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ABSTRACT 
David F.Anderson and Philip S.Livingston studied the properties of the zero divisor graph of a commutative ring. We 
recall several results of zero divisor graph, total graphs of commutative rings. In this paper we examine the resultant of 
graphs for the direct product of commutative rings. It is observed that the graphs obtained on the ring of type Zn, ZnxZn, 
ZnxZnxZn……. (where n ≥ 2) are nothing but either regular graphs or complete bipartite graphs. 
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I. INTRODUCTION 
 
Graph theory is one of the most flourishing branches of modern Mathematics with wide applications. This paper forms 
a new bridge between graph theory and the algebraic concept ring R. Here R denote a commutative ring with identity. 
Istvan Beck first introduce the concept of relating a commutative ring to a graph. It is consider that every element of the 
ring R was a vertex in the graph and two vertices x, y are connected if and only if xy=0 (x+y=0).  
 
A different method of associating a commutative ring to a graph was proposed by David F.Anderson and Philip 
S.Livingston. In a such way we obtained some different graphs on commutative rings of type Zn.  
 
II. BASIC CONCEPT AND PRELIMINARIES 
 
Nilpotentelement: An element a≠0 in a ring R is called nilpotent if an = 0 for some positives integer n. 
 
Zero-divisor: An element x in a ring R is called a right (or left) zero-divisor if there exists a non-zero element y∈R such 
that yx = 0 (or xy = 0). 
 
Bipartite Graph: A bipartite graph is a graph G whose vertex set is partitioned into two disjoint subsets X and Y such 
that each edge in G has one end in X and the other end in Y. Such a partition (X, Y) is called a bipartition of the graph. 
 
Ex: 

 
Complete Bipartite graph: A bipartite graph is complete if every vertex of X is joined to all other vertices of Y. We 
denote the complete bipartite graph by Km,n where m and n represent the number of vertices in the disjoint vertex set      
X and Y respectively. 
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Ex: 

 
 

K2,2                     K2,4 

 

 
K2,4                    K3,3 

 
Regular graph: A graph in which all vertices are of the same degree is called a regular graph. In an r-Regular graph all 
vertices are of degree r, the number r is called the regularity of a regular graph. Regular graphs are undirected. 

 
                                                      2–regular                    4–regular 
 
Zero – divisor graph: A zero-divisor graph Γ(R) associated to R is the graph whose vertices are the elements of Z(R)* 
where. Z(R)* = Z(R) – {0}, the set of non-zero zero-divisor of R and the vertices x and y are adjacent if and only if       
xy = 0. 
 
III. MAIN RESULTS 
 
Let (R, +, ×) be a commutative ring with identity and let consider R= Zn where Zn be a ring of integers modulo n. Let 
G(R) be the graph of R . Defined by G(R)=(V(R), E(R) ) where V(R) be the vertex set of G(R) and E(R) be the edge set 
of G(R),where the set of all the elements of ring R are consider as the vertices of graph G(R). For any two elements     
x, y∈R be considered as vertices of G(R), if x and y are adjacent in G(R). 
 
Theorem 3.1: Let R=Zn  be a commutative ring of integer modulo n, where n=2r (r>1). Let S be the set of all nilpotent 
elements of R such that S ={a∈R, a≠0 a n= 0 for some positive integer n} and the vertex set of G(R) is defined as 
V(G(R) ) = {x,y∈R / x and y are adjacent<=> x-y ∈ s}. Then the graph G(R) is (2r-1-1)-Regular graph 
  
Proof: Let R be the commutative ring of integers modulo n. Define S={a∈R, a≠0: a n=0 for some positive integer n} 
i.e., every element of S is a nilpotent element. Then S⊆R. Now for any s∈S, s-0∈ S  every element of S is  adjacent to 
0. Again since n = 2r, then the set of all nilpotent element are only the even integers in Zn. Therefore S contains all non 
zero even integers of R. Now if n=2r, then G(R) = 2r-1-1 (excluding the zero element) 
 
Let x, y∈ Zn where x, y ≠ 0. Then x and y are adjacent iff x-y∈S. 
 
i.e., x, y∈ R <=> x is adjacent to those elements y∈ R such that x-y ∈ S 
 
                    <=> There are exactly n elements adjacent to each x∈R. 
 
                    <=> V (R) = R and every vertex in G(R) is of degree 2r-1-1. 
 
Then the resultant graph of G(R) = 2r-1-1. That is G(R) is of degree 2r-1-1. 
 
Example 3.1:  
(i)  Let R be a ring of integer modulo n. When n = 2r(r ≥1). If r=1 then n=21 and R = Z2 = {0, 1}. Let S be the set of all 
nilpotent elements in Z2. 
 
i.e., S = {a ∈Zn / an =0} S = ϕ. No two elements of Z2 are adjacent in Γ(R). 
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Therefore the graph G(R) is a null graph. 
 
(ii) Let r=2 => n= 22 then R = Z2

2
= Z4. 

 
Z4 = {0, 1, 2, 3} is a ring of integers modulo 4. 
 
Then V (R) = {0, 1, 2, 3} and S ={2}. Here 2-0=2∈S and 3-1=2∈S => vertices 0 and 2, 3 and 1 are adjacent. 
 
From the following graph, we say that G(R) is 1- regular graph 

 
Fig. 3.1: 1- Regular graph 

 
Example 3.2: Let r=3 => n= 23 then R = Z2

3
= Z8. 

 
Z8={0,1,2,3,4,5,6,7} is a ring of integers modulo 8. 
 
Therefore S = {2, 4, 6}. Here 2-0, 4-0, 6-0, 4-2, 6-2, 6-4, 7-1, 3-1, 5-1, 5-3, 7-3, 7-5 ∈ S 
 
Then we have the following graph. 

 
Fig. 3.2: 3- Regular graph 

 
Since every vertices in G(R) has degree 3. Therefore it is a 3- Regular graph. Continuing like this we get 5- Regular 
graph, 7- Regular graph and so on which is shown in the following table 
 

Number of  vertices(r≥ 1) 
n =  2r G(R) =(2r-1-1)- Regular 

21 Null graph 
22 1 – Regular 
23 3- Regular 
24 7- Regular 
25 15- Regular 
26 31- Regular 
. . 
. . 
. . 

Table-3.1 
  

Next we consider R be a commutative ring with identity and let R= Zn x Zn where Zn be a ring of integers modulo n. Let 
G(R) be the graph of R. Defined by G(R) = (V(R), E(R)) where V(R) be the vertex set of G(R) and E(R) be the edge set 
of G(R), where the set of all the elements of ring R are consider as the vertices of graph G(R). For any two elements    
x, y∈R be considered as vertices of G(R), if x and y are adjacent in G(R). the edge set E(R) ={x, y∈R /x and y are 
adjacent iff x.y = 0, x≠y}     
 
Theorem 3.2: Let R be a commutative ring with identity and let  G(R)) = (V(R), E(R)) be denote the graph of R,  
where V(R) be the vertex set of G(R) and E(R) be the edge set of G(R). Defined E(R) ={x, y ∈R / x is adjacent to          
y <=> x.y=0 and x, y ≠ 0}.Then the graph G(R) is consisting a complete bipartite graph of order n-1. where n is a prime 
number (n ≥3). 



G. Shobhalatha1, A. Swetha*2 / Graphs for Direct Product of Commutative Rings / IJMA- 6(11), Nov.-2015. 

© 2015, IJMA. All Rights Reserved                                                                                                                                                                         74   

 
Proof: Let R be a commutative ring, where n is a prime number such that n ≥ 2. Then R contains n2 elements. 
 
Let G(R) be the graph of R such that E(R) = {X, Y∈R / X is adjacent to Y <=> X.Y=0 and X, Y ≠ 0}. 
 
Let X, Y ∈ R. Then X=(x1, x2), Y=(y1, y2) where x1, x2, y1, y2∈ R. 
X is adjacent to Y<=> X . Y = 0 
 
                             <=> (x1, x2). (y1,y2) = (0, 0) 
 
                             <=> (x1.y1, x2.y2) = (0, 0) 
 
                             <=> x1.y1= 0 and x2.y2 = 0 
 
                             <=> x1 = 0 or y1 = 0 and x2 = 0 or y2 = 0 
 
                             <=> since n is prime, there are exactly (n-1) pair of elements adjacent in G(R) and the resultant graph 
is a complete bipartite graph of order n-1. 
 
If n = 2(n-1), where n ≥3. Then the graph of G(R) = 4k for any positive integer k ≥ 1. 
 
Example 3.3: Consider the ring R= Zn x Zn where n =2. Then Zn x Zn = Z2 x Z2 which consists of 22 elements, 
 
i.e., Z2 x Z2 = {(0, 0) (1, 0) (0, 1) (1, 1)}. 
 
Let G(R) = {X, Y ∈ R / X is adjacent Y <=>X.Y=0, X≠Y and X, Y ≠ 0}. 
                    (0, 1). (1, 0)= (0, 0)       
     
From the following graph   

 
                               
Example 2.5: Let n = 3.Then Zn x Zn = Z3x Z3 which consists of 32 elements,  
 
i.e,.Z3 x Z3 ={(0,0)(0,1)(0,2)(1,0)(1,1) (1,2)(2,0)(2,1) (2,2). 
 
Let G(R) ={X, Y ∈ R / X is adjacent Y <=>X.Y=0, X≠Y and X, Y ≠ 0}. 

               (0, 1) . (1, 0) = (0, 0)         (0, 1) . (2, 0) = (0, 0)  
               (0, 2) . (1, 0) = (0, 0)         (0, 2) . (2, 0) = (0, 0)             
 
   From the following graph.   

 
 
Example 2.6: Let n = 5. Then Zn x Zn = Z5 x Z5 which consists of 32 elements,  
i.e,.Z5xZ5={(0,0)(0,1)(0,2)(0,3)(0,4)(1,0)(1,1)(1,2)(1,3)(1,4)(2,0)(2,1)(2,2)(2,3)(2,4)(3,0)(3,1)(3,2)(3,3)(3,4)(4,0)(4,1) 
(4,2)(4,3)(4,4)}. 
 
Let G(R) = {X,Y ∈ R / X is adjacent Y <=>X.Y=0, X≠Y and X,Y ≠ 0}. 
                 (0,1) . (1,0) = (0,0)         (0,1) . (3,0) = (0,0)          
                 (0,2) . (1,0) = (0,0)         (0,2) . (3,0) = (0,0)   
                 (0,3) . (1,0) = (0,0)         (0,3) . (3,0) = (0,0)          
                 (0,4) . (1,0) = (0,0)         (0,4) . (3,0) = (0,0)    
                 (0,1) . (2,0) = (0,0)         (0,1) . (4,0) = (0,0)          
                 (0,2) . (2,0) = (0,0)         (0,2) . (4,0) = (0,0)   
                 (0,3) . (2,0) = (0,0)         (0,3) . (4,0) = (0,0)          
                 (0,4) . (2,0) = (0,0)         (0,4) . (4,0) = (0,0)                 
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From the following figure.   

                 
In the same way Z7x Z7 and Z11x Z11 are also form complete bipartite graph i.e., all prime numbers form complete 
bipartite graphs.  
 
The resultant graph are obtained in the following table 
 

Number of vertices 
n = r (r>1) (n is prime) │R│= n2 G(R)=K r-1 r-1 –Complete bipartite graph 

2 4 
9 

K11-Completite bipartite graph 
3 9 K22-Completite bipartite graph 
5 25 K44-Completite bipartite graph 
7 49 K66-Completite bipartite graph 
. . : 
: . : 

 
Table-3.2 

i.e., │G(R) │= 4, 8, 12, 20, --- 
 
Therefore, │G(R)│= Multiple of 4 = 4.k for any positive integer k ≥ 1. 
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