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ABSTRACT

Ruban’s space time is considered in the presence of a cosmic string source in the frame work of scalar-tensor theory
of gravitation proposed by Saez-Ballester [5]. To get the deterministic solution assume the relation between metric
potential and Nambu string. Some physical and kinematical properties of the models are also discussed.
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1. INTRODUCTION

In recent year there has been considerable interest in scalar—tensor theories of gravitation proposed by [1-5]. Brans-
Dicke theory includes a long range scalar field interacting equally with all forms of matter (with the exception of
electromagnetism) while in Saez-Ballester scalar-tensor theory the metric is coupled with a dimensionless scalar field
in a simple manner. This coupling gives a satisfactory description of the weak fields.

The field equations given by [5] for the combined Scalar and tensor fields are

n 1
G; —w¢ (¢.¢, —Egij¢,k¢’kj =-T; @)
20"4; +ng"4, 9" =0 ey

Where G =R; 5 Rg;; is the Einstein tensor, Rij is the Ricci tensor, R is the scalar curvature, n an arbitrary

constant , @ is a dimensionless coupling constant and Tij is the matter energy-momentum tensor. Here comma and
semicolon denote partial and covariant differentiation respectively.

The equation of motion

i _
T.,=0, 3)
is a consequence of field equation (1) and (2).

A detailed discussion of Saez - Ballester cosmological model is contained in the work of [6-11]. The cosmic string
plays an important role in the study of the early universe. These strings arise during the phase transition after the big
bang explosion as the temperature drops down below some critical temperature as predicted by grand unified theories
[12-17]- It is thought that cosmic strings cause density perturbations leading to the formation of galaxies [1g]. These

cosmic strings have stress-energy and couple with the gravitational field. Therefore it is interesting to study the
gravitational effects that arise from strings. The general relativistic treatment of strings was started by [19-21]. Exact
solutions of string cosmology in various space-times have been studied by several authors [18-23].
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The purpose of the present work is to obtained Ruban’s cosmological model in a scalar tensor theory of gravitation
proposed by Saez and Ballester in presence of a cosmic string. Our paper is organized as follows. In section 2, we
derive the field equation in presence cosmic string with the aid of Ruban’s space time. Section 3, deals with solution of
field Equations, section 4 is mainly concerned with the physical and kinematical properties of the model. The last
section contains some conclusion.

2. THE METRIC AND FIELD EQUATIONS

We consider the space- time of Ruban’s [24] in the form
ds? =dt? —Q?(x,t)dx? — R?(t)(dy? + h?dz?) (4)

sin if k=1
sin\/Ey_ Y

y if k=0
Jk sinhy if k=-1

and k is the curvature parameter of the homogeneous 2-spaces t and x constants. The functions Q and R are free and
will be determined.

where h(y) =

The energy momentum tensor for cosmic strings is given by

T'=puu’ -4 xx’ (5)

Here pis the rest energy density of cloud of strings with particles attached to them, p = P, t A, P, being the rest
energy density of particles attached to the strings and A the tension density of the system of strings. As pointed out by

[11] 2 may be positive or negative, U' describes the system four-velocity and X' represents a direction of anisotropy,
i.e. the direction of the strings.

We have _
u'uj=-x'x;=-1 ,and u'x; =0 (6)
we consider p = p, +4 @)

where Pp is the rest energy density of the particles attached to the string. Here p and A are the functions of t only.

The energy-momentum tensor Tij in comoving co-ordinates for cosmic string is given by
2 3 i : :
T =4, T,=T,=0, T,)=p and TJ-:OforIij. (8)

The field equations (1-3) for (4) with the help of (5-8) reduce to
2

i—g+é+g—.—%¢”¢2:0 (10)
o o o \2
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p +(p—1)%+2p§=0 (13)

Here over head dot represent partial differentiation with respect to t.
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3. SOLUTION AND THE MODEL

Here we have four independent field equations (9-12) connecting five unknown R,Q, A, o and ¢ . Therefore in order
to obtain exact solutions, we must need one more relation connecting the unknown quantities. We assume the relations
as the equation of state for strings p = A .Since the field equations are highly nonlinear, we also assume the relation

between metric coefficientsQ = x"R".

Using this relation, the field equations (9-13) admit the exact solution.
1

R=M/(c,t+c,)"2

(14)
n
Q= Nx"(c,t +c,)? (15)
1
where M =(n+2)"2 and N=m"
k k
A=p=Cq -— Wwhere C5:M12= L
(c,t+¢, )2 (n+2)n2 16)
n+2 c, 1
¢ = [ =2 dt 17)
2 x"NM 2 (c,t +c,)
Using equations (14) and (15) the Metric (4) becomes
2n 2
ds? = dt? — N*x*"(c,t +¢,)™2dx* — M *(cit +¢,)™2 (dy® + h*dz?) 1)
This metric can be transformed through a proper choice of coordinates to the form
2n 2
ds? =dT? — N?x2"T n+2dx? — M 2T n+2 (dy? + h%dz?) (19)
Where T =c,t+c,
4. THE PHYSICAL AND KINEMATICAL PROPERTIES
The energy density o the string tension density A for the mode (19) are givenby 4 = p =C, 5
(T )n+2 (20&)
n+2 c 1
¢7 = I n : 2 _ZdT
2 C;X'NM* T
(20b)
Also,
The spatial volume is givenby ~ V = x"NM 2T (21)
. . c
The scalar expansion, 6 = Q + 25 == (22)
Q R T
1 . C
shear scalar, o ZEO'”G” =_|_—32 (23)
1V 6 ¢
Hubble parameter, H =——=— = —
P 3v. 3 3T (24)

The model (19) has no initial singularities while the energy density, tension density of the string given by (20a) and

scalar field 9 given by (20b) possess initial singularities. However as T increases these singularities vanish. Spatial
volume of the model given by (21) shows anisotropic expansion of the universe (19) with time. For the model the

expansion Scalar @ and shear scalar ¢ tendto zeroas T — o .
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5. CONCLUSION

In this paper, we have studied cosmological model generated by a cloud of string in Ruban’s space time in the frame
work of scalar tensor theory of gravitation proposed by [5]. For finding the exact solution the relation as the equation of
state of Nambu [11] is used. The model is free from initial singularities and also expanding, shearing and non rotating
in the standard way.
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