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ABSTRACT
We discuss various properties of Igg -closed sets in terms of g - closed sets, g* -closed sets and |g -closed sets. Also,

the applications of Igg -closed sets in T]; , -Spaces and *T]/2 -spaces are discussed.
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1. INTRODUCTION AND PRELIMINARIES

An ideal I[7] on a nonempty set X is a nonempty collection of subsets of X satisfying the following: (i) If Ae1 and
Bc A; then BeI ; and (ii) If A€l and Bl ; then ALBEI . A topological space (X, 7 ) together with an ideal I is
called an ideal topological space and is denoted by (X, 7, 1). For each subset A of X, A"(I,7)={XeX|UNn4¢g I}
for every open set U containing X} is called the local function of A [7] with respect to I and 7 .We simply write A*
instead of A*(I, 7)) in case there is no chance for confusion. We often use the properties of the local function stated in
Theorem 2.3 of [6] without mentioning it. Moreover, cl*(A) = AUA* [9] defines a Kuratowski closure operator for a

topology 7 on X which is finer than 7 . A subset A of an ideal space (X, 7 ) is said to be g -closed [8], if cl(A) cU
whenever A c U and U is open. The complement of a g -closed set is called a g -open set [8]. A subset A of an ideal

space (X, 7,1) is said to be Ig—closed [5], if cI*(A) € U whenever AcU and U is open. The complement of an
Ig—closed set is called an Ig -open set [5]. The collection of all g -open sets in a topological space (X, 7,1) is
denoted by Ty The g -closure of A denoted by cly(A) [1] is the intersection of all g -closed sets containing A and the g
-interior of A denoted by inty(A) defined as the union of all g -open sets contained in A. For every A€ P(X); A*(1 Ty )
={XeX|UnAg Iforevery g - open set U containing X} is called the g -local function of A[1] with respectto I and
g is denoted by A:. Also, CIS(A) =AU A; [1] is a Kurotowski closure operator for a topology r; ={X-A|
CIS (A)= A} [1] on X which is finer than Ty A subset A of an ideal space (X, 7,1) issaid to be r; [1], if CIS (A=A

or A; — A. A subset A of a topological space (X, 7 ) is said to be a g -closed set [10], if cl(A) < U whenever A c U
and U is g -open in X. It is clear that every g*-closed set is a g -closed set [10].
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A topological space (X, 7)) is said to be a T]; ,- space [10], if every g - closed set is closed. Equivalently, a topological
space (X,7) is called a Tl/* ,- space [10] if and only if every singleton set is either g-closed or open. A topological
space (X, 7)) is said to be a *T]/2 - space [10] if every g —closed set is a g” -closed set. Equivalently, a topological space
(X, 7)) is called a *T]/2 - space if and only if every singleton set is either closed or g“-open [10]. A topological space

(X,7)isa T, -space if and only if it is *T]/2 and TJ; , [10].

A subset A of X is said to be an Iy - closed set [2] if A; C U whenever ACU where U is a g -open set in X,
equivalently, C|; (A) € U whenever A C U where U is a g -open set in X. A is said to be an Iy -open set if X — A is an

l4q -Closed set.

Lemma 1.1: [2] Let (X, 7,1 be an ideal topological space and A C X. Then the following are equivalent.
(@) Ais lgq -closed.

(b) Forall x ecl (A), cl ({x})NA=0.
() CIS (A) — A contains no nonempty g -closed set.

(d) A; — A contains no honempty g -closed set.

Lemma 1.2: [1] Let (X, 7,1) be an ideal topological space and ACX. If AcC A; , then the following holds for
every subset ACX:
(@ A"= A; =cl'(A) =cl(A) = cl (A).

(b) A; is a g -closed set.
(©) A =cl (A).
(d) A, =cly(A).

2. CHARACTERIZATIONS OF |gg - CLOSED SETS

Theorem 2.1: Let (X, 7,1) be an ideal topological space and A be an Igg -closed subset X. Then the following are
equivalent.
@Aisa r; -closed set.

(b) A; —Alisag -closed set.

Proof:
(@) = (b): IfAis ar; - closed set, then A;f A= ¢ and so A;f Alisa g -closed set.

(b) = (a): Suppose that A;— Ais a g -closed set. Since A is Iy -closed, by Lemma 1.1(d), A;— A =¢ and so

A; C A. Therefore, A is T; -closed.

Corollary 2.2: Let (X, 7,1) be an ideal topological space and A be an Iy, -closed subset of X. If A C A;; then the

following are equivalent.
(@) Ais a g -closed set.

(b) A; —Aisag-closed set.

Proof:

(a) = (b): If Aisa g - closed set, then A'is a T; -closed set. Then by Theorem 2.1, A; —Aisag-closed set.

(b) = (a): If A;f Ais g -closed and since A is |4 - closed, by Lemmal.1(d), A;f A = ¢ and hence A; C A. Since
AC A; ; clg(A) = A; = A by Lemma 1.2(d) and so A is a g -closed set.
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Theorem 2.3: Let (X, 7,1) be an ideal topological space and A C X. Then the following are equivalent.
(a) Ais an lgg -closed set.

(b) CIS(A) NF= ¢ whenever A N F= ¢ and F is g -closed.

Proof:

(@) = (b): Suppose that ANF = ¢ and F is g -closed. Then A CX—F and X—F is g -open. Since A is an |gg - closed
set, CIS(A) C X-F which implies that CIS(A) NF=¢

(b) = (a): Let U be a g -open set containing A. Then AN (X-U) = ¢ and X — U is g - closed. By (b),

Clg (A) N(X-U) = ¢ and so CIS (A) C(X-U). Therefore, Aisan |, -closed set.

Theorem 2.4: Let (X, 7,1) be an ideal topological space and A C X. If A is a closed set, then A is an Igg -closed set.
Proof: Let ACU where ACX and UE 7. Since U is g -open, Clg (A) < cl(A) = A C U by hypothesis and so A is
an |, -closed set.

The following Example 2.5 shows that the converse of Theorem 2.4 is not true.
Example 2.5: Let X ={a, b, c},7 ={¢, X, {a}, {b,c}}and I = {¢, {a}}. IfA={b}and A C U where U= {b}isa

g -open set, then cl(A) = {b, c} # A, but A; = {b}CU, which implies that A is an Iy -closed set but not a closed set.

Theorem 2.6: Let (X, 7,1) be an ideal topological space and A C X. Then A; is always an |gg -closed set.

Proof: Let A; C U where U is a g -open set. Since (A;); C A; c U [1, Theorem 3.7(e)] whenever A; CU which

implies that A; isan |gg —closed set.

The following theorem 2.7 shows that every g*- closed set is an | - -closed set and Example 2.8 below shows that the

converse is not true. Also, ifrg =T, then g~ -closed sets coincide with | g -closed sets.

Theorem 2.7: Let (X, 7,1) be an ideal topological space and A C X. If Aisa g’ -closed set, then A is an |gg -closed
set.

Proof: Let A C U where A C Xand U € 7. Since U is g -open, C|; (A)  cI(A) € U by hypothesis and so A is an

| 4 -Closed set.

Example 2.8: Let X ={a, b,c}, 7 ={@, X, {a}, {b,c}}and | ={¢,{a}}. IfA={b}and A C U where U ={b}isa
g -open set, then cl(A) ={b, c} & U but A; ={b} C U, which implies that A is an |gg -closed set but nota g” -closed
set.

Theorem 2.9: If (X, 7,1) is an ideal topological space, A is an |gg —closed subset of X and A C A; ,thenAisag -
closed set.

Proof: Let A C U where U is g -open. Since A is |, -closed, C|; (A) CU. Since A C A;, by [1, Theorem 3.10(a)],
cl(A) = CIS (A) € U which implies that A is a g" -closed set.
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Corollary 2.10: If (X, 7, 1 ) is an ideal topological space where | = {@#}, then A is Igg - closed if and only if A is
g - closed.

Proof: If | = {@}, then by [1, Theorem 3.7(f)], A; = cly(A) DA and so AC A;. If Ais |gg - closed, then by
Theorem 2.9, Ais g - closed. The converse is clear from Theorem 2.7.

Theorem 2.11: Let (X, 7,1 ) be an ideal topological space where | = {@}. If (X, 7,1) is a TJ;Z —space, then

every | 0 " closed set is a closed set.

Proof: By Corollary 2.10, the family of all g*- closed sets coincide with the family of all |gg - closed sets, since
| = {¢@}. Since every g'- closed set is a closed set in every T;Z -space, every g - closed set is a closed set and so

every | 0" closed set is a closed set.

Theorem 2.12: Let (X, 7, I) be an ideal topological space. If X is a *T]/2 -space, then for each x € X; {x} is either

closed or 1, - open.

Proof: Suppose that (X, 7,1 )isa *Tl/2 -space and x € X. If {x} is not a closed set, then X — {x} is not an open set.
This implies that X — {x} is a g -closed set, since X is the only open set which contains X — {x}. Since X is a *T1/2'
space, X — {x} is a g"-closed set. Therefore, X — {x} is an |gg -closed set by Theorem 2.7 or equivalently {x} is an

| 49 “OPeN set.

Theorem 2.13: Let (X, 7, | ) be an ideal topological space. Then either {x} is g- closed or {x}°is | 0" closed.

Proof: Suppose that {x} is not g -closed. Then {x}° is not a g -open set and the only g -open set containing {x}° is X.
Therefore, ({X}); < X andso {x}°is |, -closed.

Theorem 2.14: Let (X, 7,1 ) be an ideal topological space. Then the following are equivalent.
(a) Every |gg -closed set is Z'; -closed.

(b) Every singleton subset of X is either g -closed or r; -open.

Proof:
(@ = (b): Let x € X. If {x} is not g -closed, then by Theorem 2.13, {x}° is |gg -closed and so Z'; -closed by

hypothesis. Therefore, {X} is T; -open.

(b) = (a): LetAbean I, -closed setand x € C|; (A). Then we have the following two cases.

9

Case-1: Suppose that {x} is g -closed. By Lemma 1.1(c), Clg (A) —A contains no nonempty g -closed set. Therefore, X
¢ clj(A) —Awhich implies that x € A,

Case-2: Suppose that {x} is T; -open. Since X € CIS (A), {x} N A# ¢ Therefore, x € A. Thus in both cases, x € A

and so Clg (A) = A which shows that A is z'; ~closed.
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Theorem 2.15: Let (X, 7, | ) be an ideal topological space and A C X. Then Clg (A) is aclosed set.

Proof: If x € cI(CIS(A)) and U be an open set containing x such that U N Clg(A) £¢.Letyeun CIS(A) for
somey € X.Since U € 7,(y) andy C|; (A), there exists a r; -open set V such that V. N A # ¢ Since U N Vis

a T; -open neighbourhood of y, (U N V) N A # ¢ which implies that x € CIS(A).Therefore, Clg(A) is a closed
set.

Theorem 2.16: Let (X, 7,1) be an ideal topological space and let U and A be subsets of X such that A C U C Ag
ThenU cU, ,(U,), =U, and (A)), = A,

Proof: Since A C U C A; , Ag = U; and so U CU; . Since (A;); - A;,A - A; , implies that (A;); = Ag
and so (U;); :U; :

3. APPLICATIONS OF |gg -CLOSED SETS

If Y is a nonempty subset of an ideal topological space (X, 7, 1), then (Y, 7,1, ) is an ideal topological subspace of

Xwhere I, ={1 NY|I €13}[4]is an ideal on Y, the restriction of | toYand 7, ={U N Y |U € 7} is the
relative topology on Y.

Lemma 3.1: [6, Lemma 6.6] Let (X, 7 ,1) be an ideal topological space and A  X. Then (z,) (I,)= 7 (I), .

Lemma 3.2: [3] Let (X, 7,1 be an ideal topological spaceand A C Y C X. If Y is g -open in X, then
A (y,7y) = Aj(Lizy) N Ywherezy = 7,]Y.

Proof: Letx ¢ A; (I,z4) N Y. Theneither X € Yorx & Y.
Case-1: Suppose thatx ¢ Y. Since Ay (I, 74 ) NY C Y, x& A (Iy, 7).

Case-2: Suppose that xY. Since x ¢ A; (I,Tg) , there exists a g -open set V in X containing X, suchthatV NA €1.
SincexEYandYisg-openinX, Y NV €7, suchthat(Y NV) NAE I andso (Y NV)NA €1, . Consequently,
X & A; (Iy, 74 ) - Hence A; (Iy,7g) © A; (I,z,) NY. To prove the converse, consider x & A; (Iy, 74 ) - Then
for some g -open set V in (Y, 7, ) containing X, there exists U € 7, suchthatV=U NYandso (U NY) N A € I, .
SinceACY,UNAE€EI, cIgivesU N A1 for some g -open set U containing X. Therefore, x & A; (I,Tg) .
Therefore, A; (Iy,7y) = A; (Lzy) NY.

Theorem 3.3: Let (X, 7,1) be an ideal topological space and A C Y C X. If Alis an |gg -closed set in (Y, 7,1, )

and Y is g -open and r; -closed in X, then Aisan | 0 " closed set in X.

Proof: Let A C U where U is g -open in X. Then U N Y is g -open in Y. This implies that A; (Iy,7g) = A; (Lzy)
NY by Lemma 3.2. Since Y is r; -closed in X, A; (I,z,) CYg*(I,rg) C Y and so A; (Iy,7y) = A; (Lzy) N
Y. Since Ais | -closed inYand A < U N Y, Aj(L,z,) = Aj(Iy,7y) cUNY U UX-A(7,))
Therefore, A; (Iz,) CUUX- A; (I, 7)) which implies that A; (I,z,) cCUandsoAisan |, -closed setin X,
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Theorem 3.4: Let (X, 7,1) be an ideal topological space and A CY C X. If A is |gg -closed in X and Y is g -open in

X, then Ais |, ~closedin (Y, 7y, 1).

Proof: Let U be a g -open subset of (Y, 7,1, ) such that ACU. Since Y is g -open in X, U is g -open in X and so
A; (I,z,) CU.By Lemma3.2, A; (Iy,7gy) = A; (I,z4) NY C U N Y=Uand hence A; (I 74y ) Therefore, A

is an lgq -closed set in (Y, 7, ,1,).

Corollary 3.5: Let (X, 7, | ) be an ideal topological space where Y is a g -open and T; -closed subset of X. Then A is

Iy -closedin (Y, 7,1, )ifand onlyif Ais | -closed in X.

Theorem 3.6: Let (Y, 7,1, ) be ag-closed subspace of an ideal topological space (X, 7, | ) and U be Igg - openin

X. ThenU N Yis I, -openinY.

Proof: Let F be a g -closed subset of (Y, 7, ,I, ) such that FCUNY. Since U is |gg -open in X, by [2, Theorem 2.4],
FC int; U) and F=F NY C int; U)nyc int;Y (UNY). Therefore, UNY is I, -openinY.
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