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ABSTRACT

The aim of this paper is to introduce the concept of upg closed and open set and to introduce the ppg continuous
map and their relations. Various properties and characterizations of ppg continuous map and study their basic
properties in topological spaces.

Keywords: upg closed set, pipg open set, regular open, upg continuous map.

1. INTRODUCTION

In 2000, M. K. R. S. Veera kumar introduced the concept of pup — closed sets in topological spaces. Later he introduced
g closed sets in topological spaces. In this paper | introduce the some properties of ppg closed set and continuity in
topological spaces.

2. PRELIMINARIES

Definition 2.1: A subset A of X is called generalized closed (briefly g-closed) [3]set if cl(A) & U whenever
A c U and U is open in X

Definition 2.2: A subset A of X is called regular open(briefly r-open) [5] set if A= int(cl(A)) and regular
closed(briefly r-closed) set if A = cl(int(A)).

Definition 2.3: A subset A of X is called pre-open [7] set if A < int(cl(A)) and pre-closed set if cl(int(4)) € A
Definition 2.4: A subset A of X is called & — open [8] if A < int(cl(int(A))) and a — closed if cl(int(cl(4))) < A.
Definition 2.5: A subset A of X is called 0-closed [13] if A= cly (A), where cly (A)={X€ X:cl(U)N A # U € 1}.
Definition 2.6: A subset A of X is called §- closed [13] if A=cl;(A),where cls(A)=x € X:int(cl(U))NA # U € t}

Definition 2.7:A subset A of X is called §-generalized closed (briefly §-g-closed) [12] if cls(A)SU whenever Ac U
and U is open in X,

Definition 2.8: A subset A of X is called ga™ closed set [6] if acl(A)<S int( U), whenever AC U and U is a open in
X.

Definition 2.9: A subset A of X is called g closed set [15] if cl(A)< U, whenever A< U and U is semi open in X.
Definition 2.10: A subset A of X is called g* closed set [14] if cl(A)< U, whenever AC U and U is g open in X.
Definition 2.11: A subset A of X is called gr closed set [10] if rcl(A)< U, whenever AC U and U is open in X.

Definition 2.12: A subset A of X is called midly g closed set [9] if cl(int(A)) € U, whenever AC U and U is g open in
X.
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Definition 2.13: A subset A of X is called * g closed set [17s] if cl(A)< U, whenever Ac U and U is g open in X.
Definition 2.14: A subset A of X is called up closed set[16] if pcl(A)<S U, whenever A< U and U is ga™ open in X.
3.0n ppg Closed set

Definition 3.1: A subset A of a topological space (X,t) is called upg closed set if ppcl(A)S U, whenever Ac U and
Uisg openin X.

Theorem 3.2: Every closed set is pupg closed set, but not conversely.

Proof: Let A be closed set such that AC U and Uis g open set. Every closed set is pp closed set. A= Cl (A)c U =
upcl(A)<S U. Hence ppcl (A)< U, whenever AC Uand U is g open. Therefore A is upg closed set.

Example 3.3: Let X={a, b, c, d}, 7={X,¢ , {a},{b}.{a,b}.{a,b,c}} here A={c} is ppg closed but not closed set in X.
Theorem 3.4: Every midly g closed set is upg closed set.

Proof: Let A be midly g closed set such that cl (int (A)) S U whenever AC U and U is g open. A = cl (int (A)) S
cl(A) € U = upcl(A)S U .Every gopensetis g open. Therefore Ais upg closed set.

Theorem 3.5: Every g closed set is pupg closed set, but not conversely.

Proof: Let A be g closed set such that cl (A) €U, whenever AU and U is open. Then cl(A) € U = ppcl(4) S U.
Every opensetis g open. Therefore A is upg closed set.

Example 3.6: Let X={a, b, ¢, d} ,7={X,¢,{a}.{b}.{a,b}.{a,b,c}}. Let A={c} is upg closed but not g closed set in X.
Theorem 3.7: Every g* closed set is upg closed set, but not conversely.

Proof: Let A be g* closed set. Every g* closed set is g closed. By theorem 3.5, therefore A is ppg closed set.

Example 3.8: Let X={a, b, ¢, d}, 7 = {X,¢ {a}.{b}.{a,b}.{a,b,c}}. Let A={c} is upg closed but not g* closed set in X.
Theorem 3.9: Every gr closed set is pupg closed set, but not conversely.

Proof: Let A be gr closed set. Every gr closed set is g closed. By theorem 3.5, A is upg closed set.

Example 3.10: Let X={a, b, ¢, d} ,t={X,¢.{a}.{b}.{a,.b}.{a,b,c}}. Let A={c} is upg closed but not gr closed set in X.
Theorem 3.11: Every *g closed set is upg closed set, but not conversely.

Proof: Let A be *g closed set such that cl(A)) €U, whenever AcU and U is g open. Then cl(A) € U = ppcl(A) € U.
Therefore A is uypg closed set.

Example 3.12: Let X={a, b, ¢, d} ,7={X,¢ ,{a}.{b}.{a,b}.{a,b,c}}. Let A={c} is upg closed but not * g closed set in
X.

Theorem 3.13: Every regular closed set is upg closed, but not conversely.

Proof: Let A be a regular closed set, such that AC U and U is gopen set, Every regular closed set is closed. By
theorem 3.2 Ais upg closed set.

Example 3.14: Let X={a ,b, c, d} ,7={X,¢,{a}.{b}.{a,b}.{a,b,c}}.Let A={a, b, d} is upg closed but not regular
closed.

Remark: Every 0-closed and §- closed is closed. Therefore every 8-closed and §- closed is upg closed
Theorem 3.15: The Union of two upg closed subsets of X is also an upg closed subsets of X.
Proof: Assume that A and B are pupg closed sets in X, such that Ac U and Bc Uand U is g open. Since A and B are

upg closed set, therefore pupcl(A)c U and ppcl(B)c U. Hence ppcl(AuB)= ppcl(A) U ppcl(B)cU.That is AUB is
upg closed set.

© 2015, IJMA. All Rights Reserved 47



D. Subbulakshmi* / On upg set and continuity in Topological Spaces / IIMA- 6(9), Sept.-2015.
Theorem 3.16: The intersection of two ppg closed subsets of X is also an pupg closed subsets of X.

Proof: Assume that A and B are upg closed sets in X, such that Ac U and Bc Uand U is g open. Since A and B are
upg closed set, therefore ppcl(A)c U and ppcl(B)c U. Hence ppcl(AnB)= up cl(A)n ppcl(B)cU.That is AnB is
upg closed set.

Theorem 3.17: Let A< B upcl(A) and A is a upg closed subset of (X,7) then B is also a upg closed subset of
(X,7).

Proof: Since A is a upg closed subset of (X,7), So upcl(A) € U,whenever A <€ U, U is g open subset of X. Let
AC BC upcl(A). That is ppcl(A)= upcl(B).Let if possible there exists an g open subset V of X such that B € V.So
A c 'V and A being ppg closed subset of X, up cl(A) € V. That is ppcl(B) € V. Hence B is also a upg closed subset
of X.

Theorem 3.18: Let Ac BSX, where B is g open in X. If Ais upg closed in X, then A is upg closed in B.

Proof: Let A € U, where U is g open set of X. Since U=VNB, for Some g open set V of X and B is g open in X.
Using assumption A is upg closed in X. We have ppcl(A)SU and so ppcl(A)=cl(A)nB € UnB < U. Hence A is
upg closed in B.

Theorem 3.19: A subset A of X is upg closed sets iff upcl(A) N A° contains no non-zero closed set in X.

Proof: Let A be a upg closed subset of X. Also if possible let M be closed subset of X such that M € up cl(A) n A°.
That is M € ppcl(A) and M € A°. Since M is a closed subset of X, M° is an open subset of X € A, and A being upg
open subset of X, upcl(A) € MS. But MC ppcl(A).So we get a contradiction. Therefore M=@. So the condition is true.
Conversely, let AS N, and N is a open subset of X. Then N°CA°, And N° is a closed subset of X. Let if possible
upcl(A) € N .Then ppcl(A) n N is a nonzero closed subset of ppcl(A) N A®, which is a contradiction .Hence A is a
upg closed subset of X.

Theorem3.20: A subset A of X is upg closed set in X iff upcl(A)-A contain no non-empty g closed set in X.

Proof: Suppose that F is a non-empty g closed subset if upcl(A)-A. Now F € ppcl(A)-A. Then F € ppcl(A) N A°.
Therefore FS A°. Since F° is g open set and A is upg closed, upcl(A) € F°. That is FC ppcl(A)°. Hence
FC upcl(A) n[upcl(A)]°=@. That is F=@. Thus ppcl(A)-A contains no non empty g closed set. Conversely assume that
upcl(A)-A contains no nonempty g closed set. Let A< U, U is g open. Suppose that ppcl(A) is not contained in U.
Then pp cl(A) N U is a non-empty g closed set and contained in up cl(A)-A, which is a contradiction.
Therefore pupcl(A) € U and hence A is upg closed set.

Regular closed 6 closed
6 closed > closed > upg closed
ég closed
\4 /
gr closed
v ,
g closed < g* closed »{ Midly g closed

4. On upg open set
Definition 4.1: A subset A of a topological space X is called upg open sets if A®is upg closed.

Theorem 4.2: A subset A of a topological space (X,7) is upg open if and only if B < pp int(A) whenever B is g
closed in X and BSA.
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Proof: Necessity: Suppose B € up (int(A)) where B is g closed in (X,7) and BCA. Let A° €M where M is g open.
Hence M° €A, where M° is g closed. Hence by assumption M® € up (int(A)) which implies(pp (int(A)))° M.
Therefore pp (cl(A%)) €M. Thus A®is upg closed, implies A is upg open.

Sufficiency: Let A is upg open in X with N €A, Where N is g closed. We have A°® is upg closed with A°cN° where
N®is g open. Then we have up (cl(A%)) SN°implies NEX- up (cl(A%))= up (int(X-A%))= up (int(A))

Theorem 4.3: If up (int(A)) =B <A and A is upg open subset of (X,7) then B is also ppg open subset of (X,7).

Proof: Let pp (int(A)) =B CA implies A° €B° < up (cl(A%). Given A isupg closed. By theorem 3.17, B is
upg closed. Therefore B is upg open.

Theorem 4.4: If a subset A of a topological space (X,7) is upg open in X then F=X, whenever F is regular open and
up (int(A)) € A° c F.

Proof: Let A be a ppg open and F be g open, pp (int(A))U A° € F. This gives F° € (X- pp (int(A)))NA=pp
(cl(A%)) NA=pp (cl(A%)-A°. Since F®is g closed and A° is upg closed. By theorem 3.19, we have F°=@. Thus F=X.

Theorem 4.5: If a subset A of a topological space (X,7) is upg closed, then up (cl(A))-A is upg open.

Proof: Let AC X be a upg closed and let F be g closed such that F< up (cl(A))-A. By theorem 3.19, we have
F=0.So @ = F< pp(int(up(cl(A))-A)).Therefore pup(cl(A))-A is upg open.

Theorem 4.6: If A and B are upg open sets in X then ANB is also upg open sets in X.

Proof: Let A and B be two ppg open sets in X. Then A® and B are upg closed sets in X. By theorem3.15, A°‘UB°® is a
upg closed in X. That is (AnB)is a upg closed in X. Therefore (ANB) is upg open set in X.

Theorem 4.7:1f A and B are upg open sets in X then AUB also upg open set in X.

Proof: Let A and B be two upg open sets in X. Then A® and B® are pupg closed sets in X. By theorem 3.16, A°nB° is a
upg closed in X. That is (AnB)® is a upg closed in X. Therefore AUB is upg open sets in X.

Theorem 4.8: A X B is apupg open subset of (X XY,z X a), iff Ais a upg open subset in (X,7) and B is a uypg
open subset in (Y, g) .

Proof: Let A x B be a upg open subset of (X xY,t X o). Let H be a closed subset of (X,7) and G be a closed subset
of (Y,o) such that HEA,GESB.Then HXG is closed in (X XY,z X ¢) such that HXGSAXB.By assumption AXB is a
upg open subset of (X XY, X g) and so HXGZS pp (int(AxB)) S pp (int(A)) x pp (int(B)).That is HS pp
(int(A)),G< pp(int(B)) and hence A is a upg open subset in (X,7) and B is a upg open subset in (Y,o).Conversely ,
let M be a closed subset of (XxY,t X ¢) such that McAxB.For each (x,y) € M, cl(X) xcl(Y) ccl(M)=McA x B.
Then the two closed sets cl(X) and cl(Y) are contained in A and B respectively. By assumption cl(X) < up (int(A)) and
cl(Y) € up (int(B)) hold. This implies that for each (x,y) €M, (x,y) € up (int(AxB)).Thus AxB is a upg open subset
of (X XY, X o).

5.0n upg continuity

Definition 5.1: A map f: (X,7) = (Y, o) is called

Continuous [3] if (V) is closed subset in (X,7) for every closed subset V in (Y,o).

Midly g continuous [9] if f*(V) is midly g closed subset in (X,T) for every closed subset V in (Y,0).
g continuous [2] if (V) is g closed subset in (X,7) for every closed subset V in (Y,0).

*g continuous [17] if (V) is *g closed subset in (X,T) for every closed subset V in (Y,0).

g* continuous [13] if f*(V) is g* closed subset in (X,7) for every closed subset V in (Y,0).

Regular continuous [1] if f*(V) is r closed subset in (X,7) for every closed subset V in (Y,0).

gr continuous [5] if £1(V) is gr closed subset in (X,7) for every closed subset V in (Y,0).

NooprwdhE

Definition 5.2: A function f:(X,7) —(Y,0) is called upg continuous if f(V) is upg closed subset of (X,t) for every
closed subset V of (Y,0).

Theorem 5.3: Every continuous map is pupg continuous, but not conversely.

Proof: The proof follows from the fact that every closed set is upg closed set.
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Example 5.4: Let X=Y={a, b, c, d}, T = {X,¢,{a},{b}.{a.b},{ab,c}} and ¢ ={X, ¢ {b}.,{a, b}} .define amap f: X->Y
by f(a) = a, f(b) = c, f(c) = d, f(d) = ¢. This map is upg continuous, but not continuous. Since for the closed set
U={d}inY.f*U) ={css} is not closed in X.
Theorem 5.5: Every regular continuous map is ppg continuous, but not conversely.

Proof: The proof follows from the fact that every regular closed set is upg closed set.

Example 5.6: Let X=Y={a, b, ¢, d}, T ={X,¢ , {a}.{b}.{a, b}.{a, b, c}} and 0 ={X,¢ , {b}.{b, d}} .define a map f:
X-Y by f(a) = a, f(b) =c, f(c) = d, f(d) = c. This map is upg continuous, but not regular continuous. Since for the
closed set U={d} in Y. f }(U) = {c} is not regular closed in X.

Theorem 5.7: Every g continuous map is upg continuous, but not conversely.
Proof: The proof follows from the fact that every g closed set is upg closed set.
Example 5.8: Let X=Y={a, b, c, d}, 7={X,¢.{a}.{b}.{a,b}.{ab, c}} and o ={X,¢, {b}{b, d}}. define a map f: X->Y

by f(a) = b, f(b) = a, f(c) = d, f(d) = c. This map is ppg continuous, but not g continuous. Since for the closed set
U={d} in Y. f*(U)={c} is not g closed in X.

0 continuous

Regular continuous

v v

upg continuous

v

6 continuous > continuous

}

&g continuous

\ 4

gr continuous

I y

g* continuous

Midly g continuous

\ 4

g continuous €

Theorem 5.9: If f: X->Y is upg continuous and g:Y—Z is continuous then their composition feg : X—Z is upg
continuous.

Proof: Let f: X—=Y is upg continuous and g:Y—Z is continuous. Let U be a closed set in Z Therefore g™(U) is closed
inY and f'( g(U)) is upg closed in X . = fog is upg continuous.

Theorem 5.10: Let X and Y be topological spaces .Let f: (X,7) =(Y,0).Then the following are equivalent.
(i) (i).fisupg continuous.
(i) (ii).for every subset A of X, one has f (4) c f(A).
(iii) (iii).for every closed set B of Y, the set f*(B) is closed in X.
(iv) for each xe X and each neighborhood V of f(x), there is a neighborhood U of x such that f(U) c V.

Proof:
(i)=>(ii): Assume that f is upg continuous. Let A be a subset of X. Let V be a neighborhood of f(x), then f*(V) is an
open set of X containing X, it must intersect A in some point y. Then V intersects f(A) in the point f(y). So that

f(x) € f(4)
(ii)=>(iii): Let B be closed in Y and let A=f(B).Prove that, A is closed in X and we show that A = A. By elementary

set theory, we have f(A)=f(f*(A)) cB, If x€ 4, f(x) € f (A) = f(A) < B=B. f(x) €B, so that x ef*(B)=A. Thus
A c A, Sothat 4 = A.
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(iii)=(i): Let VV be an open set of Y set B=Y-V. Then f(B) = f'(Y-V) = f (Y)-f}(V)=X-f*(V). Now B is a closed set
of Y. Then f1(B) is closed in X by hypothesis so that £1(V) is open in X.

(i)=(iv): Let xeX and let V be a neighborhood of f(x). Then the set U= f (V) is a neighborhood of x such that
f(U) cV.

(iv)=(i): Let V be an open set of Y. Let x be a point of f*(V).Then f(x) €V, so that by hypothesis there is a
neighborhood U, of x such that f(U,) cV. Then U, cf'(V), and hence f(V) = Uxer—1(v) Ux .Therefore f is

continuous=f is ppg continuous.

Theorem 5.16: Let X=Au B, where A and B are closed in X. Let f: A— Y and g : B— Y be continuous. If f(xX) = g(x)
for every xe A n B then f and g combine to give a upg continuous function h: X—Y defined by setting h(x) = f(x) if
x € A, and h(x) = g(X) if x € B.

Proof: Let ¢ be a closed subset of Y. Now h™(c)= f*(c) ug™(c).Since f is continuous, f *(c) is closed in A and therefore
closed in X. Similarly g*(c) is closed in B and therefore closed in X. Their union h™(c) is also closed in X. Therefore h
is continuous. By theorem 5.3, h is upg continuous.

Theorem 5.17: A function f: (X,7) = (Y, a) from a topological space X into a topological space Y is upg continuous
if and only if £1(V) is upg open set in X for every open set Vin Y

Proof: It is obvious

Theorem 5.18: Let f: (X,7) = (Y,0) be a function from a topological space X into a topological space Y. If
f: (X,t) = (Y, 0)is continuous then f(upgcl(A))< cl(f (A) for every open subset A of X.

Proof: Since f(4) S cl(f(A) = A <t (cl(f(A))). Since cl(f(A) is closed set in Y and f is upg continuous, then
Ycl(f(A))) is a upg closed set in X containing A. Hence upgcl(A))S £ * (cI(f (A))). Therefore f(upgcl(A))S cl(f (A)

Theorem 5.19: Let f: (X,7) = (Y, 0)be a function from a topological space X into a topological space Y. Then the
following statements are equivalent.
(i) For each point x in X and each open set V in Y with f(x)€V, there is a upg open set U in X such that xeU and
flUcv
(if) For each subset A of x, f(upgcl(A)) < cl(f(4)
(iii) For each subset B of y, upgcl(f*(B)) =f*(cl(B))

Proof:

(i) = (ii): Suppose that (i) holds and let y € f (upgcl(A)) and let V be any open neighborhood of y. Since
yef(upgcl(A)) = 3 xe ppgcl(A) such that f(x) = y. Since f(x) € V, then by (i) 3 a upg open set U in x such that
xeU and f(U)SV. Since xe ppgcl(A) then for any xe X xe upgcl(A)if and only if UnA= @for every upg open set U
containing x, and hence f(A) NV= @. Therefore we have y = f(x) ecl(f(A)). Hence f(upgcl(A)) ccl(f(A)).

(ii) = (i): If (i) holds and let x€X and V be any open set in Y containing f(x). Let A=f (V) = x¢A. Since
f(upgcl(A)) Scl(f(A)) V= ppgcl(A) SF(VE)=A. Since xgA = x& ppgcl(A) then for any x€ X, xe ppgcl(A)if
and only if UnA# @,there exists a upg open set U containing x such that U nA= @ and hence f(U) cf(A°) cV.

(i) =(iii): Suppose that (ii) holds and let B be any subset of Y. Replacing A by f*(B) we get from (ii), f(upgcl(f*(B))
ccl(f(FY(B))) <cl(B). Hence ppg(f*(B)) =f*(cl(B)).

(iif) =(ii): Suppose that (iii) holds. Let B=f(B) where A is a subset of X. then we get from (iii) upgcl(A) € ppgcl(f
Y(f(A)) <F(cI(f(A)). Therefore f(upgcl(A)) Scl(f(A)).
Theorem 5.20: Let f: (X,7) — (Y, o) be a function. Then the following are equivalent.

(i) fis ppg continuous.

(if) The inverse image of each open set in Y is upg open in X.

(iii) The inverse image of each closed setin Y is upg closed in X.

Proof: (i) =(ii): Let G be any open set in Y. Then Y-G is closed in Y. Since f is ppgcontinuous, f*(Y-G) is closed in
X. But f1(Y-G)=X- f*(G) is upg closed in X. Therefore f'(G) is upg open in X.

(it) = (iii) and (iii) = (i) are obvious.
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