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ABSTRACT

In this paper, we discuss the effect of Magnetic, Permeability, and Forchhemir Parameters on the Steady
Magnetohydrodynamic boundary layer flow of nanofluid over a continuous exponentially stretching porous surface
through a Non-Darcy porous medium. By suitable similarity transformations, the governing boundary layer equations
are transformed to ordinary differential equations and to solve these equations the method applied is numerical
computation with bvp4c, a MATLAB program. The effects of various parameters like, Magnetic Parameter,
Permeability Parameter, Forchheimer Parameter, Rotation Parameter etc. on velocity profiles, heat transfer, and
nanoparticle volume fraction distribution, Skin- Frictions, Nusselt Number and Sherwood Number are computed and
discussed numerically and presented through tables and graphs.
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1. INTRODUCTION

Historically, Crane [1] first studied the boundary layer flow due to linearly stretching sheet. Magyari and Keller [2]
considered the boundary layer flow and heat transfer due to an exponentially stretching sheet. Bhattacharya and Pop [3]
showed the effect of external magnetic field on the flow over an exponentially shrinking sheet.

In recent years studies on nanofluid heat and mass transfer boundary layer laminar flow have attracted considerable
attention. Choi [4] introduced the technique of nanofluids by using a mixture of nanoparticles and the base fluids. The
presence of the nanoparticles in the nanofluid increases the thermal conductivity and causes significant change in
properties such as viscosity and specific heat in comparison to the base fluid. It has attracted many researchers to
perform its engineering applications.

Shateyi, S. et al. [5] numerically investigated the magnetohydrodynamic boundary layer flow with heat and mass
transfer of an incompressible upper-convected Maxwell fluid over a stretching sheet.

Ibrahim,S.M. et al. [6] analyzed numerically the mass transfer and thermal radiation on a steady two-dimensional
laminar flow of a viscous incompressible electrically conducting micropolar fluid past a stretching surface embedded in
a Non-Darcian porous medium in the presence of heat generation.

Nandy, S. K. [7] investigated the hydromagnetic boundary layer flow and heat transfer of a Non-Newtonian Casson
fluid in the neighborhood of a stagnation point over a stretching surface in the presence of velocity and thermal slips at
the boundary.
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Khan, W. A. et al. [8] numerically studied steady boundary layer flow past a stretching wedge with the velocity U, (x)

in a nanofluid and with a parallel free stream velocity U, (X). Njane,W. N.M. et al. [9] studied the effect of magnetic

field on boundary layer flow of an incompressible electrically conducting water-based nanofluid past a convectively
heated vertical porous plate with Navier slip boundary condition. Goyal M. et al.[10] analyzed the effect of velocity slip
boundary condition on the flow and heat transfer of Non-Newtonian nanofluid over a stretching sheet with a heat
source/sink, under the action of a uniform magnetic field, orientated normally to the plate. Bhattacharyya K. et al. [11]
presented a mathematical model of the steady boundary layer flow of nanofluid due to an exponentially permeable
stretching sheet with external magnetic field.

Khan, Md.S. et al. [12] studied a two-dimensional steady flow of an electrically conducting, viscous incompressible
nanofluid past a continuously moving surface in the presence of uniform transverse magnetic field with chemical
reaction. Sheikholeslami, M. et al. [13] studied two-dimensional laminar-forced convection nanofluids flow over a
stretching surface in a porous medium. Noghrehabadi, A. et al. [14] examined the combined effects of Brownian
motion, thermophoresis, and magnetic field on the steady boundary-layer flow and heat transfer of nanofluids over a
linear isothermal stretching sheet. Poornima T. et al. [15] presented the numerical solution of a steady free convective
boundary-layer flow of a radiating nanofluid along a non-linear stretching sheet in the presence of transverse magnetic
field.

Malvandi,A. et al. [16] dealt with the steady two-dimensional stagnation point flow of nanofluid toward an
exponentially stretching sheet with nonuniform heat generation/absorption. Ferdows,M. et al. [17] studied
Magnetohydrodynamic MHD boundary layer flow of a nanofluid over an exponentially stretching sheet. Hamad, M. A.
A. et al. [18] analyzed the boundary-layer flow and heat transfer in a viscous fluid containing metallic nanoparticles
over a nonlinear stretching sheet. Khan, Md. S, et al. [19] investigated numerically the study of mhd radiative heat
transfer in a nanofluid within the influence of magnetic field over a stretching surface. Wahiduzzaman, M et al. [20]
investigated numerically the viscous dissipation and radiative heat transfer in nanofluid with the influence of magnetic
field over a rotating stretching surface.Takhar H.S. et al. [21] studied the flow and heat transfer on a stretching surface
in a rotating fluid, in the presence of a magnetic field.

In the above mentioned works effect of rotational motion on flow of nanofluid over a continuous exponentially
stretching porous surface through a non-Darcy porous medium is not considered.

Present paper deals with the study of effects of rotational motion on steady, free convective MHD Nanofluid flow and
heat and mass transfer over an Exponentially Stretching Sheet embedded in a Non-Darcy porous medium with heat
source. Using similarity transformations the governing boundary layer equations are transformed to the ordinary
differential equations. The computed results are discussed in detail with table and graphical representation.

2. MATHEMATICAL MODEL FORMULATION

Consider the steady boundary layer flow with rotational (angular) motion past a stretching surface in a porous medium
filled with a nanofluid. The magnetic Reynolds number is assumed to be small, so that the induced magnetic field is
negligible. The fluid is assumed to be electrically non-conducting. The convecting fluid and the porous medium are

everywhere in thermodynamic equilibrium. It is assumed that the uniform temperature of the surface is T,, and that of
the nanofluid volume fraction is C,, ; the uniform temperature and nanofluid volume fraction in the ambient (free flow
region) fluid are T_ andC_ respectively. There is no rotational motion of the ambient (free flow region) fluid. It is
also assumed that the plate is exponentially stretched with a velocityu,, (X) = cexp(tj, where C is a positive

constant and having no initial rotational motion. The flow is assumed to be high so that an advective term and a
Forchheimer quadratic drag term do appear in the momentum equations. The viscous dissipation and radiation terms
have not been taken into account. The Physical Model of the problem with coordinate system is as shown in the Figure
1.

Under these assumptions, the following five field equations embodying the conservation of total mass, momentum

(Brinkman-Forchheimer equations), energy and nanofluid volume fraction equations for the nanofluid are considered
as follows.
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Figure 1: Physical model and coordinate system.

The Equation of Continuity:
ou 8u

8x6y

The Equation of Momentum:

2 2
u@_uﬂ)@_u: ou_ o u—ﬁu—iu2+2§2w. (2.2)
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=0. (2.1)

The Equation of Angular Momentum
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The Equation of Energy:
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The Equation of Mass:
oC 8C 6C D; 6T
u—+ =D, , (2.5)
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where x and y are Cartesian coordinates along the stretching wall and normal to it respectively. u and v are the velocity
components along the x-and y-axes and w being rotational velocity about normal to x-y plane i.e. about z axis. T is the

X
temperature in the fluid phase. C is the nanoparticle volume fraction. B(X) =B, exp(zj is variable magnetic

field and By is constant. K is the permeability of the porous medium. b is For chheimer coefficient. € is coefficient of
rotational motion. p,v and w are the density, kinematic viscosity and dynamic viscosity of the fluid, respectively.

Further, (pCp ) ; is the heat capacity of the fluid. (,OCp )p is the effective heat capacity of the nanoparticle material

and « is the effective thermal conductivity of the porous medium. The coefficients that appear in (2.4) and (2.5) are
the heat source coefficient Q, , the Brownian diffusion coefficient Dy and the thermophoretic diffusion coefficient

D, .
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The boundary conditions for (2.1) — (2.5) are:

y:O:u:uW(x)zcexp(%j,u=uw,w(x,0):0

T=T =T +T,expl —| c=C_=cC_+C,exp| = |
—'w T Tw 0 2L ' w o0 0 2L !

y > o:u—0wxy) —»0T->T,C>C_,

where uw(x)zcexp(Lj 9) (x)—cexp(ZLj

Dimensional Analysis:

We define

n= (ijzeﬂy, W= (214_0)% e2t (), O(n) = %,

(C-C,) 61//0 oy

C.-c ) Y o VX y)=ce 9(77)

$(n) =

(2.6)

(2.7)

Here 77 is similarity variable, v is a stream function. € is non-dimensional Temperature. ¢ is non-dimensional

concentration.

Using (2.7) in (2.2)-(2.5) can be written as

" " "2 1 ! 2 _
freff=2(f") —[[M +Ejf+FS(f ) j+ng—0

g'+fg-2f'g—R1Lf '—((M +%jg + Fs(g)zj =
0"+Pr(fo'—f'0+ 160+ Nbo'¢'+Nt(0')*) =0

¢"+Le(fg'—f '¢)+s—;9"= 0
and boundary conditions (2.6) as

f(0)=S,f'(0)=16(0) =1,¢(0) =1,9(0) =0.

f'(n) = 0,6(n7) - 0,4(7) - 0,9(n) >0 as n - 00}
where S =—v, / m is the wall mass transfer parameter.

S >0 (v, <0) corresponds to mass suctionand S <0 (v, > 0) corresponds to mass injection .

Here prime denotes differentiation with respect to7;.

The parameters occurring in (2.8) to (2.11) are defined as follows
X

20B5L L X Kcel 2L v k
M = beC ,Kl= oLy ,Fs= \/_ ;,QZE,L
Nb= D, P (€u=C.) D (C), 0 -T.) | _
() v T, (,C) v

Q, = A(c/2L)e¥'",R1=4QL/U,U = ce*'"
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Q, = /1(C/2L)eX/L is the nonuniform heat generation/absorption coefficient where 2 > 0 and A < 0 stand for heat

x/L

generation and absorption parameters respectively. R1 is fluid rotational parameter. U = ce is the fluid velocity

depending exponentially upon x.

The quantities of physical interest for this problem are the local Skin-friction due to linear motion (Cy), local Skin-
friction due to rotation (Cg), local Nusselt number (Nuy) , local Sherwood Number (Sh, ) and local Reynold Number
(Re,).These are defined as follows:

{3)
T o), 1
C.=—%" - 2 —~C, =——— "(0),
bopul pug ' are, O
2 2
C, = ! g'(0), Re, =u,x/v
’ \/ZReX
@ (2.14)
NG,
Nu, = | XRe, 6'(0),
T, T L
(“J
h, == ayy°= —Re ¢'(0).

3. METHOD OF NUMERICAL SOLUTION

The numerical solutions are obtained using the above equations for some values of the governing parameters, namely,
the Magnetic Parameter (M), the Permeability Parameter (K1), the Forchheimer Parameter (Fs), Rotational Parameter
(R1). Effects of M, K1, Fs, R1 on the steady boundary layer flow are discussed in detail. The numerical computation is

done using the MATLAB in-built Numerical Solver bvp4c. In the computation we have taken 77, =10 and axis
according to the clear figure-visuality.

4. RESULT AND DISCUSSION

The nondimensional linear velocity f '(77), rotational velocity g(77), temperature @(77) , and nanoparticle volume
fraction ¢(77) for various values of different parameters are shown in Figures 2 to 17.

To ensure the numerical accuracy, the values f''(0)and f (00) by present method are compared with the results of

Magyari and Keller [18] and Krishnendu Bhattacharyya and G. C. Layek [7] in Table 1 without magnetic field (M = 0)
, non porous media (K1=0, Fs=0 ) and having no rotational motion (R1=0) and with nonporous stretching sheet (S = 0)
and those are found in excellent agreement. Thus, we are very much confident that the present results are accurate.

Tablel: The comparison of values of — f"'(0)and f (00) for M=0; K1=inf; Fs=0.0; R1=0.00; S=0.0;Pr=0.7; Q1=0.5;
Le=2; Nt=0.5; Nb=0.5.

Magyari and Keller [18] | Krishnendu Bhattacharyya and G. C. Layek[7] Present study
- 1" (0) -1.281808 -1.28180838 -1.281817759582543
f (o) 0.905639 0.90564328 0.905021224296639
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Graph between df/dn and n for some values of M
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Figure 2: Graph between f'(77) and 77 for some values of M.

Graph between g and ) for some values of M
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Figure 3: Graph between g(77) and 77 for some values of M.

Graph between 6 and n for some values of M
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Figure 4: Graph between €(77) and 77 for some values of M.
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Graph between ¢ and n for some values of M
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Figure 5: Graph between ¢(77) and 77 for some values of M.

The nondimensional translational velocity f'(77), angular (rotational) velocity, g(77)temperature

6(n) and

nanoparticle volume fraction, ¢(77) for various values of magnetic parameter M, are shown in Figure 2 to 5. In the

presence of mass suctionS > 0 (l)o < 0), the velocity increases with the increase of magnetic parameter. The

magnetic field favours the transport process. The increase of M leads to the decrease of the Lorentz force which is due
to interaction of magnetic and electric fields in the motion of an electrically conducting fluid. The stronger Lorentz
force produces lesser resistance to the transport phenomena. Angular velocity of fluid decreases. Also, the temperature
and the nanoparticle volume fraction decrease with M. The Lorentz force has the tendency to decrease the temperature
and nanoparticle volume fraction in nanofluid motion. Consequently, velocity boundary layer thickness becomes
thicker and angular velocity boundary layer thickness, the thermal boundary layer thickness and nanoparticle volume
fraction boundary thickness become thiner for stronger magnetic field.
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Figure 6: Graph between f'(77) and 77 for some values of K1.
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Figure 7: Graph between g(77) and 7 for some values of K1.
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Graph between 6 and r for some values of K1
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Figure 8: Graph between @(77) and 77 for some values of K1.

Graph between ¢ and n for some values of K1
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Figure 9: Graph between ¢@(77) and 77 for some values of K1.

The nondimensional translational velocity f'(77), angular (rotational) velocity ¢(77), temperature 6(7) and

nanoparticle volume fraction ¢(77) , for various values of porosity parameter K1 are shown in Figure 6 to 9. The

velocity decreases with the increase of porosity parameter K1. On the other hand, the angular velocity of the fluid, the
temperature and the nanoparticle volume fraction increase with K1. Consequently, velocity boundary layer thickness
becomes thinner and angular velocity boundary layer thickness, the thermal boundary layer thickness and nanoparticle
volume fraction boundary thickness become thicker for larger K1.

Graph between df/dn and n for some values of Fs
1 ; !

Fs= 0.5,Fs=1,Fs=1.2 Fs=1.5,
— M=0.5 K1=4,R1=0.01,Pr=0.7,
08 \ Le=2 Nt=0.5,Nb=0.5,5=0.1,Q1=0.5 |
- 06F
B
©
04r
0.2}
0
0 8 10

Figure 10: Graph between f'(77) and 77 for some values of Fs.
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Graph between g and n for some values of Fs
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Figure 11: Graph between g(77) and 7 for some values of Fs.

Graph between 6 and n for some values of Fs
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Figure 12: Graph between @(77) and 77 for some values of Fs.

Graph between ¢ and n for some values of Fs
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Figure 13: Graph between ¢(77) and 77 for some values of Fs.

The nondimensional translational velocity f'(77), angular (rotational) velocity g(77), temperature @(77) and

nanoparticle volume fraction ¢(77) , for various values of Forchheimer parameter Fs, are shown in Figure 10 to 13.

The linear velocity and the angular velocity of the fluid increase with the increase of Forchheimmer parameter Fs. On
the other hand, the temperature and the nanoparticle volume fraction decrease with Fs. Consequently, velocity
boundary layer thickness and angular velocity boundary layer thickness become thicker, and the thermal boundary
layer thickness and nanoparticle volume fraction boundary thickness become thinner for larger Fs.
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Graph between dfidn and n for some values of R1
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Figure 14: Graph between f'(77) and 77 for some values of R1.
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Figure 15: Graph between g(77) and 77 for some values of R1.
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Figure 16: Graph between &(77) and 77 for some values of R1.
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Graph between ¢ and n for some values of R1
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Figure 17: Graph between ¢(77) and 7 for some values of R1.

The nondimensional translational velocity f'(77), angular (rotational) velocity g(7), temperature @(77) and

nanoparticle volume fraction ¢(77), for various values of rotation parameter R1 are shown in Figure 14 to 17. The

linear velocity and the angular velocity of the fluid decrease with the increase of rotation parameter R1. On the other
hand, the temperature and the nanoparticle volume fraction increase with R1. Consequently, velocity boundary layer
thickness and angular velocity boundary layer thickness become thinner, and the thermal boundary layer thickness and
nanoparticle volume fraction boundary thickness become thicker for larger R1.

We now discuss the variations of the physical quantities of engineering importance, that is, the local Skin Friction
coefficient for Linear velocity Cf, local Skin Friction coefficient for Rotational velocity and the local Nusselt Number

Nux, local Sherwood Number for different values of M,K1,Fs, and R1. The quantities f''(0),g '(0) , #'(0) and
¢'(0) related to local skin friction coefficient for linear velocity C  , local Skin Friction coefficient for Rotational

velocity C , the local Nusselt Number Nu, , local Sherwood Number Sh, are given in tables 2 to 5 for various
values of parameters.

Table2. Table for f''(0),g '(0) , #'(0) and ¢'(0) for different values of M at K1=4; Fs=0.5; R1=0.01; Pr=0.7;
Q1=0.5; Le=2; Nt=0.5; Nb=0.5; S=0.1.

M f(0) g0 6'(0) ¢'(0)

0.5 | -0.791430508416108 | -0.036562717806286 | 0.388468637335052 | 1.929810650727245
0.7 | -0.65590885665634 | -0.056357886100721 | 0.453195784609117 | 1.965568409675726
0.9 | -0.511550410652045 | -0.079375624184983 | 0.494134375485658 | 1.996733798027171
1.0 | -0.436341405600862 | -0.091974854928743 | 0.511342208881025 | 2.011880484551393

Table 2 shows f'"(0) increases, g '(0) decreases, @'(0) and ¢'(0) increase with M.

Table 3. Table for f"'(0),g '(0) , 8'(0) and ¢'(0) for different values of K1 at M=0.5; Fs=0.5; R1=0.01;
Pr=0.7; Q1=0.5; Le=2; Nt=0.5; Nb=0.5; S=0.1.

K1 f(0) g '(0) ¢'(0) ¢'(0)

1 | -0.240055296498474 | -0.12719692346525 | 0.549168474142145 | 2.049122117082349

2 -0.62060635671019 | -0.061844512535624 | 0.464574800279222 | 1.973530711812985

3 | -0.736115884241243 | -0.044331924755409 | 0.421141880698140 | 1.945982263247798

4 | -0.791430508416108 | -0.036562717806286 | 0.388468637335052 | 1.929810650727245
Table 3 shows "' (0) decreases, g '(0) increases, '(0) and ¢'(0) decrease with K1.
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Table 4. Table for f''(0),g '(0) , 8'(0) and ¢'(0)
Pr=0.7; Q1=0.5; Le=2; Nt=0.5; Nb=0.5; S=0.1.

for different values of Fs at M=0.5; K1=4; R1=0.01;

Fs f(0) g0 6'(0) ¢'(0)

0.5 | -0.791430508416108 | -0.036562717806286 | 0.388468637335052 | 1.929810650727245
1.0 | -0.578881594882092 | -0.025952316333218 | 0.435136868976853 | 1.981551072522049
1.2 | -0.481390515281348 | -0.023712331368310 | 0.453626495246452 | 2.003499800165463
1.5 | -0.316741480029212 | -0.021346501616894 | 0.482261100630321 | 2.038717191165877

Table 4 shows f''(0) ,g '(0) , '(0) and ¢'(0) increase with Fs.

Table 5. Table for f''(0),g '(0) , 8'(0) and ¢'(0) for different values of R1 at M=0.5; K1=4; Fs =0.5; Pr=0.7;
Q1=0.5; Le=2; Nt=0.5; Nb=0.5; S=0.1.

R1 f(0) g0 6'(0) ¢'(0)
0.01 | -0.791430508416108 | -0.036562717806286 | 0.388468637335052 | 1.929810650727245
0.03 | -0.804978525572459 | -0.135249878530288 | 0.352626085770798 | 1.923001471550448
0.05 | -0.828256354045100 | -0.217706260536009 | 0.310306707747155 | 1.915054081886551
0.07 | -0.801568530938947 | -0.153058432606265 | 0.407476801754900 | 1.930819622637134

Table5 shows f'(0),g "(0) , 8'(0)

fourth value.

and ¢'(0) decrease with R1 for its first three values while increase at its

5. CONCLUSION

In this paper, we have studied the Steady Magnetohydrodynamic boundary layer flow of nanofluid over a continuous
exponentially stretching porous surface through a Non-Darcy porous medium and discussed the effect of Magnetic,
Permeability, and Forchhemir parameters etc. on velocity profiles, heat transfer and nanoparticle volume fraction
distribution. Skin Frictions, Nusselt Number and Sherwood Number are computed and discussed numerically and
presented through tables and graphs.

Figures 2 to 17 show following results:

The nondimensional translational velocity f'(?]) increases with the increase of magnetic parameter M and
Forchheimer parameter Fs. Consequently, velocity boundary layer thickness becomes thicker for larger M and Fs.

The angular (rotational) velocity Q(77) increases with the increase of porosity parameter K1 and Forchheimer
parameter Fs. Consequently, angular velocity boundary layer thickness becomes thicker for larger K1 and Fs.

The temperature increases with porosity parameter K1 and rotation parameter R1. Consequently, the thermal boundary
layer thickness becomes thicker for larger K1 and R1.

The nanoparticle volume fraction increases with porosity parameter K1 and rotation parameter R1. Consequently,
nanoparticle volume fraction boundary thickness become thicker for larger K1 and R1.

The nondimensional translational velocity f (77) decreases with the increase of porosity parameter K1 and rotation
parameter R1. Consequently, velocity boundary layer thickness becomes thinner for larger K1 and R1.

The angular (rotational) velocity ¢(77) decreases with the increase of magnetic parameter M and rotational parameter
R1. Consequently, angular velocity boundary layer thickness becomes thicker for larger M and R1.

The temperature @(77) decrease with magnetic parameter M and Forchheimer parameter Fs. Consequently, the
thermal boundary layer thickness become thinner for larger M and Fs.

The nanoparticle volume fraction ¢(77) decrease with the increase of magnetic parameter M and Forchheimer
parameter Fs.. Consequently, nanoparticle volume fraction boundary thickness become thinner for larger M and Fs.
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Tables 2 to 5 show following results:

f''(0) increases with M and Fs; g '(0) increases with K1 and Fs; &'(0) increases with M and Fs ; ¢'(0)
increases with M and Fs.

f'(0), 6'(0) and ¢'(0) decrease with K1; g "(0) decreases with M.

f'(0),g '(0) , €'(0) and ¢'(0) decrease with R1 for its first three values while increase at its fourth value.
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