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ABSTRACT 

In present paper, some fixed point theorems in Hausdorff spaces have been proved, which generalize the theorem of 

YEH, C.C. [2]. 

XyxyxdTyTxd ∈∀< ,);,(),( . 
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INTRODUCTION: 

 

In 1962, M. Edelstein [1] proved the following result: 

 

Theorem 1: Let (X,d) be a metric space, T be a contractive self-mapping of X. If for some Xx ∈ , the sequence of 

iterates }{ xT
n

 has a convergent subsequence }{ xT in
 converging to a point Xx ∈0 , then }{lim0 xTx

n
=  is 

unique fixed point. 

 

Singh, S.P. and Zorzitto [3] generalized the result of M. Edelstein [1]. 

 

Here, we prove the following theorems, which generalized the result of YEH, C.C. [2]: 

 

Theorem 2: Let T be a continuous mapping of a Housdorff space X into itself and let f be a continuous mapping of 

X×X into non-negative reals such that 

 

Xxxxf ∈∀= ;0),(  and yxXyxyxf ≠∈∀≠ ,,,0),(                                                                                (2.1) 

),(),(),( zyfyxfzxf +≤ , for all x, y, z in X                                                                                                      (2.2) 
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hold for all Xyx ∈,  where )1,0[∈q . Then T has a unique fixed point in X. 

 

Proof: Let 0x   be an arbitrary point in X and a sequence }{ nx  defined by 1+
= nn xTx , n a positive integer. If for some 

n, nn xTx =  then nx   is a fixed point. If not nn xTx ≠  then by (2.3), we have. 
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Then we have either ),(),( 2121 xxqfxxf <  which is a contradiction as q<1 

 

or ),(),(),( 101021 xxfxxqfxxf <<  as q<1 

and ),(),(
2

),( 101021 xxqfxxf
q

q
xxf ≤

−
≤ ),( 10 xxf< as  q<1 Proceeding in the same manner we have 

 

...),(),(),( 322110 >>> xxfxxfxxf  

 

Thus we have a monotone sequence of positive reals which converges with all it subsequences to some Xx ∈ , x being 

real. 

 

Again }{ nx  has a convergent subsequence }{
knx in X which converges to some Xx ∈ . From the continuity of T,  

 

we have 

 

{ } nn TxxTTx limlim ==  

              )(lim 1+
= nx  

 

{ }1

2 lim)()(
+

==
knxTTxTxT  

             { }1lim
+

=
knTx 2+

= nx  

 

Now we are to prove that x is a fixed point for T. 

 

( )1lim,lim),(
+

= nn xxfTxxf  

  ),(lim 1+
= nn xxf  

  ),(lim 21 ++
= nn xxf  

  ),(lim 2
xTTxf=  
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Again by (2.3) we have 

�
�
�

≤ ),(
2

1
),,(),,(),,(),,(max),( 222 xTxfTxTxfxTTxfTxxfTxxfqxTTxf , ,

),(

),(),( 2

Txxf

xTTxfTxxf
         

                           
),(

),(),( 2

Txxf

TxTxfxTxf
, 

),(),(

),(),(
2

2

xTTxfTxxf

xTxfTxxf

+
, 

),(),(

),(),(
2

22

xTTxfTxxf

xTTxfxTxf

+
, ,    

                               
),(),(

),(),(
2

22

xTTxfTxxf

xTxfxTTxf

+
, 

�
�
�

+

+

),(),(2

),(),(),(),(
2

222

xTTxfTxxf

xTTxfxTxfxTTxfTxxf
 

 

                     { }
�
�
�

+≤ ),(),(
2

1
,0),,(),,(),,(max 22 xTTxfTxxfxTTxfTxxfTxxfq ,  

                           }),(),,(),,(),,(),,(,0),,( 2222
xTTxfxTTxfTxxfxTTxfTxxfxTTxf  

 

                    
�
�
�

�
�
�

+≤ )],(),([
2

1
),,(),,(max 22

xTTxfTxxfxTTxfTxxfq  

 

which gives 

 

),(),( 2
TxxfqxTTxf ≤ ),( Txxf≤  as q<1 

 

So we arrive at a contradiction hence Txx =  i.e. x is a fixed point for T.  

 

Uniqueness: Let y ( x≠ ) be another fixed point. Then by (2.3) we have 

 

�
�
�

≤ ),(
2

1
),,(),,(),,(),,(max),( yxfxyfyyfxxfyxfqyxf  

),(

),(),(

yxf

yyfxxf
, 

),(

),(),(

yxf

xyfyxf
,    

),(),(

),(),(

yxfyxf

yxfyxf

+
, 

),(),(

),(),,(

yxfyxf

yxfyxf
, 

),(),(

),(),(

yxfyxf

yxfyxf

+
,

),(),(

),(),(

yxfyxf

yxfyyf

+
, 

�
�
�

+

+

),(),(2

),(),(),(),(

yxfyxf

yyfyxfyxfyxf
 

     

),(),(),( yxfyxfqyxf <≤  which is a contradiction as q<1 

 

Hence x = y i.e. x is a unique fixed point of T. 

 

This completes the proof of the theorem. 

 

Theorem 3: Let 1T  and 2T  be two commuting continuous mapping of a Hausdorff space X into it self and let f be a 

symmetric continuous mapping of X×X into non-negative reals such that 

 

Xxxxf ∈∀= 0),(  and yxXyxyxf ≠∈∀≠ ,,0),(                                                                            (3.1) 

 

),(),(),( zyfyxfzxf +≤                                                                                                                                      (3.2) 
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hold for all Xyx ∈,  where )1,0[∈q . If for some Xx ∈0 , the sequence }{ nx  where 1221 +
= nn xxT  and 

22122 ++
= nn xxT  for n = 0, 1, 2, 3, ... has a convergent. Subsequence of the type }{ )12( npx

+
  where Np ∈ , is fixed  

and Nn∈ , then 1T  and 2T  have a unique fixed point. 

 

Proof: Using (3.3) we have 
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Then we have either ),(),( 2121 xxfqxxf ≤  which is a contradiction as q<1. 

 

or ),(),( 1021 xxqfxxf ≤  as q<1. and ),(
2

),( 1021 xxf
q

q
xxf

−
≤  as q<1. 

Repeating this argument we have  

 

.....),(),(),( 322110 >>> xxfxxfxxf  

 

Thus, the sequence { }),( 1+nn xxf  is converging to some z. Again sequence }{ nx  has a subsequence { }
npx 2)12( +

. 

From the continuity of 1T  and 2T , we have 12)12(2)12(11 limlim
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Now, we have to show that x is a fixed point for 1T  and 2T , we get  
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Implies 

 

),(),(),( 11121 xTxfxTxqfxTTxTf <≤  a contradiction as q<1. 
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Thus xTx 1= , similarly if{ }
12)12( ++ npx  be subsequence of{ }

npx )12( +
then we can get easily xTx 2= . Therefore x is a 

fixed point for 1T  and 2T . 

 

Uniqueness: Let )( xy ≠  be another fixed point of 1T  and 2T . By applying (3.3) we can prove 

that ),(),( 21 yxfyTxTf ≤ , a contradiction as q<1. 

 

Hence x is a unique fixed point of 1T  and 2T . 

 

This completes the proof of the theorem. 

 

Theorem 4: Let nTTTT ,.....,, 321  be continuous mappings of a Hausdorff space X into itself and let f be a continuous 

mapping of X x X into the non-negative reals such that 

 

Xxxxf ∈∀= 0),(  and yxXyxyxf ≠∈∀≠ ,,0),(                                                                           (4.1)
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hold for all distinct Xyx ∈,  where )1,0[∈q  and 1+
= kk xxT . 

 

If for some Xx ∈0 , the sequence }{ nx  where  
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for n = 0, 1, 2, 3, ... has a convergent subsequence of the type }{ 1+mkx  where Nm ∈  is fixed and Nn∈ . Then 

kTTTT ,...,, 321  has a unique fixed point. 

 

Proof: Using (4.3) we have 
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Analogously 
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By (4.3) we have 
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Hence 
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The uniqueness of kTTTT ,....,, 321  is similar as of theorem-3. 

 

This completes the proof of theorem. 
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