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ABSTRACT

In this paper, we prove the existence of solution for the initial value problem of third order random differential
inclusion through random fixed point theory. We claim that our result is new to the theory of random differential
inclusions.
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1. STATEMENT OF THE PROBLEM

Let (Q,A”u) be a complete O -finite measure space and let R be the real and and let j — [O,T] be a closed and

bounded interval in R . Consider the initial value problem of third order ordinary random differential inclusion (in
short RDI),

x"(t,w) e F(t,x(t, ), @)+ G (t,x(t, ), @) + H (t,x(t, ®), ) a.e. teJ}

X(0,0) =0y (@), x'(0,0) = (@), x"(0,0) =0, (@)
forall w € 3, whereq,q,,q, : Q2 — R is measurable, £ G : J x RXQ_>’]Dp(R).

(1.1)

By a random solution for the RDI (1.1) we mean a measurable function x - _ AC(J,R) satisfying for each
weQ  x"(t,w)=v,(t,®)+ V,(t,®)+Vv,(t, o) Vt e J and X(0,0)=0q,(®),x'(0,w)
=0,(@),x"(0,0)=0q,(w) for some measurable functionsy,,v,,v,:Q — L*(J,R) With
v, (t,w) e F (1, x(t, w), @) ae. t€J and V,(t,0) € G(t,X(t,0),0) vy(t,w) e H (t,X(t,0),0) ae.

teJd, where AC (J , R) is the space of absolutely continuous real-valued functions on J. The RDI (1.1) has not

been discussed earlier in the literature. In this paper, we prove the existence of solution for the initial value problem of
third order random differential inclusion (1.1) through random fixed point theory.

2. AUXIALARY RESULTS
we need the following lemma to prove the result.

Lemma 2.1(Dhage [4]): Let (Q,A,ﬂ) be a complete o — finite measure space and let X be separable Banach
space. If F.G,H : QQ — P (x) are three multi-valued random operators, then the sum F+G+H defined by

([: +G+H )(a)) =F (a)) +G (a)) +H (a)) is again a multi-valued random operator on {2

Corresponding Author: D. S. Palimkar* Department of Mathematics,
Vasantrao Naik College, Nanded-431603(M.S.), India.
International Journal of Mathematical Archive- 6(11), Nov. — 2015 87


http://www.ijma.info/�

D. S. Palimkar*, G. K. Patil / Initial Value Problem of Third Order Random Differential Inclusion / IIMA- 6(11), Nov.-2015.

Corollary 2.2: Let (Q,A,#) be a complete O -finite measure space and let [a,b] be a random interval in a
separable Banach space X. Let A B,C : Q x [a, b] — P, (x) be three right monotone increasing multi-valued

random operators satisfying for each ¢ < O,
(@) A(a)) is a multi-valued contraction,

) B (a)) C (a)) are completely continuous, and
© A(w)x+B(w)x+C(w)xe[a,b] foral xe[a,b].
Furthermore, if the cone K in X is normal, then the random operator inclusion x < A(a)) X 4+ B(a)) X+C (a))x has

a random solution in [a,b].

3. EXISTENCE RESULTS
We seek the solutions of RDI (1.1) in the function space ¢ (J,R) of continuous real-valued functions on J. Define a
norm || || in C(J,R) by Htzsup\x(t)\ and the order relation < in C(J,R) byx<y<y—-xeKk,

ted

where the cone K in C(J,R) is defined by
K={xeC(J,R)|x(t)=0 forall teJ}.

For any measurable functionx - —s C (J , R), let

St () ={ve M(QLUQ.R))V(to)eF(txt o) o) ae tell. 3.1)

This is our set of selection functions. The integral of the random multi-valued function F is defined as
t t
|, F (s,x(s, @), 0)ds = {_fov(s,a))ds Ve S,lz(w)(x)} :

We need the following definitions in the sequel.

Definition 3.1: A multi-valued function F - J x R x Q — pcp ( R) is called Caratheodory if for each @ € Q)
) t—F (t,x, ) is measurable for each X € R, and

(i) x—F (t, X, a)) is an upper semi-continuous almost everywhere for t € J.

Again, a Caratheodory multi-valued function F is called L1 -Caratheodory if for each real number r > 0 there
exists a measurable function h :Q— e ( J, R) such that for each @ € Q

|F (t.x,w)|, =sup{jul:ue F(t,x,)} <h (t,®) ae. teJforalXeR with X <r
Furthermore, a Caratheodory multi-valued function F is called le -Caratheodory if
(iii) there exists a measurable function h : Q — L ( J, R) such that

HF (t, X’a))Hp <h(t,w) ae. teJforalXe R ,and the function h is called a growth function of
Fon JxRxQ.

Definition 3.2: A multi-valued function F: J x Rx O —> P (R) is called s-Caratheodory if for each @ € QO
(i) (t,®)— F(t,X, o) is measurable for each X € R, and

(i) x—F (t, X, a)) is an Hausdorff continuous almost everywhere for t € J.

. . . 1 .
Furthermore, a s-Caratheodory multi-valued function F is called s- L"- Caratheodory if
(iii) for each real number r > 0 there exists a measurable function h :Q— |_1(J ,R) such that for each

weQ
) |F(t.x,@)|, =sup{jul:ueF(t,x,)} <h (t,0) ae. te] forall X<Rwith |x<r.
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Then we have the following lemmas which are well-known in the literature.
Lemma 3.1 (Lasota and Opial [8]): Let E be a Banach space. Ifdim (E) < 0 and F:J<xEx O —> P (E) is

1
L"- Caratheodory, then Sllz(m) (x) = ( foreach X e E.

Lemma 3.2 (Lasota and Opial [8]): Let E be a Banach space, F a Caratheodory multi-valued operator with
S% (@) #=0,and ¢ |_1(J , E) S C (J , E) be a continuous linear mapping. Then the composite operator

£k C(3,E) > Rya (CE.E))
is a closed graph operator on C(J , E)XC(,J , E)-

Lemma 3.3 (Caratheodory theorem [5]): Let E be a Banach space. If F:J x E — 7Dp ( E) is s-Caratheodory,
then the multi-valued mapping (t, x) > F (t, x(t)) is jointly measurable for each measurable function X:J — E.

We consider the following set of hypotheses in the sequal.
(Al) The multi-valued mapping (t, a)) — F (t, X, a)) is jointly measurable forall X € R .

(A) F (t, X, W) is closed and bounded for each (t, a)) eJxQad XeR.
(A;)  Fisintegrably bounded on JxQxR.
(A)

,) Thereisafunction ¢ < M(Q, L' (3, R)) such that for each @ € €2,

dy (F(tx,@),F(t,y,0))</((tw)|x—y| ae tedforalX,yeR.
(As) The multi-valued mapping X S,lz(a)) (X) is right monotone increasing in x = C (J , R) almost

everywhere for t € J . and
(Bl) The multi-valued mapping (t, a)) — G (t, x(t,w), a)) ,

(t, a)) — H (t, x(t, w), a)) are jointly measurable for all measurable x : O — C(J,R)-
(Bz) G (t, X, a)) H (t, X, a)) are closed and bounded for each (t, a)) eJxQand XeR.

(B;) G, H are L*-caratheodory.
B

( 4) The multi-valued mapping x —> 5'1: x) is right monotone increasingin x € C (J , R) almost

(w) (
everywhere for t € J.
(B5) RDI (1.1) has a strict lower random solution a and a strict upper random solution b with & < bonJxQ.

MAIN RESULT

Theorem 3.1: Assume that the hypotheses( A ) — ( A )and(B, ) — (B, )hold. Iny(a))HLl <1, then the RDI (1.1)

has a random solution in [a, b] defined on J xQ
Proof: Let X =C (J , R) . Define a random order interval [a, b] in X which is well defined in view of hypothesis

(BS). Now the RDI (1.1) is equivalent to the random integral inclusion,
2 2
X" (t, @) € Gy (@) + q (@) @+ q, (w)“;+j;(t‘23) F (s, X(s, @), )ds

2
+I;%G(s, X(s,w),w)ds, teld. (3.2)

forall @ € () . Define three multi-valued operators AB,C:Qx [a, b] —>P, ( X ) by
A(@)x={ue M(Q.X)|u(t0) =6y (@) + [;a(s,0)ds,v, € Sk, (9]
=(K 285 )0 ©3)
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@)x={u e M(QX)]u(t0) =0y (@) + 4 (@)0 + [ v,(s:0)ds.v, € Sk, ()
( F(a)))(x)
And
2
{UEM Q,X)|u(t, )= qo(a))+ql(a))a)+q2(a))a; +[ vy(s.0)ds,v; € SE, )(x)}
Ky oSt ) (9
Where, I, Ky, IS .M(Q, (3, R)) — M(Q,C(J,R))re continuous operators defined by
KlVl(t’w)Zqo(a))+f;V1(S’a’)d5’
t
KoV, (t,a)):qo(a))+ql(a))a)+IOVZ(S,w)dS, (35)
And IC3V3(t,a))=q0(a))+ql(a))a)+q2(a))a;2+J-0tv3(s,a))ds. (3.6)

Clearly, the operators A(a)) and B(a)) are well defined in view of hypotheses (As) and (B,)- We will show that
A(®).B(w) and C (a)) satisfy all the conditions of Corollary 2.2.

Step-I: First, we show that A is closed valued multi-valued random operator on O x [a, b] . Observe that the operator
. . . N
A(a)) is equivalent to the composition oS SF (W) two operators on | (J , R), where

K, 'M(Q 123, R)) _ x Isthe continuous operator. To show A(w) has closed values, it then suffices to prove

that the composition operator IC oo oSt has closed values on [a, b]. Let X €[a,b] be arbitrary and let {Vn} be a

E
sequence in 51 (x) converging to v |n(m)easure Then, by the definition of SF(O)), . (t a))e F(t X(t a)) a))
a.e. for tel. Slnce F (t,X(t,®), @) is closed, v(t,w) e F (t,x(t,w), @) ae. for t e J . Hence, VESF(w)
(x). As a result, Sé(w)(x) is a closed set in Ll(J ,R) for each @ € Q2. From the continuity of ICl, it follows that
(}Cl o S;l:(w))(x) is a closed set in X. Therefore, A(w) is a closed-valued multi-valued operator on [a, b] for each
o € Q. Next, we show that A(a)) is a multi-valued random operator on [a, b]. First, we show that the multi-valued

mapping (a) x) > St (m)(x) is measurable. Let ¢ e./\/l(Q Ll(J R)) be arbitrary. Then we have
d( 1,55, (0)=in {|f (@) -h(@)|s:heSe, (0}
] T
—inf {[7]f (@) —h(to)dt:he S, (0]
T.
= _[0 inf {‘ f(tw)—z|:zeF(t, x(t,a)),a))} dt
T
= [, d(ft,®)),F (t,x(t, ), @)dt.
But by hypothesis(p), the mapping (t,@)r> F(t,X,@) is measurable, and by (A,), the mapping
X— F (t, X, a)) is Hausdorff continuous. Hence by Caratheodory theorem, the map t,w)—F (t, x(t, w), a))
is measurable for all measurable functionx:( — C(J,R). It is known that the multi-valued mapping
z—d (z, F(t, x,a,) is continuous, Hence the mapping multi-valued mapping (t, X, @, Z) — d (z, = (t, xa)))
measurable. Hence we deduce that the mapping (t.x, o, f)— d ( f(t,w), F(t, X(t,a)),a)) is measurable from
Ix X xQx |_1(J , R) into R*. Now the integral is the limit of the finite sum of measurable functions, and so,

d ( f ,S;l:(m)(x)) is measurable. As a result, the multi-valued mapping (.,.) _ Sé(.) ¢ is jointly measurable.
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Define a function ¢ on J x X xQ by
p(t, %, @) = (K5t () ) @) = [ F (5, X(s, 0, ) ) ds.

We shall show that ¢(t,x,a)) is continuous in t in the Hausdorff metric on R. Let {tn} be a sequence in

converging to t € J. Then we have

d, (¢(tn,x,a)),¢(t,x,a)))
=d, ( F(s,x(s,w),w)ds,jF(s,x(s,a)),a))ds}

=dy, (L o1 (S)F (s, x(s,oo),a))ds,jJ KXoy (S)F (s, x(s,a)),a))ds)

O e 5

—d, (L Xos] (s)F (s, x(s,a)),a))ds,jJ X0 (S)F (s, x(s,a)),a))ds)

= L ‘X[O,tn] (s)— Xoq (s)‘HF (s,X(s, @), @)|, ds

= [ %001 (8) = X0 ()|, (5. @) ds

—>0 as n— oo
Thus the multi-valued mapping t — ¢(t, X, a)) is continuous, and hence, and by Lemma 3.3, the mapping
t
(t,x, @) I F (s, X(s,®),®)ds
0

is measurable. Consequently, A(a)) is a random multi-valued operator on [a, b]. Similarly, it can be shown that
B(w) C(w) is a closed-valued  multi-valued operator on [a, b] and the mapping

(t, X, a)) — J'tG (s’ X(s, w), a)) ds is measurable. Again, since the sum of two measurable multi-valued functions
0
2
. . a) . .
is measurable, the mapping (t, X, a)) = Qo (@) + 0y (@) + 0, (a))7 +IOG (s,X(s, ), w)ds]S measurable.

Step-11: Next we show that A(a)) is a multi-valued contraction on X. Let x,y e X be any two element and let
u, € A(w)(x). Then u, € X and
t
1
u (t,w)= .[Vl(s’ w)ds forsome v eSg (x)-
0

Since
dy, (F (t, X(t,a)),a)), F (t, y(t,a)),a))) < ﬂ(t,a))‘x(t,a)) —y(t,w)

We obtain that there existsa w e F (t, y(t, a)) , a)) such that
‘Vl (t,w)— W‘ </(t, a))‘x(t, ®)-y(t, a))‘
Thus, the multi-valued operator U defined by
U (t,@) = Se(,) () (1) N K (@)(1),
where K (w)(t) = {W‘Vl(t, ) — W‘ </(t, a))‘x(t, w) —y(t, a))‘}
has nonempty values and is measurable. Let V, be a measurable selection function for U. Then there exists

Vv, e F(ty(tw), @) with v, (t, @) -V, (t,®)| < ((t,0)x(t,0) - y(t,®)|, 2e.0ond.
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. t
Define u, (t, a)) = Io v, (s, a)) ds. It follows that u,, e A(a))( y) and

juy (t, ) —u, ()| <

_:[vl(s,a)) ds — _j;vz (s,w)ds

IA

O+ O ey

v, (s, @) =V, (s, @)|ds

<[e(t,o)|x(s,@) - y(s,@)|ds

{(@)] s |x(@) -y ().

Taking the supremum over t, we obtain

iy (@) =uz (@) <[¢()]s [x() = y(@)]-

From this and the analogous inequality obtained by interchanging the role of X and Y we obtain

dy, (A(@)(X), A(@)(Y)) < ()| 1 |[x(@) — y(@)|:
forall X,y € X. This shows that A( ) is multi-valued random contraction on X, since H((Q))HI} <1 for each

<

weQ).

Step-111: Next, we show that B(w) is completely continuous for each @ € Q. First, we show that B(a))([a, b])
is compact for each @ € (. Let {yn (a))} be a sequence in B(w)([a,b]) for some @ € (2. We will show that
{yn (a))} has a cluster point. This is achieved by showing that {yn (a))} is uniformly bounded and equi-continuous
sequence in X.

Case-1: First, we show that {yn(w)} is uniformly bounded sequence. By the definition of {yn(w)} we have a
Vv, (w)e Sé(w)(x) for some x < [a,b] such that

2
w

t
Yo (t,w)=qy(@)+q,(0)w+ qz(a))7+_[vn (s,w)ds, tel.
0
Therefore,

Vo (t @) <o (@) + 0y (w) 0 +q, (a))a;2 + ivn (s.)|ds

<|gy (@) + (@) + qz(a))a;2 +j;F(s,xn(s,a)),a))P ds

<l (@) + @ (@)0+ 0 (@) % |+ 1 ()],

forall t € J, where r = Ha(a))H + Hb(a))H . Taking the supremum over t in the above inequality yields,

Iyn ()] =0 (@) + 6 (@) + @y (@) 2| + |1, ()],

which shows that {yn (a,)} is a uniformly bounded sequence in Q(a))([a, b])-

Next we show that {yn (a))} is an equi-continuous sequence in Q(w)([a,b])- Let t,7 € J. Then we have
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Vo (t.0) =y, (7. 0)| <

E‘:vn (s,w)ds — ivn (s,®)ds

<

_t[vn(s,a))ds

<

j'hr(s,a))ds

<|p(t,®)— p(r,®)|,
where p(t, ) :jhr (s,w)ds.

From the above inequality, it follows that
Vo (o)=Y, (r,0)| >0 as t—>7.

This shows that {yn (a))} is an equi-continuous sequence in B (a))([a, b])_ Now {yn (a))} is uniformly bounded
and equi-continuous for each @ € (), so it has a cluster point in view of Arzela-Ascoli theorem. As a result, B(a)) isa
compact multi-valued random operator on [a, b] and similarly for C (a))

Next we show that B(a)) ,C (a)) are upper semi-continuous multi-valued random operator on [a, b]. Let {Xn (co)}
be a sequence in X such that x (a)) — X, (a)) Let {yn (a))} be a sequence such that y () e C(w)x, and
yo (@)= v, (@). wewill show that y, (@) € C(@)X,.

since y, (@) € C(@)X, thereexistsa v () € S, (X, ) such that
o (1,) = 8 () + 4 (@) + 0, (@) 2+ vy (s,0)ds, ted
0
We must prove that there isa V, (a)) € Sé(w) (X*) such that
V.(t,w)=q,(@)+q,(@)w+ qz(a))a;2 + iv*(s,a))ds, ted.
Consider the continuous linear operatorc;M(Q, L*(J, R)) — M(,C(J,R))defined by
Lv(t,w)= j-v(s,a))ds, teld.
0

Now 50 a n-oso

[yn(w)—(0|o(co)+ql(w)a>+ qz(w)a;q(w))J—[y*(w)—(qo(w)+q1(w)w+qz(w)a;)j

From lemma 3.2, it follows that /> o 5(1;( ) is a closed graph operator. Also, from the definition of L, we have
0)2 1
bo(t:0) [ 20 (@) + (@) 5y ()5 | (20 SE),)
Since y_ (a)) -y, (a)), there is a point v, (@) e sé(w) (X*) such that

Y. (t,w)= (qo(a)) + g (w)w+q, (a))ajj + _:[v*(s,a))ds, ted.

This shows that C (a)) is a upper semi-continuous multi-valued random operator on [a, b]. Thus, C (a)) is upper semi-
continuous and compact and hence a completely continuous multi-valued random operator on [a, b] and also for B(a))
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Step-VI: Next, we show that A(a)) is a right monotone increasing and multi-valued random operator on [a, b] into

itself for each w € Q. Let x,y [a,b] be such that X < Y. Since (As) holds, we have that Sé(w)(x)ﬁ S;l:(w)(y)-

Hence. A(w)(x)= A(w)(y) Sy, B(w)(x)=B(@)(y): C(@)(x)=C ()(y)From (&), it follows
thataSA(a))a+ B(a))a+C(a))a and A(w)b+B(w)b+C(w)b<b for all @€ Q. Now A(w) ,

B(a)) and C(a)) are monotone increasing, so we have for each @ € Q.
a<A(w)a+B(w)a+C(w)a<A(w)x+B(w)x<A(w)b+B(a)b+C(w)b<b for al xe[a,b].
Hence, A(@)X+B(w)x+C(w)xe [a,b] forall X € [a,b] :

Thus, the multi-valued random operators A(@) B(w) and C(a)) satisfy all the conditions of Corollary 2.2 and
hence the random operator inclusion yx < A(a))x + B(a))x + C(a))x has a random solution. This implies that
the RDI (1.1) has a random solution on J x Q2. This completes the proof.
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