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ABSTRACT 
In this paper, we prove the existence of solution for the initial value problem of third order random differential 
inclusion through random fixed point theory. We claim that our result is new to the theory of random differential 
inclusions. 
 
Keywords: Random differential inclusion, random solution, caratheodory condition.                                             
 
AMS Mathematics Subject Classifications: 60H25, 47H10.       
                                               
 
1. STATEMENT OF THE PROBLEM 
 
Let ( ), ,µΩ   be a complete σ -finite measure space and let R  be the real and and let [ ]0,J T=  be a closed and 

bounded interval in R . Consider the initial value problem of third order ordinary random differential inclusion (in 
short RDI), 

( ) ( ) ( ) ( )
( ) ( ) ( ) ( ) ( ) ( )0 1 2

''' , , ( , ), , ( , ), , ( , ),   a.e.   

0, , ' 0, , '' 0,

x t F t x t G t x t H t x t t J

x q x q x q

ω ω ω ω ω ω ω

ω ω ω ω ω ω

∈ + + ∈ 


= = = 
                              (1.1) 

for all ω∈Ω , where 0 1 2, , :q q q RΩ→ is measurable, ( ), : pF G J R R× ×Ω→ .  

 
By a random solution for the RDI (1.1) we mean a measurable function ( ): ,x AC J RΩ→  satisfying for each 

ω∈Ω , ( ) ( )1''' , ,x t v tω ω= + ( ) ( )2 3, ,v t v tω ω+ t J∀ ∈ and ( ) ( ) ( )00, , ' 0,x q xω ω ω=

( ) ( ) ( )1 2, '' 0,q x qω ω ω= =   for some measurable functions ( )1
1 2 3, , : ,v v v L J RΩ→  with 

( ) ( )1 , , ( , ),v t F t x tω ω ω∈  a.e. t J∈  and  ( ) ( )2 , , ( , ),v t G t x tω ω ω∈
, ( ) ( )3 , , ( , ),v t H t x tω ω ω∈   a.e. 

t J∈ , where ( ),AC J R  is the space of absolutely continuous real-valued functions on J. The RDI (1.1) has not 
been discussed earlier in the literature. In this paper, we prove the existence of solution for the initial value problem of 
third order random differential inclusion (1.1) through random fixed point theory. 
 
2. AUXIALARY RESULTS                                             
 
we need the following lemma to prove the result. 
 
Lemma 2.1(Dhage [4]): Let ( ), ,µΩ   be a complete finiteσ −  measure space and let X be separable Banach 
space. If ( ), , : clF G H XΩ→  are three multi-valued random operators, then the sum F+G+H defined by

( )( ) ( ) ( ) ( )F G H F G Hω ω ω ω+ + = + + is again a multi-valued random operator on Ω . 
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Corollary 2.2: Let ( ), ,µΩ   be a complete σ -finite measure space and let [ ],a b  be a random interval in a 

separable Banach space X. Let [ ] ( ), , : , clA B C a b XΩ× →  be three right monotone increasing multi-valued 
random operators satisfying for each ,ω∈Ω  

(a) ( )A ω  is a multi-valued contraction, 
(b) ( )B ω , ( )C ω  are completely continuous, and 

(c) ( ) ( ) ( ) [ ],A x B x C x a bω ω ω+ + ∈  for all [ ],x a b∈ . 
 
Furthermore, if the cone K in X is normal, then the random operator inclusion ( ) ( ) ( )x A x B x C xω ω ω∈ + +  has 

a random solution in [ ],a b . 
 
3. EXISTENCE RESULTS 
 
We seek the solutions of RDI (1.1) in the function space ( ),C J R  of continuous real-valued functions on J. Define a 

norm || ||⋅  in ( ),C J R  by
 

sup ( )
t J

x x t
∈

=
 
and the order relation ≤  in ( ),C J R  by ,x y y x K≤ ⇔ − ∈       

where the cone K in ( ),C J R  is defined by 

( ){ }, | ( ) 0  for all  .K x C J R x t t J= ∈ ≥ ∈    

 
For any measurable function ( ): ,x C J RΩ→ , let 

( ) ( ) ( ){ }1 1
( ) ( ) , ( , ) , , ( , ),   a.e.  .FS x v L J R v t F t x t t Jω ω ω ω= ∈ Ω ∈ ∈                (3.1) 

 
This is our set of selection functions. The integral of the random multi-valued function F is defined as  

( ) ( ){ }1
( )0 0

, ( , ), , : ( )
t t

FF s x s ds v s ds v S xωω ω ω= ∈∫ ∫ . 

 
We need the following definitions in the sequel. 
 
Definition 3.1: A multi-valued function ( ): cpF J R R× ×Ω→  is called Caratheodory if for each ω∈Ω , 

(i) ( ), ,t F t x ω

 is measurable for each x∈ , and 

(ii) ( ), ,x F t x ω

 is an upper semi-continuous almost everywhere for .t J∈  

Again, a Caratheodory multi-valued function F is called 1L -Caratheodory if for each real number r > 0 there 
exists a measurable function ( )1: ,rh L J RΩ→  such that for each ω∈Ω  

( ) ( ){ } ( ), , sup : , , ,   a.e.  rF t x w u u F t x h t t Jω ω= ∈ ≤ ∈


for all x R∈  with x r≤  

Furthermore, a Caratheodory multi-valued function F is called 1
XL -Caratheodory if  

(iii) there exists a measurable function ( )1: ,h L J RΩ→  such that 

( ) ( ), , ,   a.e.  F t x h t t Jω ω≤ ∈


for all x R∈ ,and the function h is called a growth function of 

F on J R× ×Ω . 
 
Definition 3.2: A multi-valued function ( ): cpF J R P R× ×Ω→  is called s-Caratheodory if for each ω∈Ω , 

(i) ( )( , ) , ,t F t xω ω

 is measurable for each x R∈ , and 

(ii) ( ), ,x F t x ω
 is an Hausdorff continuous almost everywhere for .t J∈   

Furthermore, a s-Caratheodory multi-valued function F is called s- 1L - Caratheodory if  
(iii) for each real number r > 0 there exists a measurable function ( )1: ,rh L J RΩ→   such that for each 

w∈Ω  
(iv) ( ) ( ){ } ( ), , sup : , , ,   a.e.  rF t x u u F t x h t t Jω ω ω= ∈ ≤ ∈


 for all x R∈  with .x r≤  
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Then we have the following lemmas which are well-known in the literature. 
 
Lemma 3.1 (Lasota and Opial [8]): Let E be a Banach space. If dim (E) < ∞  and ( ): cF J E E× ×Ω→   is 

1L - Caratheodory, then ( )1
( ) 0FS xω ≠ /  for each .x E∈  

 
Lemma 3.2 (Lasota and Opial [8]): Let E be a Banach space, F a Caratheodory multi-valued operator with 

1
( ) 0fS ω ≠ / , and ( ) ( )1: , ,L J E C J E→

 be a continuous linear mapping. Then the composite operator 

( ) ( )1
( ) ,: , ( , )F bd clS C J E C J Eω →   

is a closed graph operator on ( ) ( ), ,C J E C J E× . 
 
Lemma 3.3 (Caratheodory theorem [5]): Let E be a Banach space. If ( ): pF J E E× →  is s-Caratheodory, 

then the multi-valued mapping ( )( , ) , ( )t x F t x t

 is jointly measurable for each measurable function :x J E→ . 
 
We consider the following set of hypotheses in the sequal. 

( )1A  The multi-valued mapping ( ) ( ), , ,t F t xω ω

 is jointly measurable for all x R∈ . 

( )2A      ( ), ,F t x w  is closed and bounded for each ( ),t Jω ∈ ×Ω  and x R∈ . 

( )3A  F is integrably bounded on J R×Ω× . 

( )4A  There is a function ( )( )1, ,L J R∈ Ω   such that for each ,ω∈Ω  

              ( ) ( )( ) ( ), , , , , ,   a.e.  Hd F t x F t y t x y t Jω ω ω≤ − ∈

for all ,x y R∈ . 

( )5A  The multi-valued mapping ( )1
( )Fx S xω  is right monotone increasing in ( ),x C J R∈ almost     

               everywhere for t J∈ . and 
( )1B  The multi-valued mapping ( ) ( ), , ( , ),t G t x tω ω ω

 , 
              ( ) ( ), , ( , ),t H t x tω ω ω

 are jointly measurable for all measurable : ( , )x C J RΩ→ . 

( )2B      ( ), ,G t x ω  , ( ), ,H t x ω   are closed and bounded for each ( ),t Jω ∈ ×Ω and x R∈ . 

( )3B   G , H are 1L -Caratheodory. 

( )4B  The multi-valued mapping ( )1
( )Fx S xω

 is right monotone increasing in   ( ),x C J R∈  almost   

               everywhere for .t J∈  

( )5B   RDI (1.1) has a strict lower random solution a and a strict upper random solution b with a b≤  on J ×Ω . 
 
MAIN RESULT 
 
Theorem 3.1: Assume that the hypotheses ( ) ( )1 5A A− and ( ) ( )1 5B B− hold. If ( ) 1 1,

L
ω <

 then the RDI (1.1) 

has a random solution in [a, b] defined on J ×Ω  
Proof: Let ( ),X C J R= . Define a random order interval [ , ]a b  in X which is well defined in view of hypothesis 

( )5B . Now the RDI (1.1) is equivalent to the random integral inclusion, 

  ( ) ( ) ( ) ( ) ( )( )
2 2

0 1 2 0

( )''' , , , ,
2 2

t t sx t q q q F s x s dsωω ω ω ω ω ω ω−
∈ + + + ∫                                                                  

                                       ( )
2

0

( ) , ( , ), ,   .
2

t t s G s x s ds t Jω ω−
+ ∈∫                                            (3.2) 

for all ω∈Ω  . Define three multi-valued operators [ ] ( ), , : ,A B C a b XΩ× →   by 

( ) ( ) ( ) ( ) ( ){ }1
0 1 1 ( )0

, | , , , ( )
t

FA x u X u t q v s ds v S xωω ω ω ω= ∈ Ω = + ∈∫               

                ( )1
1 ( ) ( )FS xω=                                                                                                                                        (3.3) 
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And 

( ) ( ) ( ) ( ) ( ) ( ){ }1
0 1 2 2 ( )0

, | , , , ( )
t

FB x u X u t q q v s ds v S xωω ω ω ω ω ω= ∈ Ω = + + ∈∫  

                ( )1
2 ( ) ( )FS xω=   

And 

( ) ( ) ( ) ( ) ( ) ( ) ( )
2

1
0 1 2 3 3 ( )0

, | , , , ( )
2

t
FC x u X u t q q q v s ds v S xω

ωω ω ω ω ω ω ω
 

= ∈ Ω = + + + ∈ 
 

∫                     

                ( )1
3 ( ) ( )FS xω=   

Where,                  ( )( ) ( )( )1
1 2 3, , : , , , ,L J R C J RΩ → Ω     are continuous operators defined by   

 ( ) ( ) ( )1 1 0 10
, , ,

t
v t q v s dsω ω ω= + ∫

 

( ) ( ) ( ) ( )2 2 0 1 20
, , ,

t
v t q q v s dsω ω ω ω ω= + + ∫

                                                      (3.5)
 

And                      ( ) ( ) ( ) ( ) ( )
2

3 3 0 1 2 30
, , .

2
t

v t q q q v s dsωω ω ω ω ω ω= + + + ∫                                                 (3.6)      
 

 
Clearly, the operators ( )A ω  and ( )B ω  are well defined in view of hypotheses ( )3A  and ( )3B . We will show that 

( )A ω , ( )B ω  
and ( )C ω satisfy all the conditions of Corollary 2.2. 

 
Step-I: First, we show that A is closed valued multi-valued random operator on [ ],a bΩ× . Observe that the operator 

( )A ω  is equivalent to the composition 1
1 ( )F wS of two operators on ( )1 , ,L J R  where 

( )1
1 : , ( , )L J R XΩ →   is the continuous operator. To show ( )A ω  has closed values, it then suffices to prove 

that the composition operator 1
1 ( )FS ω  has closed values on [a, b]. Let [ , ]x a b∈  be arbitrary and let { }nv  be a 

sequence in 1
( )FS ω

(x) converging to v in measure. Then, by the definition of 1
( )FS ω , ( ) ( )( ), , , ,nv t F t x tω ω ω∈  

a.e.  for  .t J∈  Since ( ), ( , ),F t x t ω ω  is closed, ( ) ( ), , ( , ),v t F t x tω ω ω∈  a.e. for t J∈ . Hence, 1
( )Fv S ω∈

(x). As a result,  1
( ) ( )GS xω

 is a closed set in ( )1 ,L J R  for each ω∈Ω . From the continuity of 1,  it follows that 

( )1
1 ( ) ( )FS xω is a closed set in X. Therefore, ( )A ω  is a closed-valued multi-valued operator on [a, b] for each  

ω∈Ω . Next, we show that ( )A ω  is a multi-valued random operator on [a, b]. First, we show that the multi-valued 

mapping ( ) 1
( ), ( )Fx S xωω 

 is measurable. Let ( )( )1, ,f L J R∈ Ω  be arbitrary. Then we have 

( ) { }1
1

( ) ( ), ( ) in f ( ) ( ) : ( )F FLd f S x f h h S xω ωω ω= − ∈  

                               ( ) ( ){ }( )0
inf , , : ( )

T
Ff t h t dt h S xωω ω= − ∈∫  

                               ( ) ( ){ }0
inf , : , ( , ),

T
f t z z F t x t dtω ω ω= − ∈∫  

                               ( ) ( )
0

( , ) , , ( , ), .
T

d f t F t x t dtω ω ω= ∫  

But by hypothesis ( )1A , the mapping ( ) ( ), , ,t F t xω ω
 is measurable, and by 

4( )A , the mapping 

( , , )x F t x ω
 is Hausdorff continuous. Hence by Caratheodory theorem, the map ( )( , ) , ( , ),t F t x tω ω ω

 
is measurable for all measurable function : ( , )x C J RΩ→ . It is known that the multi-valued mapping 

( ), ( , ,z d z F t x ω

 is continuous, Hence the mapping multi-valued mapping ( ), , ,t x zω  ( )( ), , ,d z F t x ω

 

measurable. Hence we deduce that the mapping ( ), , ,t x fω ( )( , ), ( , ( , ),d f t F t x tω ω ω

 is measurable from 

( )1 ,J X L J R× ×Ω×  into R+ . Now the integral is the limit of the finite sum of measurable functions, and so, 

( )1
( ), ( )Fd f S xω

 is measurable. As a result, the multi-valued mapping (.,.) 1
( ) ( )FS ⋅→ ⋅  is jointly measurable. 
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Define a function φ  on J X× ×Ω  by 

( ) ( ) ( )1
1 ( ) 0

, , ( )( ) , ( , , ) .
t

Ft x S x t F s x s dsωφ ω ω ω= = ∫  

 

We shall show that ( ), ,t xφ ω  is continuous in t in the Hausdorff metric on R . Let { }nt  be a sequence in 

converging to .t J∈  Then we have 

( ) ( )( ), , , , ,H nd t x t xφ ω φ ω  

( )( ) ( )

[ ] ( ) ( ) ( )( )
[ ] ( ) ( ) ( )( )

[ ] ( ) ( ) ( )

[ ] ( ) ( ) ( )

0 0

[0, ]0,

[0, ]0,

[0, ]0,

[0, ]0,

, , , , , ( , ),

, ( , ), , ( ) , ( , ),

, ( , ), , ( ) , ( , ),

, ( , ),

,

0  

n

n

n

n

n

t t

H

H ttJ J

H ttJ J

ttJ

t rtJ

d F s x s ds F s x s ds

d s F s x s ds s F s x s ds

d s F s x s ds s F s x s ds

s s F s x s ds

s s h s ds

ω ω ω ω

ω ω ω ω

ω ω ω ω

ω ω

ω

 
=   

 

=

=

= −

= −

→

∫ ∫

∫ ∫

∫ ∫

∫

∫



 

 

 

 

 as   .n →∞

 

 
Thus the multi-valued mapping ( ), ,t t xφ ω

 is continuous, and hence, and by Lemma 3.3, the mapping 

( ) ( )
0

, , , ( , ),
t

t x F s x s dsω ω ω∫

 

is measurable. Consequently, ( )A ω  is a random multi-valued operator on [a, b]. Similarly, it can be shown that 

( )B ω , ( )C ω  is a closed-valued multi-valued operator on [a, b] and the mapping 

( ) ( )
0

, , , ( , ),
t

t x G s x s dsω ω ω∫

 is measurable. Again, since the sum of two measurable multi-valued functions 

is measurable, the mapping ( ), ,t x ω  ( ) ( ) ( )
2

0 1 2 2
q q q ωω ω ω ω+ + + ( )

0
, ( , ),

t
G s x s dsω ω∫ is measurable. 

 
Step-II: Next we show that ( )A ω  is a multi-valued contraction on X. Let ,x y X∈  be any two element and let 

( )( )1 .u A xω∈  Then 1u X∈  and 

( ) ( )1 1
0

, ,
t

u t v s dsω ω= ∫
     

for some 1
1 ( ) ( )Fv S xω∈ .  

Since  
 ( ) ( )( ) ( ), ( , ), , , ( , ), , ( , ) ( , ) ,Hd F t x t F t y t t x t y tω ω ω ω ω ω ω≤ −

 

 
We obtain that there exists a ( )( ), , ,w F t y t ω ω∈  such that 

( ) ( ) ( ) ( )1 , , , , .v t w t x t y tω ω ω ω− ≤ −

 

 
Thus, the multi-valued operator U defined by  

( ) ( )( ) ( )( )1
( ), ,FU t S y t K tωω ω= ∩  

where  ( )( ) ( ) ( ) ( ){ }1 , , ( , ) ,K t w v t w t x t y tω ω ω ω ω= − ≤ −

 

has nonempty values and is measurable. Let 2v  be a measurable selection function for U. Then there exists 

( )( )2 , , ,v F t y t ω ω∈  with ( ) ( ) ( ) ( ) ( )1 2, , , , , ,v t v t t x t y tω ω ω ω ω− ≤ −

 a.e. on J. 
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Define ( ) ( )2 20
, , .

t
u t v s dsω ω= ∫  It follows that ( )( )2u A yω∈  and 

( ) ( ) ( ) ( )1 2 1 2
0 0

, , , ,
t t

u t u t v s ds v s dsω ω ω ω− ≤ −∫ ∫
 

( ) ( )

( ) ( ) ( )

( ) ( ) ( )1

1 2
0

0

 , ,

 , , ,

 .

t

t

L

v s v s ds

t x s y s ds

x y

ω ω

ω ω ω

ω ω ω

≤ −

≤ −

≤ −

∫

∫



 

 
Taking the supremum over t, we obtain 

( ) ( ) ( ) ( ) ( )11 2 L
u u x yω ω ω ω ω− ≤ −

. 

 
 From this and the analogous inequality obtained by interchanging the role of  and x y  we obtain 

( ) 1( )( ), ( )( ) ( ) ( ) ( )H Ld A x A y x yω ω ω ω ω≤ −

, 

for all , .x y X∈  This shows that ( )A ω  is multi-valued random contraction on X, since ( ) 1 1
L

ω <

 for each 

ω∈Ω . 
 
Step-III: Next, we show that ( )B ω  is completely continuous for each ω∈Ω . First, we show that ( )( )[ , ]B a bω   

is compact for each ω∈Ω . Let { ( )}ny ω  be a sequence in ( )( ) [ , ]B a bω  for some ω∈Ω . We will show that 

( ){ }ny ω  has a cluster point. This is achieved by showing that ( ){ }ny ω  is uniformly bounded and equi-continuous 

sequence in X. 
 
Case-I: First, we show that ( ){ }ny ω  is uniformly bounded sequence. By the definition of ( ){ }ny ω , we have a 

( ) 1
( ) ( )n Gv S xωω ∈  for some [ ],x a b∈  such that  

( ) ( ) ( ) ( ) ( )
2

0 1 2
0

, , ,   .
2

t

n ny t q q q v s ds t Jωω ω ω ω ω ω= + + + ∈∫  

Therefore, 

( ) ( ) ( ) ( ) ( )

( ) ( ) ( ) ( )( )

( ) ( ) ( ) ( ) 1

2

0 1 2
0

2

0 1 2
0

2

0 1 2

, ,
2

 , , ,
2

 
2

t

n n

t

n

r L

y t q q q v s ds

q q q F s x s ds

q q q h

ωω ω ω ω ω ω

ωω ω ω ω ω ω

ωω ω ω ω ω

≤ + + +

≤ + + +

≤ + + +

∫

∫ 

 

for all ,t J∈  where ( ) ( )r a bω ω= + . Taking the supremum over t in the above inequality yields, 

( ) ( ) ( ) ( ) ( ) 1

2

0 1 2 2n r L
y q q q hωω ω ω ω ω ω≤ + + +  

which shows that ( ){ }ny ω  is a uniformly bounded sequence in ( )( )[ , ]Q a bω . 

 
Next we show that ( ){ }ny ω  is an equi-continuous sequence in ( )( )[ , ]Q a bω . Let , .t Jτ ∈  Then we have 
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( ) ( ) ( ) ( )

( )

( )

( ) ( )

0 0

, , , ,

   ,

   ,

   , , ,

t

n n n n

t

n

t

r

y t y v s ds v s ds

v s ds

h s ds

p t p

τ

τ

τ

ω τ ω ω ω

ω

ω

ω τ ω

− ≤ −

≤

≤

≤ −

∫ ∫

∫

∫

 
where ( ) ( )

0

, , .
t

rp t h s dsω ω= ∫   

 
From the above inequality, it follows that 

           ( ) ( ), , 0n ny t yω τ ω− →    as   t τ→ . 

 
This shows that ( ){ }ny ω  is an equi-continuous sequence in ( )( )[ , ] .B a bω  Now ( ){ }ny ω  is uniformly bounded 

and equi-continuous for each ω∈Ω , so it has a cluster point in view of Arzela-Ascoli theorem. As a result, ( )B ω  is a 
compact multi-valued random operator on [a, b] and similarly for ( )C ω . 
 
Next we show that ( )B ω  , ( )C ω  are upper semi-continuous multi-valued random operator on [a, b]. Let ( ){ }nx ω  

be a sequence in X such that ( ) ( ).nx xω ω∗→  Let ( ){ }ny ω  be a sequence such that ( ) ( )n ny C xω ω∈  and 

( ) ( ).ny yω ω∗→  we will show that ( ) ( ) .y C xω ω∗ ∗∈  
 
Since ( ) ( )n ny C xω ω∈  there exists a ( ) ( )1

( )n G nv S xωω ∈  such that 

( ) ( ) ( ) ( ) ( )
2

0 1 2
0

, , ,   
2

t

n ny t q q q v s ds t Jωω ω ω ω ω ω= + + + ∈∫ . 

 

We must prove that there is a ( ) ( )1
( )Gv S xωω∗ ∗∈  such that 

( ) ( ) ( ) ( ) ( )
2

0 1 2
0

, , ,   .
2

t

y t q q q v s ds t Jωω ω ω ω ω ω∗ ∗= + + + ∈∫
 

 
Consider the continuous linear operator ( )( )1: , ,L J RΩ ( ), ( , )C J R→ Ω defined by 

( ) ( )
0

, , ,      .
t

v t v s ds t Jω ω= ∈∫  

Now ( ) ( ) ( ) ( ) ( ) ( )
2 2

0 1 2 0 1 2( ) ( ( )) ( ) ( ) 0       
2 2ny q q q q y q q q a snω ωω ω ω ω ω ω ω ω ω ω ω∗

   
− + + − − + + → →∞   

   
From lemma 3.2, it follows that 

( )
1
GS ω  is a closed graph operator. Also, from the definition of  , we have 

( ) ( ) ( ) ( ) ( )( )
2

1
0 1 2 ( ),

2n G ny t q q q S xω
ωω ω ω ω ω

 
− + + ∈ 
 

  

Since ( ) ( ),ny yω ω∗→  there is a point ( ) ( )1
( )Fv S xωω∗ ∗∈  such that 

( ) ( ) ( ) ( ) ( )
2

0 1 2
0

, , ,     .
2

t

y t q q q v s ds t Jωω ω ω ω ω ω∗ ∗

 
= + + + ∈ 
 

∫
 

This shows that ( )C ω  is a upper semi-continuous multi-valued random operator on [a, b]. Thus, ( )C ω  is upper semi-
continuous and compact and hence a completely continuous multi-valued random operator on  [a, b] and also for ( )B ω
.  
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Step-VI: Next, we show that ( )A ω  is a right monotone increasing and multi-valued random operator on [a, b] into 

itself for each ω∈Ω . Let [ ], ,x y a b∈  be such that .x y≤  Since ( )5A  holds, we have that ( ) ( )1 1
( ) ( )F FS x S yω ω≤ . 

Hence ( )( ) ( )( )
i

A x A yω ω≤ .Similarly, ( )( ) ( )( )
i

B x B yω ω≤ , ( )( ) ( )( )
i

C x C yω ω≤ From ( )5B , it follows 

that ( ) ( ) ( )a A a B a C aω ω ω≤ + +  and ( ) ( ) ( )A b B b C b bω ω ω+ + ≤  for all ω∈Ω . Now ( )A ω  , 
( )B ω  and ( )C ω  are monotone increasing, so we have for each ω∈Ω , 

( ) ( ) ( ) ( ) ( ) ( ) ( ) ( )
i i

a A a B a C a A x B x A b B b C b bω ω ω ω ω ω ω ω≤ + + ≤ + ≤ + + ≤  
for all [ ],x a b∈ . 

Hence, ( ) ( ) ( ) [ ],A x B x C x a bω ω ω+ + ∈   for all [ ],x a b∈ . 
 
Thus, the multi-valued random operators ( )A ω  , ( )B ω  and ( )C ω satisfy all the conditions of Corollary 2.2 and 
hence the random operator inclusion ( ) ( ) ( )x A x B x C xω ω ω∈ + +  has a random solution. This implies that 
the RDI (1.1) has a random solution on J ×Ω . This completes the proof.      
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