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ABSTRACT
The Harary matrix or reciprocal distance matrix of a graph G is defined as RD(G) = [r;] , in which r;; = diij ifi #j
and r; = 0 if i = j, where d;; is the distance between the ith and j** vertex of G. The Harary energy HE(G) of G is
defined as the sum of the absolute values of the eigenvalue of the Harary matrix of graph G. Two graphs G; and G, are
said to be Harary equienergetic if HE(G;) = HE(G,). In this paper we obtain the Harary eigenvalues and Harary

energy of the join of regular graphs of diameter less than or equal to two and thus construct the Harary equienergetic
graphs on n vertices, for all n > 6 having different Harary eigenvalues.
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1. INTRODUCTION

Let G be a simple, connected graph with n vertices vy, vy, ..., v,. The distance between the vertices v; and v;, denoted
by d;; = d(v;,v;) is the length of shortest path joining them. The diameter of a graph G, denoted by diam(G), is the
maximum distance between any pair of vertices of G [1].

The Harary matrix (also called as reciprocal distance matrix [10]) of a graph G is an n X n matrix (G) = [r;] , in
which
1 e
r = d_ij’ ifi#]
0, otherwise

where d;; is the distance between v; and v;. The Harary matrix of a graph was introduced by Ivanciuc et al. [9] which
has importance in the study of molecules in QSPR (Quantitative Structure Property Relationship) models [9]. The
characteristic polynomial of RD(G)is defined as (G : ) = det(ul — RD(G)), where [ is the identity matrix of order
n. The eigenvalues of the Harary matrix RD(G), denoted by u4, u,, ..., 4, are said to be the Harary eigenvalues or
H-eigenvalues of G and their collection is called the Harary spectrum or H-spectrum of G.

Since the Harary matrix of G is symmetric, its eigenvalues are real and can be ordered as u; = u, = ... > u,. Two
non-isomorphic graphs are said to be Harary cospectral or H-cospectral if they have same H-eigenvalues. The results
on H-eigenvalues of a graph are obtained in [2, 4, 5, 8, 13].

The Harary energy or H-energy of a graph G, denoted by HE (G), is defined as [6]
HE(G) = Xizqlmil. 1

The Eq. (1) is defined in full analogy to the ordinary graph energy [7] defined as the sum of the absolute values of the
eigenvalues of the adjacency matrix of G. Details about the graph energy can be found in [11].

The graphs G; and G,are said to be Harary equienergetic or H-equienergetic if HE(G;) = HE(G;). For obvious
reason, H-cospectral graphs are H-equienergetic. Therefore it is interesting to obtain non H-cospectral graphs on same
number of vertices having equal H-energy. In [12] the H-energy of line graphs of certain regular graphs was obtained
and thus obtained the pairs of H-equienergetic graphs.
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In this paper we obtain the characteristic polynomial of the Harary matrix of the join of two regular graphs whose
diameter is less than or equal to two and thereby construct pairs of non H-cospectral, H-equienergetic graphs on n

vertices for all n > 6.
2. H-SPECTRA AND H-ENERGY OF JOIN OF GRAPHS

Definition: The join of two graphs G; and G,, denoted by G,V G,, is a graph obtained from G; and G, by joining each

vertex of G; to all vertices of G,.
G,

G, G,V G,

Theorem 2.1: Let G; be an r;- regular graph on n; vertices and diam(G;) < 2, i = 1,2. Then the characteristic
polynomial of the Harary matrix of G, VG,is
[(k=X)(u—Y) —nyn,]
(GVGy = ) =
PGVGs - DE-1)
np+ry—1

2

Y(Gy : WP(Gy = ), 2)

-
where X =% and Y =

Proof: ¥(G,VG, : u) = det(ul — RD(G,VG,))
#In1 - RD(Gl) _]n1><n2 (3)
_]ann1 #Inz - RD(GZ)

where | is the matrix whose all entries are equal to unity. The determinant (3) can be written as

u —T12 —Tlnl -1 1 -1
-7 U —Ton, -1 1 -1
—Tag1 " Tag2 u -1 1 -1 4)
-1 1 -1 U -1 —7 1ny
-1 1 -1 —7' 5 U —7 2ny
-1 1 -1 —r'nzl —r'nzz u

. . 1 . . . . ’ 1 ’ .
in which r;; = " where d;; is the distance between the vertices v; and v; in G, and r ; = - where d ;; is the
ij ij

distance between the vertices u; and w; in G,. Since G; is an r; -regular graph and diam(G;) < 2, every vertex of G;is
at distance one from r; vertices and at distance 2 from remaining (n; — 1 —r; ) vertices, i = 1, 2. Therefore

n

- n+n-—1 .
zrij :T fori=1,2,...,n (5)
j=1

and
ny
, n, +T'2_1 3

Zri]. =T fori=1,2,...,n, (6)
j=1

Performing following operations in the sequence on the determinant (4) we get (7).
(i) Subtract the row (n; + 1) from the rows (n; + 2), (n;y + 3),...,(ny +ny).
(if) Add the columns (n; + 2), (ny + 3),...,(n; +ny) tothe column (n; + 1) and |B]|.apply Eq. (6),
where Y = nﬁzﬁ: 7)
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where

u T2
—T121 u
_rn11 _rn12
-1 -1
HET —T 23 +7 13
T3 +7T U+T 3
T2 tT 12 —Tp3+7 13

The first determinant in (7) is of order (n; + 1).

T, T2
T, T2
u -n;
-1 u-Y

-r 21’12 + r 1712

-r 3ny +r 1n,

:u+r1nz

Performing following operations in the sequence on the first determinant of (7) we get (9).
(i) Subtract the first row from the rows 2, 3, ..., n;.

(i) Add columns 2,3, ..., ny to the first column of and apply Eq. (5), where X =

u—X

—T2
0 U+,
0 —Tn2 T 112
—ny -1

Expand it along the first column to obtain(10):

{(u—X)A — (=" Ay} |B|

where

and

A2=

U+ —T33 + 113
—T3; + 112
u+r3
—Tp2 T T2 —Ty3 T3
-1 -1
—T12 —T3
ut T —Ty3 + T3
—T32 + 7172 u+r3
—Thi2 t T2 —Ty3 T3

The expression (10) can be written as

_r1n1
_anl + rlnl
,U. + rlnl
-1
—Ton, F Tiny 0
—Tgnl + 7'1n1 0
u + r1n1 0
-1 u—-Y
_rlnl —n;
—T'an + 7‘1,11 0
—Tgnl + 7‘1,11 0
u + r1n1 0

TL1+T1—1.

_nz

0

{w =W —-DIAl = D"y (1) (—np) A} Bl = {(u — X)(u = Y) — nyny}|Al|B
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Where,
u + T12 —T13 + T3 _T'an + 7'1n1
Al = —T32 + 71 utrs ~T3py + Ty (12)
~Th2 T T2 T3tz . W+ T,

The determinant (12) can be written as

n—=X T2 T3 ~Tin,
0 ut+re —Ty3t 13 —Tony t Tiny
1
|A] = ———— 0 —T32 71 U+ 113 —T3ny t Tiny 13
w—=X) (13)
0 ~Tn2 T 112 —Tpy3 + 713 1+ Tin,

From Eqg. (5) the sum of the i-th row in (13) is u + 1;; fori = 2,3, ..., ny.

Therefore, by subtracting the columns 2,3, ..., ny of (13) from the first column, we obtain (14):

u —T2 T3 ~Tiny
—H =Ty P T3+ 713 ~m T T
14
14| = 1 —H— T3 —T32 112 B+ T3 ~T3py + Ty 14
(n—X) '
—H =Tyt —Tn2 T 712 T3+ T3 .. U+ 1,
Add the first row of (14) to the rows 2, 3, ....n, to obtain (15):
,U. —7"12 —7"13 —T'lnl
_ 1 -1 u —T23 —Tony
4l = —
(u ) —T31 —T32 u T30y
—‘r'nll —T'nlz —T'n13 u
1 -
|Al=—F~ w(G p). (15)
(u—X)
In a similar manner we can show that from (8),
1
Bl —— (G, : 1) (16)
(1=Y)

Substituting (15) and (16) back into (11) gives Eq. (2).

Theorem 2.2: Let G; be an r;- regular graph on n; vertices and diam(G;) <2,i = 1,2.Then
HE(G,VG,) = HE(Gy) + HE(Gy) — (X +Y) + /(X = V)? + 4nyn, ,

ni+ri—1 np+ry—1

and Y =
2

where X =

Proof: From Theorem 2.1,

GG, gy = == = mm)

u=—XW-Y)

W= =Y(GVG6; = ) = [(u—X)(u —Y) —nyny] Y(Gy : WP(Gy = ).

Y(Gy = WYP(G; = W),

which gives that
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Let Pi(w) = (u—X)(u—YY(G VG, = p)
and Py(u) = [(u = X)( —Y) —nyn,] Y(Gy : WP(Gy : ).
The roots of P;(u) = 0 are X,Y and the H-eigenvalues of G, VG,.

Therefore the sum of the absolute values of the roots of P; (u) = 0 is
X +Y + HE(G,VG,). (17)

The roots of P,(u) = 0 are H-eigenvalues of G; and G, and

%[(X +V) /X +V)Z—aXY — nlnz)].

Therefore the sum of the absolute values of the roots of P,(u) = 0 is
HE(G,) + HE(G,) + |§ [(X +Y) + X + V)2 —4(XY — nlnz)” + |§ [(X +Y) - JX + V)2 —4(XY — nlnz)”.

(18)
Since P; (u) = P,(u), equating (17) and (18), we get
HE(G,VG,) = HE(G,) + HE(G,) — (X + Y) + E [(X + V) +/E + V)2 —4XY — nlnz)”
+ |§[(X+Y) —JX+Y)? —4(XY—n1n2)]|. (19)

Sincery <ny—1land r, <n, —1,

ny =1\ my +r,— 1\ _ (2ng — 2y (20, — 2
= ()R )= ()
2 2 2 2

)< nn,.

Therefore Eq. (19) reduces to
HE(G1VG,) = HE(G,) + HE(G;) — (X + Y) + /(X + Y)2 — 4(XY — nyn,)
= HE(G,) + HE(Gy) — (X +Y) + /(X — Y)? + 4nyn,.

Corollary 2.3: If Fjand F, are non H-cospectral, H-equienergetic regular graphs on n vertices and of same degree
and diam(F;) < 2, i = 1,2, then for any regular graph G with diam(G) < 2, HE(F;V G) = HE(F, V G).

3. CONSTRUCTION OF H- EQUIENERGETIC GRAPHS
Theorem 3.1: There exist a pair of non H-cospectral, H-equienergetic graphs on n vertices for all n > 6.

Proof: Consider the graphs F, and F;, as shown in Fig. 2.

E, F,
Fig. 2
By direct computation,
W) == D+ 2 (p+ 1) ] 20)
And , ,
Y(F, i p) = [#(#—4) (u+§) (u+§) ] (21)

Both F, and F, are regular graphs on 6 vertices and of degree 3. Also diam(F;,) <2, i =a,b, and
HE(F,) = HE(F,) = 8.

Let F be any r-regular graph onp > 1 vertices and diam(F) < 2. Then by Theorem 2.2,

2 2
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Thus, F,VF and F,VF are H-equienergetic graphs. By Egs. (20) and (21), E, and F, are non H-cospectral, so from
Theorem 2.1, F,VF and F,VF are also non H-cospectral. Further F,VF and F,VF possesses equal humber of vertices
n=6+p,p=12, ....
That the theorem holds also for n = 6 is directly verified from Egs. (20) and (21).

Let K,, be the complete graph on p vertices. It is regular graph of degree p — 1. The reciprocal distance matrix of K, is
same as its adjacency matrix. Therefore HE(K,) = (p — 1) [3]. Using this in Theorem 2.2 we have following result.

Corollary 3.2: If F, and F, are the graphs as shown in Fig. 2, then

HE(F,VK,) = HE(F,VK,) = p + 3 + /p? + 14p + 25.
4. CONCLUSION
From Corollary 2.3 it is easy to construct a pair of non H-cospectral, H-equienergetic graphs. In particular from
Theorem 3.1 and Corollary 3.2, it is easy to construct a pair of non H-cospectral, H-equienergetic n-vertex graphs for
alln > 6.
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