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ABSTRACT 
The non-homogeneous octic equation with five unknowns represented by the Diophantine equation                        
(𝑥𝑥2 − 𝑦𝑦2)(4𝑥𝑥2 + 4𝑦𝑦2 − 6𝑥𝑥𝑦𝑦) = 2(𝑤𝑤 + 𝑃𝑃)(𝑇𝑇 + 𝑆𝑆)𝑧𝑧6 is analyzed for its patterns of non-zero distinct integral solutions 
and four patterns of integral solutions are illustrated. Various interesting relations between the solutions and special 
numbers, namely, Pyramidal numbers, Pronic numbers, polygonal numbers, fourth, fifth and sixth dimensional figurate 
numbers are exhibited. 
 
Keywords: Octic non-homogeneous equation, Pyramidal numbers, Pronic numbers, Fourth, fifth and sixth dimensional 
figurate numbers. 
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NOTATIONS 
 
𝑡𝑡𝑚𝑚 ,𝑛𝑛 :     Polygonal number of rank n with size m 
𝑆𝑆𝑆𝑆𝑛𝑛 :     Stella octangular number of rank n 
𝑃𝑃𝑃𝑃𝑛𝑛  :     Pronic number of rank n 
𝐺𝐺𝑛𝑛 :       Gnomonic number of rank n 

m
nCP  :Centered Pyramidal number of rank n 

nj  :     Jacobsthal-Lucas number of rank n   
𝐹𝐹4,𝑛𝑛 ,6:   Four dimensional hexagonal figurate number of rank n 
 
INTRODUCTION 
 
The theory of diophantine equations offers a rich variety of fascinating problems. In particular, homogeneous and non-
homogeneous equations of higher degree have aroused the interest of numerous Mathematicians since antiquity           
[1, 2, 7, 9]. In [3-6, 8] heptic equations with three, four and five unknowns are analyzed. This communication analyses 
a non homogeneous octic equation with five unknowns given by(x − y)(x3 + y3) = 4(w2 − p2)T6  for determining its 
infinitely many non-zero integer quintuples (x, y, w, p, T) satisfying the above equation are obtained. Various 
interesting properties among the values of x, y, p, w and T are presented 
 
1. METHOD OF ANALYSIS 
 
The non-homogeneous octic equation with seven variables to be solved for its distinct non-zero integral solution is  
                             (x2 − y2)(4x2 + 4y2 − 6xy) = 2(w + P)(T + S)z6                                                                          (1) 
 
Introduction of the linear transformations 
x = u + v,   y = u − v,    w = u + 1,     P = u − 1,     T = v + 1,      S = v − 1                                                               (2) 
 
In (1) leads to 
                                         𝑢𝑢2 + 7𝑣𝑣2 = 𝑧𝑧6                                                                                                                         (3) 
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Different methods of obtaining the patterns of integer solutions to (1) are illustrated below: 
 
Pattern: 1 
Let  
                                                          𝑧𝑧 = (𝑎𝑎2 + 7𝑏𝑏2)                                                                                                       (4) 
 
Using (4) in (3) and applying the method of factorization, define 
                                          𝑢𝑢 + 𝑖𝑖√7𝑣𝑣 =  𝛼𝛼 + 𝑖𝑖√7𝛽𝛽                                                                                                           (5) 
where �𝛼𝛼 + 𝑖𝑖√7𝛽𝛽� =  (𝑎𝑎 + 𝑖𝑖√7𝑏𝑏)6 
 
from which we have  

                                     �𝛼𝛼 =  𝑎𝑎6 − 105𝑎𝑎4𝑏𝑏2 + 735𝑎𝑎2𝑏𝑏40 − 343𝑏𝑏6

𝛽𝛽 = 6𝑎𝑎5𝑏𝑏 − 140𝑎𝑎3𝑏𝑏3 + 294𝑎𝑎𝑏𝑏5 �                                                                               (6) 

 
Equating real and imaginary parts in (5), we get 
                                                 �

𝑢𝑢 = 𝛼𝛼
𝑣𝑣 = 𝛽𝛽�                                                                                                                              (7) 

 
Using (7) and (2) the values of x, y, z, w, p, T and s are given by 

�

𝑥𝑥 = 𝛼𝛼 + 𝛽𝛽
𝑦𝑦 = 𝛼𝛼 − 𝛽𝛽
𝑤𝑤 = 𝛼𝛼 + 1
𝑃𝑃 = 𝛼𝛼 − 1
𝑇𝑇 = 𝛽𝛽 + 1
𝑆𝑆 = 𝛽𝛽 − 1⎭

⎪
⎬

⎪
⎫

                                                                                                                                                                      (8) 

Thus, (4) and (8) represented the non-zero distinct integral solutions to (1) 
 
Properties: 
(i) 𝑥𝑥(𝑛𝑛, 1) + 𝑦𝑦(𝑛𝑛, 1) + 686 =  2𝑡𝑡4,𝑛𝑛[6𝐹𝐹4,𝑛𝑛 ,6 − 2𝐶𝐶𝑃𝑃𝑛𝑛9 − 𝑃𝑃𝑃𝑃𝑛𝑛 − 106𝑡𝑡4,𝑛𝑛 + 735] 
(𝑖𝑖𝑖𝑖)𝑤𝑤(𝑛𝑛, 1) + 𝑃𝑃(𝑛𝑛, 1) + 686 =  2𝑡𝑡4,𝑛𝑛[12𝐹𝐹4,𝑛𝑛 ,4 + 4𝐶𝐶𝑃𝑃𝑛𝑛6 − 111𝑡𝑡4,𝑛𝑛 − 𝐺𝐺𝑛𝑛𝑛𝑛 + 734] 
(𝑖𝑖𝑖𝑖𝑖𝑖)𝑇𝑇(𝑛𝑛, 1) + 𝑆𝑆(𝑛𝑛, 1) = 2[−6𝑡𝑡4,𝑛𝑛(𝐶𝐶𝑃𝑃𝑛𝑛6) + 140𝐶𝐶𝑃𝑃𝑛𝑛6 + 583𝑡𝑡3,𝑛𝑛 − 294𝑡𝑡4,𝑛𝑛] 
 
Pattern: 2 
Consider (3) as 
𝑢𝑢2 + 7𝑣𝑣2 = 𝑧𝑧6  *1                                                                                                                                                            (9) 
 
Write 1 as 
                         1 = (3+𝑖𝑖√7)(3−𝑖𝑖√7)

16
                                                                                                                                   (10) 

 
Substituting (4) and (10) in (9) and employing the factorization method, define 

�𝑢𝑢 + 𝑖𝑖√7𝑣𝑣� =  
1
4

(3 + 𝑖𝑖√7)(𝑎𝑎 + 𝑖𝑖√7𝑏𝑏)6 

�𝑢𝑢 + 𝑖𝑖√7𝑣𝑣� =  
1
4

(3 + 𝑖𝑖√7)(𝛼𝛼 + 𝑖𝑖√7𝛽𝛽) 
 
Equating real and imaginary parts, we have 

�𝑢𝑢 = 1
4

(3𝛼𝛼 − 7𝛽𝛽)
1
4

(𝛼𝛼 + 3𝛽𝛽)
�                                                                                                                                                            (11) 

 
As our interest is on finding integer solutions, we choose a and b suitably so that u and v are integers. Replace a by 4a 
and b by 4b in (6). Substituting the corresponding values of 𝛼𝛼 and 𝛽𝛽 in (11) and employing (2) non-zero integral 
solutions to (1) are found to be  

�

𝑥𝑥(𝑎𝑎, 𝑏𝑏) =  45(4𝛼𝛼 − 4𝛽𝛽)
𝑦𝑦(𝑎𝑎, 𝑏𝑏) =  45(2𝛼𝛼 − 10𝛽𝛽)

𝑤𝑤(𝑎𝑎, 𝑏𝑏) =  45(3𝛼𝛼 − 7𝛽𝛽) + 1
𝑃𝑃(𝑎𝑎, 𝑏𝑏) =  45(3𝛼𝛼 − 7𝛽𝛽) − 1
𝑇𝑇(𝑎𝑎, 𝑏𝑏) =  45(𝛼𝛼 + 3𝛽𝛽) + 1
𝑆𝑆(𝑎𝑎, 𝑏𝑏) =  45(𝛼𝛼 + 3𝛽𝛽) − 1

𝑧𝑧 =  42(𝑎𝑎2 + 7𝑏𝑏2) ⎭
⎪
⎪
⎬

⎪
⎪
⎫

                                                                                                                                       (12) 
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Thus, (12) represent the non-zero distinct integer solutions to (1) 
 
Properties: 
(i) 𝑥𝑥(𝑛𝑛, 1) − 2𝑦𝑦(𝑛𝑛, 1) =  47[−𝐶𝐶𝑃𝑃𝑛𝑛6�6𝑡𝑡4,𝑛𝑛 − 140� + 588𝑡𝑡3,𝑛𝑛 − 294𝑡𝑡4,𝑛𝑛] 
(𝑖𝑖𝑖𝑖)3𝑆𝑆(𝑛𝑛, 1) − 4𝑤𝑤(𝑛𝑛, 1) + 4 =  47[−6𝐶𝐶𝑃𝑃𝑛𝑛6�𝑡𝑡4,𝑛𝑛� − 14�3𝐶𝐶𝑃𝑃𝑛𝑛16 + 𝑆𝑆𝑆𝑆𝑛𝑛 − 30𝑡𝑡3,𝑛𝑛 + 15𝑡𝑡4,𝑛𝑛�] 
(iii)𝑧𝑧(𝑛𝑛, 1) − 96 = 16𝑗𝑗2𝑛𝑛  
 
Pattern: 3 
In addition to (10), 1 can be written as  
                                          1 =  (1+𝑖𝑖3√7)(1−𝑖𝑖3√7)

64
                                                                                                               (13) 

 
Following the procedure as presented in pattern.2, the corresponding non-zero integral solutions to (1) are given by  
𝑥𝑥(𝑎𝑎, 𝑏𝑏) =  85(4𝛼𝛼 − 20𝛽𝛽) 
𝑦𝑦(𝑎𝑎, 𝑏𝑏) =  85(−2𝛼𝛼 − 22𝛽𝛽) 
𝑤𝑤(𝑎𝑎, 𝑏𝑏) =  85(𝛼𝛼 − 21𝛽𝛽) + 1 
𝑃𝑃(𝑎𝑎, 𝑏𝑏) =  85(𝛼𝛼 − 21𝛽𝛽) − 1 
𝑇𝑇(𝑎𝑎, 𝑏𝑏) =  85(3𝛼𝛼 + 𝛽𝛽) + 1 
𝑆𝑆(𝑎𝑎, 𝑏𝑏) =  85(3𝛼𝛼 + 𝛽𝛽) − 1 
𝑧𝑧(𝑎𝑎, 𝑏𝑏) =  82(𝑎𝑎2 + 7𝑏𝑏2) 
 
Pattern.4 
(3) can be written as  
                                 𝑢𝑢2 + 7𝑣𝑣2 = (𝑧𝑧3)2                                                                                                                          (14) 
 
Then (14) is satisfied by 
� 𝑣𝑣 = 2𝑃𝑃𝑟𝑟
𝑢𝑢 =  7𝑃𝑃2 − 𝑟𝑟2�                                                                                                                                                                (15) 
and 
𝑧𝑧3 =  7𝑃𝑃2 + 𝑟𝑟2                                                                                                                                                                (16) 
 
To find z: 
 
Substituting (4) in (16) and employing the method of factorization, define 
𝑟𝑟 + 𝑖𝑖√7𝑃𝑃 = (𝑎𝑎3 − 21𝑎𝑎𝑏𝑏3) + 𝑖𝑖√7(3𝑎𝑎2𝑏𝑏 − 7𝑏𝑏3)                                                                                                            (17) 
 
Equating real and imaginary parts, we have 
�𝑟𝑟 =  𝑎𝑎3 − 21𝑎𝑎𝑏𝑏2

𝑃𝑃 = 3𝑎𝑎2𝑏𝑏 − 7𝑏𝑏3 �                                                                                                                                                            (18) 
 
Using (18), (15) and (2) we have  
�𝑢𝑢 = 7(3𝑎𝑎2𝑏𝑏 − 7𝑏𝑏3)2 − (𝑎𝑎3 − 21𝑎𝑎𝑏𝑏2)2

𝑣𝑣 = 2(3𝑎𝑎2𝑏𝑏 − 7𝑏𝑏3)(𝑎𝑎3 − 21𝑎𝑎𝑏𝑏2) �                                                                                                                       (19) 

 
Substituting (19) in (2) the corresponding non-zero integer solutions to (1) are given by  
𝑥𝑥(𝑎𝑎, 𝑏𝑏) =  7(3𝑎𝑎2𝑏𝑏 − 7𝑏𝑏3)2 − (𝑎𝑎3 − 21𝑎𝑎𝑏𝑏2)2 + 2(3𝑎𝑎2𝑏𝑏 − 7𝑏𝑏3)(𝑎𝑎3 − 21𝑎𝑎𝑏𝑏2) 
𝑦𝑦(𝑎𝑎, 𝑏𝑏) =  7(3𝑎𝑎2𝑏𝑏 − 7𝑏𝑏3)2 − (𝑎𝑎3 − 21𝑎𝑎𝑏𝑏2)2 − 2(3𝑎𝑎2𝑏𝑏 − 7𝑏𝑏3)(𝑎𝑎3 − 21𝑎𝑎𝑏𝑏2)                                        
𝑤𝑤(𝑎𝑎, 𝑏𝑏) =  7(3𝑎𝑎2𝑏𝑏 − 7𝑏𝑏3)2 − (𝑎𝑎3 − 21𝑎𝑎𝑏𝑏2)2 + 1                                                         
𝑃𝑃(𝑎𝑎, 𝑏𝑏) =  7(3𝑎𝑎2𝑏𝑏 − 7𝑏𝑏3)2 − (𝑎𝑎3 − 21𝑎𝑎𝑏𝑏2)2 − 1                                                         
𝑇𝑇(𝑎𝑎, 𝑏𝑏) =  2(3𝑎𝑎2𝑏𝑏 − 7𝑏𝑏3)(𝑎𝑎3 − 21𝑎𝑎𝑏𝑏2) + 1 
𝑆𝑆(𝑎𝑎, 𝑏𝑏) =  2(3𝑎𝑎2𝑏𝑏 − 7𝑏𝑏3)(𝑎𝑎3 − 21𝑎𝑎𝑏𝑏2) − 1            
                                                         
CONCLUSION  
 
In this paper, we have made an attempt to determine different patterns of non-zero distinct integer solutions to the non-
homogeneous octic equation with five unknowns.  As the octic equations are rich in variety, one may search for other 
forms of octic equation with variables greater than or equal to five and obtain their corresponding properties. 
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