: Construct the generalized fuzzy soft sets for each set of parameters. 
 
Step-2: Construct the generalized fuzzy soft relation. 
 
Step-3: Compute )(*)( eeF λ  
 
Step-4: Compute the total Score of each Candidate.  
 
Step-5: Find the lowest Score. 
 
Suppose },,,,{ 54321 cccccU = be the five candidates appearing in an interview and 1 2{ (enterprising), (confident),E e e=  

3 (wiling to take risk)}e be the set of parameters. Suppose two experts X and Y take interview of the five 
candidates and they consider different set of parameters and the following generalized fuzzy soft sets are constructed 
accordingly,  

{ } )6.0,1.0/,2.0/,5.0/,7.0/,3.0/()( 543211 CCCCCeF A =λ ,

{ } )2.0,6.0/,9.0/,1.0/,3.0/,8.0/()( 543212 CCCCCeF A =λ  
And 

{ } )4.0,3.0/,7.0/,3.0/,2.0/,4.0/()( 543211 CCCCCeG B =µ ,

{ } )7.0,6.0/,4.0/,3.0/,4.0/,6.0/()( 543213 CCCCCeG B =µ  
 
Now, the following generalized fuzzy soft relations are constructing  

{ }( )1 1 1 2 3 4 5( , ) / 0.12, / 0.14, / 0.15, / 0.14, / 0.03 ,0.76A BR e e C C C C Cδ
∩ =  

{ }( )1 3 1 2 3 4 5( , ) / 0.18, / 0.28, / 0.15, / 0.08, / 0.06 ,0.88A BR e e C C C C Cδ
∩ = . 

{ }( )2 1 1 2 3 4 5( , ) / 0.32, / 0.06, / 0.03, / 0.63, / 0.18 ,0.52A BR e e C C C C Cδ
∩ =  

{ }( )2 3 1 2 3 4 5( , ) / 0.48, / 0.12, / 0.03, / 0.36, / 0.36 ,0.76A BR e e C C C C Cδ
∩ =  

 
 1c  2c  3c  4c  5c  

),( 11 ee  0.0912 0.1064 0.114 0.1064 0.0228 

),( 31 ee  0.1584 0.2464 0.132 0.0704 0.0528 

),( 12 ee  0.1664 0.0312 0.0156 0.3276 0.0936 

),( 32 ee  0.3648 0.0912 0.0228 0.2736 0.2736 
Table-1 

 
Candidates Total Score 

1c  0.7808 

2c  0.4752 

3c  0.2844 

4c  0.778 

5c  0.4428 
Table-2 

 
It is clear that the lowest score 0.2844, scored by 3c and the decision is in favor of selecting 3c . 
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5. CONCLUSION 
 
In this paper we discussed the fuzzy soft set and extend the concept of relation in fuzzy soft set theory. We also 
establish some properties of fuzzy soft relation such as symmetric, transitive, reflexive, irreflexive, equivalence etc. 
Also we present the definition of union and intersection between two fuzzy soft sets with a new approach. 
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