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ABSTRACT

In 1989, K. Matsumoto [1] introduced the notion of manifolds with Lorentzian paracontact metric structure. Also in
1988, K. Matsumoto and I. Mihai [2] discussed on a certain transformation in a Lorentzian Para-Sasakian manifold
and in 2011, R. Nivas and A. Bajpai [5] studied on generalized Lorentzian Para-Sasakian manifolds. In 1994, the
author with R.H.Ojha [6] studied on D-conformal transformation in LP-contact manifold. In 1980, R. S. Mishra and S.
N. Pandey [3] discussed on quarter-symmetric metric F-connection and in 1970, K. Yano [8] studied on semi
symmetric metric connections and their curvature tensors. Symmetric metric connections are also studied by K. Yano
and T. Imai [9], Nirmala S. Agashe and Mangala R. Chafle [4], R. N. Singh and S. K. Pandey [7] and many others.
The purpose of this paper is to study generalized induced connection in a generalized Lorentzian contact manifold.
Generalized D-conformal transformation on Lorentzian contact structure has also been discussed.

Keywords: Generalized Lorentzian structure, generalized induced connection, generalized D-conformal transforma-
tion.

1. INTRODUCTION

Let V, be an odd (n = 2m + 1) dimensional differentiable manifold, on which there are defined a tensor field Fof type
(1, 1), contravariant vector fields T;, covariant vector fields A4;, where i = 3,4,5, ... (n — 1), and a Lorentzian metric g,
satisfying for arbitrary vector fields X,Y, Z, ...

QL)X =-X-3SAMXT, T,=0, A(T)=-1, X%FX, A(X)=0, rankF =n—i
(1.2) g X,Y)= g (X, V) + £ A:(X) A; (), where A,(X) = g(X,T), 'F(X,Y) 2 g(X, ¥) = —g(X,7) = —'F(¥,X),

Then V, will be called a generalized Lorentzian contact manifold and the structure (F, T;, A;, g) will be known as
generalized Lorentzian contact structure.

Let D be a Riemannian connection on ¥, then we have

(13) @ ()Y, 2) = (O F)(Y.Z) + XI5 A(N(DxA)(2) + i A(2)(DxA)(Y) = 0
0) 0P (Y, Z)= 0 F)(7.7)

L4 @ ©@cF(Y Z)+ 0P, 2) + T AW 0xA)(Z) - T A2 (D¢ A) (V) = 0
0) 0xF) (Y, Z)+ @)V, Z)=0

2. GENERALIZED CONNECTION IN A GENERALIZED LORENTZIAN CONTACT MANIFOLD

Let V,,,_1 be submanifold of V,,,,, and let ¢ : V,,,,_y = V5,41 be the inclusion map such that
d € Vyp—g = cd € Vopy1,

Where ¢ induces a linear transformation (Jacobian map) J : T'Zm_1 - T'ymi1- T 2m_q i & tangent space to V,,,_; at
point d and T',,,,; is a tangent space to V,,, 4+, at point cd such that X in V,,,,_; atd — JX inV,,, ., atcd

Let g be the induced Lorentzian metric in V,,, _;. Then we have
(21) §(&7) & g(JXJ¥)
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Let us define a type of generalized semi-symmetric non-metric connection B in a generalized Lorentzian contact
manifold is given by

(2.2) iByY = iDyY + X153 A; (V)X = X155 g(X, VT + X1 g(X, Y)U,
Where U; are vector flelds assomated with 1-form d; defined by

23)d;(X) € g(X,U;), i =3,4,5,.....(n—1). If
24 @T =]t + p;M+o;N and
(b)Y U;, =Ju; + O,M + &;N, i=345,....(n—1).
Where t; and u;, i = 3,4,5,.....(n — 1) are C* vector fields in V,,,_; and M, N are unit normal vectors to V,,,, ;.

Denoting by D the connection induced on the submanifold from D, we have Gauss equation

(25) DixJY = J(DxY¥ ) + p(X,Y)M + q(X,Y)N Where p and g are symmetric bilinear functions in V,,, _;.
Similarly we have

(26) BxJY = J(BxY ) + r(X, V)M +s(X, V)N ,

Where B is the connection induced on the submanifold from B and r and s are symmetric bilinear functions in
Vom—1 Inconsequence of (2.2), we have

(.7)iByJY = iDx ]V + X1t A (V)X = X5 g(UX V)T + 215 9 (X, V) U;

Using (2.5), (2.6) and (2.7), we get

(28) J(BxY )+ ir(X, V)M + is(X,Y)N = iJ(Dx¥V ) + Lp(X )M+ iq(X, V)N + X5 A,(J7)/X
- X5 9RO, + 21 g(JX.JY)Ul

Using (2.4) (a) and (2.4) (b), we obtain

(9 J(BxY )+ ir(X, V)M + is(X,Y)N = z](DXY) + ip(X, V)M + iqg(X, V)N + X5 a, (V)] X
L: g( X' Y)(]tl + piM + ULN) +Z{l=31 ?(X' Y)(]ul + e1'1\/1 + d)iN)
Where §(7,t;) & a;(¥), where i = 3,4,5, .....(n - 1.

This gives

(2.10) iBy¥ = iDxV + ¥} a;( V)X -3 (X, 7)e + 37 9(X, )
Iff

(212) (@) ir(£,7) = ip(X,7) - 2?-31p g(%.7)+ ¥ 6,g(X.7)

0) is(2,7) = ig(£,7) - 215 oiai( % ?) i 0. g(X,7)
Thus we have

Theorem 2.1: The connection induced on a submanifold of a generalized Lorentzian contact manifold with a
generalized semi-symmetric non-metric connection with respect to unit normal vectors M and N is also semi-
symmetric non-metric connection iff (2.11) holds.

3. GENERALIZED D-CONFORMAL TRANSFORMATION

Let the corresponding Jacobian map J of the transformation b transforms the structure (F, T;, 4;, g) to the structure
(F,V;, v;, h) such that
@Y @Jz=]Z (b) h(JX,JY)ob=eg(X,Y)—e? ¥l A, (X)A(Y)

©Vi=eJT; (d)v;(JX)ob=e? A;(X)
Where o is a differentiable function on V,, then the transformation is said to be generalized D-conformal
transformation.

Theorem 3.1: The structure (F,V;, v;, h ) is generalized Lorentzian contact.

Proof: Inconsequence of (1.1), (1.2), (3.1) (b) and (3.1) (d), we get
h(JX,]JY Yob =e° g (X,Y) = h(JX,]Y)ob + X1 = Le?7 A,(X)A;(Y)
= h(JX,JY)ob + Xi='{v:(JX Job}{v;(JY Job}
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This gives

(3.2 h(UX,JY ) = h(JX,JY) + X153 v, (JX ) v (JY )

Using_(l.l),£3.1) (@), (3.1) (c) and (3.1) (d), we get

f{?’)ﬁ =JX = —JX = $I5 AT, = —JX = Zi5 {vi(JX Job}V,
0]

B4V, =e?JT, =0

Proof follows from equations (3.2), (3.3) and (3.4).

Theorem 3.2: Let E and D be the Riemannian connections with respect to h and g such that
(35) () ExJY =JDxY +JH(X,Y)  and
(b) ' HIX,Y,Z) ¥ g(H(X,Y),Z)

Then

(3.6) 2Ejx JY = 2/ DxY — J[2e° {315 (X)A; N Ti + L5 (YO) 4, X) Ty — X155 (T1GVo) 4; (X) 4; (Y)}
+(? - 1) 2?531{(17)(‘41‘)(1’) + (DyA)X) — ZAi(H(X: Y))}Ti
+(e? — D IMA XDy T) + A (Y)(DxT) — A (X)(TTGVA)N(Y) — A, (V) (T1GVA) (X)]]

Proof: Inconsequence of (3.1) (b), we have
JX(h(JY,JZ))ob = X{e° g (Y, Z) — X155 e** A;(V)Ai(2)}

Now
(.7) h(EjxJY,JZ)ob + h(JY,EjxJZ)ob = (Xo)e® g (Y,Z) + e g (DxY,Z) + e° g (Y, DxZ)
-2 {2(X0)e? Ai(N)A;(Z) + €% (DyA)(VA(Z) +
e? (DyA)(Z)A;(Y) + e*7 A;(DxY)A;(Z) + e*7 A;(DyZ)A;(Y)}

Also
(3.8) h(ExJY,JZ)ob + h(JY, EjxJZ)ob = e° g (DxY,Z) + e” g (H(X, V), Z) +e” g (V,H(X, Z) + e° g (V, Dy Z)
-1 {e2 A,(DxYV)A;(Z2) + e** Ai(NA(H(X, 2))
= 129 4,(Dy D) A (Y) + €27 A;(H(X,Y))A(2)}

Inconsequence of (1.3) (a), (3.7) and (3.8), we have
(3.9) (Xo)g (7' 7) - 2(X0)e” YA (NAD} - (e7 — 1) TH{(DxA)(NA(Z) + (DxAD(Z)A;(V)} +
(e? = 1) Y=HAHEX MA@ + A(HX,2)AW}="HX,Y,Z) + "H(X,Z,Y)

Writing two other equations by cyclic permutation of X, Y, Z and subtracting the third equation from the sum of the
first two. Also using symmetry of “H in the first two slots, we get
(310) 2'H(X,Y,Z) = —2¢” YI5H{(X)A;(V)A(Z) + (Yo)A;(2)A;(X) — (Zo) A;(X)A;(V)}
(DxAD(Y) + (DyAl-)(X)} (DyA)(2) (Dy4)(2)
—(e — 1) Y} Az +Aix{ Y }+Al-Y{ X4 }
(€7 ~ D2 [ ( ){ —24,(H(X, V) @403 AN 1,400

This implies

(3.11) 2H(X,Y) = —2e° Y1 (X)A,MT; + (Yo)A,(X) T, — (L6V0) A, (XA, (V)] — (e° — 1) Xt [{(DxA) (V) +
(DyA)X) = 24;,(HX, )} T + A, GO Dy T) + A;(V)(Dy T)) — A;,(X)(T1GVA;)(Y) = A,(Y)(TTGVA)(X)] -

(3.6) follows from (3.11) and (3.5) (a).
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