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ABSTRACT 
We introduce the notion of ),,( βϕα -weak generalized Geraghty contractions via triangularα -admissible mappings 
to prove some sufficient conditions for the existence of fixed points of such maps in complete metric space, where ϕ  is 

an altering distance function and S∈β where [0,1))(0,:{= →∞βS satisfying 0}1)( →⇒→ nn ttβ . Examples 
are provided to illustrate our results.  
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1. INTRODUCTION AND PRELIMINARIES 
 
Most of the fixed point theorems in nonlinear analysis usually start with Banach [9] contraction principle. A huge amount 
of literature is witnessed on applications, generalizations and extensions of this principle carried out by several authors in 
different directions like weakening the hypothesis and considering different mappings. Fixed point theory is an essential 
tool in the study of various varieties of problems in control theory, economic theory, nonlinear analysis and global 
analysis. 
 
But all the generalizations may not be from this principle. In 1989, Bakktin [8] introduced the concept of a b-metric space 
as a generalization of a metric space. In 1993, Czerwik[11] extended many results related to the b - metric space. In 1994, 
Matthews [20] introduced the concept of partial metric space in which the self distance of any point of space may not be 
zero. In 1996, O’Neill [28] generalized the concept of partial metric space by admitting negative distances. In 2013, 
Shukla [34] generalized both the concepts of b-metric and partial metric space by introducing the notation of partial      
b-metric spaces. Many authors recently studied the existence of fixed points of self maps in different types of metric 
spaces [16,35,23,32,37]. Some authors [4,20,24,30,31] obtained some fixed point theorems in b-metric spaces. Some 
authors proved ψα − versions of certain fixed point theorems in different types of metric spaces [3,16]. Recently Samet 
et.al [29] and Jalal Hassanzadeasl [14] obtained fixed point theorems for ψα − contractive mappings. Mustafa [24] 
gave a generalization of Banach contraction principle in complete ordered partial b-metric space by introducing the 
notion of a generalized ψα −  weakly contractive mapping. G.V.R. Babu et.al [5] proved coupled fixed point theorems 
by using ),,( βϕα -weak generalized Geraghty contraction. In 2012, Mohammad Mursaleen et.al [22] proved coupled 
fixed point theorems for α -ψ  contractive type mappings in partially ordered metric spaces.  
 
In this paper we modify the concepts of G. V. R. Babu et.al [6] to study sufficient conditions for the existence of fixed 
points of weak generalized Geraghty contractions in a complete metric space. In fact, we obtain sufficient conditions for 
the existence of fixed points of weak generalized Geraghty contractions in a complete metric space. A supporting 
example is also given. Further an open problem is also given at the end of this paper. 
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Notation: G. V. R. Babu. et.al [6] used the following notation in their paper. ),( dX  denotes a metric space. Let 

XXT →: be a self map of X and Fix )(T denotes the set of all fixed points of T . We denote 

= { : (0, ) [0,1) / ( ) 1 0},n nS t tβ β∞ → → ⇒ → and ϕϕ )/[0,)[0,:{= ∞→∞Φ  is non-decreasing, 

continuous and 0}=0=)( tt ⇔ϕ . We call the elements of Φ  as altering distance functions. Further, we use the 

following notation: for sub sequences }{
nhx  and }{

nkx  in X with 
nknh xx ≠ , we write 

 
( ( ), ( ))

= ( , ),  = h kn n
n h k nn n

n

d T x T x
d d x x

d
∆  and 

( ( ( ), ( ))
= ,  

( )
h kn n

n
n

d T x T x
n

d
φ

φ

φ
∆ ∀ . 

 
We denote the set of all real numbers by R , the set of all non-negative reals by +R and the set of all natural numbers by 
N .  

 
Definition 1.1: (B.Samet.et.al.[29]) Let XXT →: be a self map and RXX →×:α be a function. Then T is said 
to be α - admissible if 1),(1),( ≥⇒≥ TyTxyx αα .  
 
Definition 1.2: (E. Karapinar. et.al. [18]) An α -admissible map T  is said to be triangular α - admissible if 

1),( ≥zxα  and 1),(1),( ≥⇒≥ yxyz αα .  
 
For more details and examples on α -admissible and triangular α -admissible maps, one can refer [17], [18] and [29].  
 
Lemma 1.3: (E. Karapinar. et.al. [18]) 
Let XXT →:  be triangular α -admissible map. Assume that there exists Xx ∈1 such that 1),( 11 ≥Txxα . 

Define the sequence 1+nx  by nn Txx =1+ , 1,2,...=n . Then we have 1),( ≥mn xxα for all Nnm ∈, with mn < .  
 
Definition 1.4: (S. H. Cho. et.al.[13]) Let ),( dX  be a metric space, and let RXX →×:α  be a function. A map 

XXT →:  is called an α - Geraghty type contraction if there exists S∈β such that  
( , ) ( , )  ( ( , )) ( , )x y d Tx Ty d x y d x yα β≤  for all Xyx ∈, .                                              (1.4.1)  

 
Definition 1.5: (G. V. R. Babu. et.al.[6]) Let ),( dX  be a metric space and XXT →:  be a self map. If there exist 

Φ∈→×   ,: ϕα RXX  and 0≥L  such that 
( , ) (( ( , ))) <  (( ( , )))  . ( , )x y d Tx Ty M x y L N x yα φ φ +                                                   (1.5.1) 

for all yxXyx ≠∈ ,,   
where 

1( , ) =  { ( , ), ( , ), ( , ), [ ( , ) ( , )]},
2

M x y max d x y d x Tx d y Ty d x Ty d y Tx+  

( , ) =  { ( , ), ( , ), ( , )}N x y min d x Tx d x Ty d y Tx  then T is said to be an almost generalized α - contractive map 
w.r.to the altering distance function ϕ .  
 
Definition 1.6: (G. V. R. Babu. et.al.[6]) Let ),( dX  be a metric space let XXT →:  be a self map. If there exist 

: ,  ,    X X R Sα β φ× → ∈ ∈Φ  and 0≥L  such that 
( , ) (( ( , ))) ( ( ( , ))) ( ( , )) . ( , )x y d Tx Ty M x y M x y L N x yα φ β φ φ≤ +                                      (1.6.1) 

for all Xyx ∈, ,  
where  

1( , ) = { ( , ), ( , ), ( , ), [ ( , ) ( , )]},
2

M x y max d x y d x Tx d y Ty d x Ty d y Tx+  

( , ) = { ( , ), ( , ), ( , )}N x y min d x Tx d x Ty d y Tx then we say that T  is ),,( βϕα - weak generalized Geraghty 
contractive map.  
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Theorem 1.7: (G. V. R. Babu. et.al.[6]) Let T be a self map on a complete metric space X . Let RXX →×:α  be 
a function. Assume that there exist Φ∈  ϕ , and 0≥L  such that 

),(.)),((<)),((),( yxNLyxMTyTxdyx +ϕϕα                                                                        (1.7.1)                                                             
for all yxXyx ≠∈ ,  ,   
where 

1( , ) = { ( , ), ( , ), ( , ), [ ( , ) ( , )]},
2

M x y max d x y d x Tx d y Ty d x Ty d y Tx+  

( , ) = { ( , ), ( , ), ( , )}.N x y min d x Tx d x Ty d y Tx
 Further, assume that 

(i) T  is α - admissible, and 
(ii) there exists Xx   0 ∈  such that 1),( 00 ≥Txxα  and set 1= −nn Txx  for 1,2,3,...=n . Then the sequence 

}{ nx  converges to z  and z  is a unique fixed point of T  in X  if and only if for any two sub-sequences 

}{
nhx  and }{

nkx  of }{ nx  with 
nknh xx ≠ , we have that 1→∆ϕn  0→⇒ nd , provided that T  is 

continuous at z .  
 
Theorem 1.8: (G. V. R. Babu. et.al.[6]) Let ),( dX  be a complete metric space, RXX →×:α  be a function and 

let XXT →:  be a self map. Suppose the following conditions hold: 
(i) T  is ),,( βϕα  - weak generalized Geraghty contraction; 
(ii) T  is triangular α  - admissible, 
(iii) there exists 0  x X∈  such that 0 0( , ) 1x Txα ≥ and set 1=n nx Tx −  for 1,2,3,...=n   

(iv) either (a) T  is continuous (or) (b) if }{ nx  is a sequence in X  such that 1),( 1 ≥+nn xxα  for all n and 

xxn →  as ∞→n , then there exists a sub-sequence }{
knx  of }{ nx  such that 1),( ≥xx

knα  for all k . 

ThenT  has a fixed point x  in X , provided that β is continuous on )(0,∞  
 
2. MAIN RESULT 
 
In this section we obtain sufficient conditions for the existence of fixed points of weak generalized Geraghty contractions 
in a complete space. We begin this section with the following lemma, which can be easily established. 
 
Lemma 2.1: Let ),( dX  be a metric space. Let }{ nx  be a sequence in X such that 0),( 1 →+ nn xxd  as ∞→n . If 

}{ nx  is not a Cauchy sequence then there exist an 0>ε  and sequences of positive integers }{ km  and }{ kn  with 

knm kk >>  and 

(i)  ε=),(lim 11 +−
∞→ knkm

k
xxd  

(ii) ε=),(lim
knkm

k
xxd

∞→
 

(iii) ε=),(lim 1 knkm
k

xxd −
∞→

 

(iv) ε=),(lim
1+∞→ knkm

k
xxd   

Notation: We adopt the following notation throughout this paper. ),( dX  denotes a metric space. Let XXT →:  
be a self map of X  and Fix )(T  denotes the set of all fixed points of .T We denote 

= { : (0, ) [0,1) / ( ) 1 0},n nS t tβ β∞ → → ⇒ → and ϕϕ )/[0,)[0,:{= ∞→∞Φ  is non-decreasing, 

continuous and 0}=0=)( tt ⇔ϕ . We call the elements of Φ  as altering distance functions. Further, we use the 

following notation: for any sequences }{ na  and }{ nb  in X with ,n na b≠ we write  

n

nn
nnnn d

bTaTdbadd ))(),((=),,(= ∆  and 
( ( ( ), ( ))= ,   

( )
n n

n
n

d T a T b n
d

φ φ
φ

∆ ∀  We denote the set of all real 

numbers by R , the set of all non-negative reals by +R and the set of all natural numbers by N .  
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Theorem 2.2: Let T  be a self map on a complete metric space X . Let RXX →×:α  be a continuous function 
and Xxxx ∈∀  1>),(α . Assume that there exist Φ∈  ϕ , and 0≥L  such that 

),(.)),((<)),((),( yxNLyxMTyTxdyx +ϕϕα                                                                        (2.2.1)  
for all yxXyx ≠∈ ,  ,  where  

)]},,(),([
2
1),,(),,(),,({=),( TxydTyxdTyydTxxdyxdmaxyxM +  

and  
)},(),,(),,({=),( TxydTyxdTxxdminyxN                                                               (2.2.2)                                                     

 
Further, assume that 
(i)T  is α - admissible, and 
(ii) there exists Xx   0 ∈  such that 1),( 00 ≥Txxα . Set 1= −nn Txx  for 1,2,3,...=n . 

(iii)forany two sequences }{ na  and }{ nb of X with nn ba ≠ , we have that 1→∆ϕn  
 0→⇒ nd                                                                                                    (2.2.3) 
                                                                                                        
Then the sequence }{ nx  converges to a point Xz∈  and z  is a fixed point of T  in X . Further if zy,  are fixed 

point of T  in X , then 1<),( zyα  or zy =   
 
Proof: Let Xx ∈0  be such that 1),( 00 ≥Txxα . We define }{ nx  in X  by nn Txx =1+  for each .0,1,2,3,..=n  

If 1= +nn xx  for some Nn∈ , then nn Txx =  and hence nx  is a fixed point of T . Hence, without loss of 

generality, we assume that 1+≠ nn xx  for all Nn∈ . By using the α - admissibility of T  , we have 

1),(=),( 0010 ≥Txxxx αα  1=),(=),( 1021 ≥⇒ TxTxxx αα . Now, by mathematical induction, it is easy to see 

that 1),( 1 ≥+nn xxα  for all Nn∈ . By taking 1= −nxx  and nxy =  in the inequality (2.2.1), we get 

),()),(()),((),()),((=)),(( 111111 nnnnnnnnnnnn xxLNxxMTxTxdxxTxTxdxxd −−−−−+ +≤≤ ϕϕαϕϕ  (2.2.4) 
where 

)]},()([
2
1),,(),,(),,({=),( 11,1111 −−−−−− + nnnTxnnnnnnnnn TxxdxdTxxdTxxdxxdmaxxxM  

              
)]},(),([

2
1),,(),,(),,({= 11111 nnnnnnnnnn xxdxxdxxdxxdxxdmax ++−+−−  

              )},(),,({= 11 +− nnnn xxdxxdmax                                                                (2.2.5)    
                                                                                 

)},(),,(),,({=),( 1111 nnnnnnnn xTxdTxxdxxdminxxN −−−−  

              )},(),,(),,({= 11 nnnnnn xxdTxxdxxdmin −−  

              0=                                                                                               (2.2.6)  
 
If ),(=)},(),,({ 111 ++− nnnnnn xxdxxdxxdmax  for some Nn∈  then from (2.2.4),(2.2.5) and (2.2.6), we have 

)),((=)),((<)),(( 111 +−+ nnnnnn xxdxxMxxd ϕϕϕ , a contradiction. 
 
Thus, we have ),(=)},(),,({ 111 nnnnnn xxdxxdxxdmax −+−  for all Nn∈  and hence  

),(<),( 11 nnnn xxdxxd −+  for all Nn∈ .                                                                    (2.2.7)                                                              
 
Thus it follows that )},({ 1+nn xxd  is a non-negative, decreasing sequence of real numbers.  

Suppose that 0,=),(lim 1 ≥+
∞→

rrxxd nn
n

 

Now we prove that 0.=r  
Assume that 0>r . 
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By choosing 1=,= +nnnn xbxa , 

n
d

xTxTd

n

nn
n   

)(
))(),(((= 1 ∀∆ +

ϕ
ϕϕ , 

 
On taking limit as ∞→n ,  

then we have lim
∞→n

 
1 2

1 2

1 1

( ( , ))lim( ( , )) ( )= = = = 1lim ( ( , )) ( ( , )) ( )lim

n n
n n n

n
n n n n n

n

d x xd x x r
d x x d x x r

φ
φφ φ

φ φ φ

+ +
+ + →∞

→∞ + +
→∞

∆ . 

 
Hence by our assumption 0)( →ndϕ  as ∞→n  i.e., lim

∞→n
0=)),(( 1+nn xxdϕ  

0=)(rϕ⇒  
 

0=r⇒ , contradicts our assumption that 0>r  
 

0=),(lim= 1+
∞→

∴ nn
n

xxdr  

 
Now, we show that }{ nx  is a Cauchy sequence in X . 
 
Suppose that }{ nx  is not a Cauchy sequence. 
 
Then there exist 0>ε , and sub-sequences }{

kmx  and }{
knx  of }{ nx  with knm kk >> such that 

ε≥),(
knkm xxd  and ε<),( 1 knkm xxd −  and we have the following identities. 

(1) ε=),(lim 11 ++
∞→ knkm

k
xxd   

(2) ε=),(lim
knkm

k
xxd

∞→
 

Hence 
)),((

)),((
lim

knkm

knkm

k xxd

TxTxd

ϕ

ϕ

∞→
 = 

1 1( ( , ))
lim ( ( , ))

m nk k

k m nk k

d x x

d x x

φ

φ
+ +

→∞
 = 1.=

)(
)(

εϕ
εϕ

 

 
Now, by our assumption 0)( →ndϕ  as ∞→n  i.e., 

    
lim

∞→n
0=)),((

knkm xxdϕ  

⇒ lim
∞→n

0=),(
knkm xxd , a contradiction to (2). 

 
Therefore }{ nx  is a Cauchy sequence in X . 
 
Since X is complete, there exists Xz∈ such that zxn

n
=lim

∞→
. 

 
Now, we show that z is a fixed point of T . 
 
Then the following are the cases. 
 
Case- (1): Suppose there is a sequence zxn

knk =}{ ∋ , we suppose zx
kn ≠
−1

 

zx
kn →
−1

 , 1>),( zzα  and α  is continuous, 

1>),(
1

zx
kn −

∴α  for large k . 
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Now,  

)),(( Tzzdϕ )),((= Tzxd
knϕ  

              
)),((=

1
TzTxd

kn −
ϕ  

              
)),((),(

11
TzTxdzx

knkn −−
≤ ϕα  

              
)),((<

1
zxM

kn −
ϕ +  ),(. zxNL n                                                              (2.2.8) 

But           

1 1 1
( , ) = { ( , ), ( , ),n n n nk k k k

M x z ma xd x z d x x
− − − 1

1( , ), [ ( , ) ( , )]}
2 n nk k

d z Tz d x Tz d x z
−

+  

              
1

= { ( , ),n nk k
max d x x

− 1
( , )}n nk k

d x x
+

 

              
),(=

1 knkn xxd
−  

 
0=)),((<)),((

1 knkn xxdTzzd
−

∴ ϕϕ
 

 
0=)),(( Tzzdϕ∴  

 
( , ) = 0d z Tz⇒  

 
Tzz =∴  

 
Case-(2): Suppose zxn ≠  and Tzz ≠  

)),((=)),(( 1 TzTxdTzxd nn ϕϕ +∴  

                   )),((),( TzTxdzx nn ϕα≤  (since α  is continuous and 1>),( zzα ) 

                   )),((< zxM nϕ  +  ),(. zxNL n                                                           (2.2.9)                                                                                            
But  

),(=)]},(),([
2
1),,(),,(),,({=),( 11 TzzdTzxdzxd
s

TzzdxxdzxdmaxzxM nnnnnn +++
 
for large n  

 

1( , ) = { ( , ), ( , ), ( , )} = 0n n n nN x z min d x z d x x d z Tz+  for large n  
 
∴ .0)),((<)),((),()),(( 1 LTzzdTzTxdzxTzxd nnn +≤+ ϕϕαϕ  
 
On letting ∞→n , we get  
 

)),(()),((),()),(( TzzdTzzdzzTzzd ϕϕαϕ ≤≤  
 

1=),( zzα⇒ , a contradiction. 
 
Hence Tzz = . 
 
Consequently z  is a fixed point of T  in X . 
 
Suppose zy,  are two fixed points of T  in X  

zTzyTy =,=⇒                                                                                            (2.2.10)                                                                                                             
 
If 1<),( zyα , then there is nothing to prove. 
 
Suppose 1),( ≥zyα  Assume that zy ≠ . 
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Then  

)),(( TzTydϕ )),((),( TzTydzy ϕα≤  

                ),(.)),((< zyNLzyM +ϕ                                                                  (2.2.11)                                                                                            

But ),(=)]},(),([
2
1),,(),,(),,({=),( zydzTydTzydTzzdTyydzydmaxzyM +   

 
0=)},(),,(),,({=),( TzzdTyydzydminzyN   

 
∴ )),((),()),(( TzTydzyTzTyd ϕαϕ ≤ < )),(( zydϕ  
 
⇒ )),((<)),((),()),(( zydzydzyzyd ϕϕαϕ ≤ , a contradiction.  
 
Hence zy = .  
 
The following corollary can be easily established.  
 
Corollary 2.3: Let T  be a self map on a complete metric space X . Let RXX →×:α  be a continuous function. 
Assume that there exist Φ∈ϕ , such that 

),(.)),((<)),((),( yxNLyxMTyTxdyx +ϕϕα                                                                        (2.3.1)  
for all yxXyx ≠∈ ,,  where  

1( , ) = { ( , ), ( , ), ( , ), [ ( , ) ( , )]},
2

( , ) = { ( , ), ( , ), ( , )}.

M x y max d x y d x Tx d y Ty d x Ty d Tx y

N x y min d x Tx d x Ty d y Tx

+
       

 
Further, assume that 

(i)T  is α  - admissible, and 
(ii) there exists Xx ∈0  such that 1),( 00 ≥Txxα and set 1= −nn Txx  for 1,2,3,...=n . 

(iii) for any two sequences }{ na  and }{ nb  of X  with nn ba ≠ ,  
 
We have that 1→∆ϕn 0→⇒ nd                                                                              (2.3.2) 
       
Then the sequence }{ nx  is a Cauchy sequence. Suppose }{ nx  converges to z  and 1>),( zzα .  
 
Then z  is a fixed point of T  in X .  
  
 
Theorem 2.4: Let ),( dX  be a complete metric space, RXX →×:α  be a continuous function and let 

XXT →:  be a self map. Suppose the following conditions hold: 
(i) T  is ),,( βϕα  - weak generalized Geraghty contraction i.e., 

),(.)),(())),((()),((),( yxNLyxMyxMTyTxdyx +≤ ϕϕβϕα                                      (2.4.1)  
where 0≥L  for all Xyx ∈, , where  

)}.,(),,(),,({=),( 

)]},,(),([
2
1),,(),,(),,({=),(

TxydTyxdTxxdminyxNand

yTxdTyxdTyydTxxdyxdmaxyxM +

 
(ii) T  is triangular α  - admissible, 

(iii) there exists 0  x X∈ such that 0 0( , ) 1x Txα ≥ and set 1=n nx Tx − for 1,2,3,...=n  .Then }{ nx  is a Cauchy 
sequence. 

 
Suppose }{ nx  converges to x  and  1>),( xxα . Then x  is a fixed point of T  in X .  
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Proof: As in the theorem 2.2, Let Xx ∈0  be such that 1),( 00 ≥Txxα . We define }{ nx  in X  by 1= −nn Txx  for 

each 1,2,3,...=n  If 1= +nn xx  for some Nn∈ , then nn Txx =  and hence nx  is a fixed point of T . Hence, 

without loss of generality, we assume that 1+≠ nn xx  for all Nn∈ . By using the α - admissibility of T , we have 

1),(=),( 0010 ≥Txxxx αα   
 

1),(=),( 1021 ≥⇒ TxTxxx αα .  
 
Now, by mathematical induction, it is easy to see that 1),( 1 ≥+nn xxα for all Nn∈ . 
 
By taking 1= −nxx  and nxy =  in the inequality (2.4.1), 
 
We get 

1 1( ( , )) = ( ( , ))n n n nd x x d Tx Txφ φ+ −  

                1 1( , ) ( ( , ))n n n nx x d Tx Txα φ− −≤  

                1 1( , ) ( ( , ))n n n nx x d Tx Txα φ− −≤                                                                (2.4.2)         
where 

)]},()([
2
1),,(),,(),,({=),( 11,1111 −−−−−− + nnnTxnnnnnnnnn TxxdxdTxxdTxxdxxdmaxxxM  

              
)]},(),([

2
1),,(),,(),,({= 11111 nnnnnnnnnn xxdxxdxxdxxdxxdmax ++−+−−  

              )},(),,({= 11 +− nnnn xxdxxdmax                                                                (2.4.3)         
                                                                                

)},(),,(),,({=),( 1111 nnnnnnnn xTxdTxxdxxdminxxN −−−−  

              )},(),,(),,({= 11 nnnnnn xxdTxxdxxdmin −−  

              0=                                                                                               (2.4.4) 
 
If ),(=)},(),,({ 111 ++− nnnnnn xxdxxdxxdmax  for some Nn∈  then from (2.4.2),(2.4.3) and (2.4.4), we have 

)),((=)),((<)),(( 111 +−+ nnnnnn xxdxxMxxd ϕϕϕ , a contradiction. 
 
Thus, we have ),(=)},(),,({ 111 nnnnnn xxdxxdxxdmax −+−  for all Nn∈  and hence  

),(<),( 11 nnnn xxdxxd −+  for all Nn∈ .                                                                    (2.4.5)                                                             
 
Thus it follows that )},({ 1+nn xxd  is a non-negative, decreasing sequence of real numbers. Suppose that 

0,=),(lim 1 ≥+
∞→

rrxxd nn
n

 

 
Now we prove that 0.=r  
 
Assume that 0>r . 
∴ 1 1 1 1 1( , ) ( ( , ))  ( ( ( , ))) ( ( , )) . ( , )n n n n n n n n n nx x d Tx Tx M x x M x x L N x xα φ β φ φ+ + + + +≤ +  
 
⇒  ),(.),(())),((()),(( 1111 ++++ +≤ nnnnnnnn xxNLxxdxxMTxTxd ϕϕβϕ  
 
⇒  ),(.),(())),((()),(( 11121 +++++ +≤ nnnnnnnn xxNLxxdxxMxxd ϕϕβϕ  
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On letting ∞→n  

1 2 1 1 ( ( , ))  ( ( ( , ))) ( ( , ))lim liminfn n n n n n
n n

d x x d x x d x xφ β φ φ+ + + +
→∞ →∞

≤  

                        1 1 ( ( ( , ))) ( ( , ))limsup n n n n
n

d x x d x xβ φ φ+ +
→∞

≤  

                        1 ( ( , ))lim n n
n

d x xφ +
→∞

≤  

 
)()()),(((limsup)())),(((liminf)( 11 rrxxdrxxdr nn

n
nn

n
ϕϕϕβϕϕβϕ ≤≤≤∴ +

∞→
+

∞→  
 

0=)(rϕ⇒  or 1=))),(((lim 1+
∞→

nn
n

xxdϕβ
 

 
1=))),(((lim 1+

∞→
∴ nn

n
xxdϕβ

 
 

0=),(lim 1+
∞→

⇒ nn
n

xxd
 

 
0=r⇒ , a contradiction for our assumption of 0>r . 

 
0=r∴  

 
Hence 0=),(lim 1+

∞→
nn

n
xxd  

 
Let us suppose }{ nx  is not a Cauchy sequence. 
 
Then there exist 0>ε , and sub-sequences }{

kmx  and }{
knx  of }{ nx  with knm kk >>  such that 

ε≥),(
knkm xxd  and ε<),( 1 knkm xxd −  and we have the following identities. 

(i) ε=),(lim 11 ++
∞→ knkm

k
xxd  (ii) ε=),(lim

knkm
k

xxd
∞→

 

 
Also since T is triangular α - admissible and Nnxx nn ∈∀≥+ 1),( 1α , 

1),( ≥∴
knkm xxα  

 
Hence  

1 1( ( , )) = ( ( , ))m n m nk k k k
d x x d Tx Txφ φ+ +  

                     ( , ) ( ( , ))m n m nk k k k
x x d Tx Txα φ≤  

                     ( ( ( , )) ( ( , )) ( , )m n m n m nk k k k k k
M x x M x x LN x xβ φ φ≤ +                                 (2.4.6)                                               

where 

1( , ) = { ( , ), ( , ),m n m n m mk k k k k k
M x x ma xd x x d x x + 1 1 1

1( , ), [ ( , ) ( , )]}
2n n m n m nk k k k k k

d x x d x x d x x+ + ++  

               
),(=

knkm xxd                                                                                  (2.4.7) 

                                                                                                                         

1 1( , ) = { ( , ), ( , ), ( , )}m n m n m m n nk k k k k k k k
N x x min d x x d x x d x x+ +  

              0=  for large k                                                                                  (2.4.8) 
 
Therefore from (2.4.6),(2.4.7) and (2.4.8), we have                                                                                                                                                       

),()),(()),((()),(( 11 knkmknkmknkmknkm xxLNxxdxxdxxd +≤++ ϕϕβϕ                                  (2.4.9) 
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Allowing ∞→k  

1 1( ( , ))  ( ( ( , ))) ( ( , ))lim  liminfm n m n m nk k k k k kk k
d x x d x x d x xφ β φ φ+ +

→∞ →∞
≤  

                          ( ( ( , ))) ( ( , ))limsup  m n m nk k k kk
d x x d x xβ φ φ

→∞
≤  

                           ( ( , ))lim m nk kk
d x xφ

→∞
≤  

 
( )  ( ( ( , ))) ( )liminf m nk kk

d x xφ ε β φ φ ε
→∞

∴ ≤

 

        

 ( ( ( , )) ( )limsup m nk kk
d x xβ φ φ ε

→∞
≤

 

        

( )φ ε≤

 

 
0=)(εϕ⇒  or 1=))),(((lim

knkm
k

xxdϕβ
∞→  

 
1=))),(((lim

knkm
k

xxdϕβ
∞→

∴
 

 
S∈⇒ β  

 
0=)),((lim

knkm
k

xxdϕ
∞→

∴
 

 
⇒  0=)(εϕ , a contradiction. 
 
Therefore }{ nx  is a Cauchy sequence in X . 
 
Let it converges to Xx∈ .  
 

xxn
n

=lim
∞→

∴  and 1),( ≥xxα  
 
 

 

1( ( , )) = ( ( , ))n nd x Tx d Tx Txφ φ+∴  

                   ( , ) ( ( , ))n nx x d Tx Txα φ≤  

                   )),(())),((( xxMxxM nn ϕϕβ≤  where ),(=),( TxxdxxM n  for large n . 
 
Supposing 0),( ≠Txxd  
 
Allowing ∞→n , )),((<)),(())),((()),(( TxxdTxxdTxxdTxxd ϕϕϕβϕ ≤  
 
which is a contradiction. 
∴ 0=),(0=)),(( TxxdTxxd ⇒ϕ  
 

Txx =∴  
 
Hence x  is a fixed point of T .   
 
Note: G.V.R.Babu et.al [6] used continuity of β  while proving the theorem 1.8, here we successfully avoided the  
ontinuity of β . 
 
 

( , ) 1  nx x n Nα⇒ ≥ ∀ ∈
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Now we give an example in support of theorem 2.2  
 

Example 2.5: Let ]
2
1[0,=X  with usual metric d . 

 
Clearly, ),( dX  is a metric space.  
 

Define XXT →:  by 
4
1=Tx  

Define )[0,: ∞→× XXα  by )}(
4
12{1=),( yxyx +−α  

 
Define the altering distance function 

)[0,)[0,: ∞→∞ϕ  by tt =)(ϕ   if 0 ≥t  
 

Let ]
2
1[0,, ∈yx   

1>)}(
4
12{1=),( yxyx +−⇒α  and  

    
1>))}(

4
1

4
32{=))}((1

4
12{1=)}(

4
12{1=)),( yxyxTyTxTyTx +++−−+−α

 
 

T∴  is α  - admissible and taking 0=0x  
 

1>
8

15=}
16
12{1=),( 00 −⇒ Txxα  

 
Now 0=),(),(=)),((),( TyTxdyxTyTxdyx αϕα  
 
Further  

0>|}
2
1|

2
1|,

4
1||,

4
1||,{|=

)]},(),([
2
1),,(),,(),,({=),(

−+−−−

+

yxyxyxmax

yTxdTyxdTyydTxxdyxdmaxyxM
 for yx ≠   

0>)),(( yxMϕ⇒  and 0),( ≥yxN  
 

),(.)),((<)),((),( yxNLyxMTyTxdyx +∴ ϕϕα  for any 0≥L  
 
∴ hypothesis of theorem 2.2 is satisfied. 
 

4
1=

4
1T  Hence 

4
1

 is a fixed point of T   

  
Is the theorem 2.2 true if the conditions on α  are removed ?  
: 
The fourth author is grateful to management of Mrs.AVNCollege, Visakhapatnam and Mathematics Department of 
Andhra University for giving necessary permission and providing necessary facilities to carry on this research.  
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