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ABSTRACT

In this paper, we investigate the existence, uniqueness and stability of a periodic solution of integro-differential
equations with the operators by using the method of Samoilenko. These investigations lead us to improving and
extending the above method. . Thus the integro-differential equations with the operators are more general and
detailed than those introduced by Butris.

Keywords: Numerical-analytic method, nonlinear system, existence, uniqueness and stability of periodic solution,
integro-differential equations with the operators.

I. INTRODUCTION

The theory of integro- differential equations has been of great interest for many years. It plays an important role in
different subjects, such as physics, biology, chemistry, etc, and the study of periodic solutions for non-linear
system of integro- differential equations is very important branch in the integro- differential equations theory [1, 2,
3, 8, 13, 14]. Many results about the existence, uniqueness and stability of periodic solutions for system of non—
linear integro- differential equations have been obtained by the numerical analytic methods that were proposed
by Samoilenko [12] which had been later applied in many studies [5,6,7,9,10 ].

Butris [3] used numerical-analytic method for investigating a periodic solution for studying the periodic existence
and uniqueness solutions of integro—differential equations which has the form

% = f [t, X(t), ! 9(s, x(s))dsj

where x € D € R?, D is a closed and bounded domain.

In this paper, we investigate the existence, uniqueness and stability of periodic solution of integro-differential
equations with the operators by using the method of Samoilenko. [12].

Consider the following problem:

d _ (t, x, Ax, foh(t)g(s,x(s), Bx(s)) ds) 1)

dt
Suppose that the vector functions:
f(t,x,yyz) = (fl(t,x,%z): fZ(t'x'ytZ) fn(t,x,J’:Z))
gt x,w) =(g:1(txy,2), g.(t, x,y,2) . gn(t,x,y,2))

and defined on the domains:
(t,x,y,2) ER' XD X D; X Dy = (—0,00) X D X D; X D,
(t,x,w) € RY X D X D* = (—o0,%) X D X D* 2)
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which are continuous vector functions in t,x,y,z w and periodic in t of a period T.

where x € D ¢ R", D is compact domain subset of Euclidean space R" and D, ,D,, D" are bounded domains subset
of Euclidean space R™ .

Assume that the vector functions f(t, x, y, z) and g(t, x, w) satisfy the following inequalities:

If & x,y, 2l < My, llgt,x,w)ll <My, 3
f (& x1,y1,210) = f (& %2, ¥2, 22|l < Killxy — 22|l + Kz llys — yall + Ksllzy — 2l 4)
lg(t, x1, wi) — g(&, x2, W)l < Pyllxy — x| + Pyllwy — wy| (®)
Th@®ll<h < (6)
1A%, — Axz |l < Q1llx; — x| ()
IBx; — Bx, |l < Q:llx1 — x|l 8

forallt e R, (x,%;,%X;) €D, (¥,¥1,¥2) €D1, (2%,22) € D,.

forallt € RY, x,x;,%, €D, y,y1,V2 €Dy, 7,21,2; € Dy, wW,wy,w, € D",
where My, M,, Ky, K,, P, P, h, are positive constants, A and B are operators
where A:R! — R! andalsoB:R! — R!.

We define the non-empty sets as follows:

Dy =D— =M

Dy =Dy —2 Q1 M, 9)
Dy =D, _ghMl (P +P0Q2) J

Furthermore, we assume that the following condition holds:
4= [Ki + K0y + Ksh( P+ P,Q) 1< 1. (10)

Lemma 1: Let f(t) be a continuous vector function in the interval 0 < t < T. Then
t T
1
—= <

[6® -7 [ rodsyis|| < a@ max ol

0 0
Where a(t) = 2t(1 — %). (For the proof see [12]).
1. APPROXIMATE PERIODIC SOLUTION

The study of the approximate periodic solution of problem (1) be introduced by the following theorem:

Theorem 1: Let t the function f(t,x,y,z) and g(t,x,w) be defined and continuous on the domain (2), satisfy the
inequalities (3) to (8) and the condition (10). Then there exist a sequence of functions.

o1 (%) = %o + fi £5,2m (5, %0), At (5,%0), [, 9(7, 2 (7, %0, B (7, %0) ) dT) s
- %fOT f(s,x(s,x0), Ax(s, o), foh(s)g(‘r,x(r, x0), Bx(7, %) )d7) ds (11)

with x,(t, x¢) = X, m=0,1,2,...periodic in t of period T ,convergent uniformly as m — oo in the domain
(t, xo) [S [O, T] X Df (12)
to the limit function x°(t, x,) which is defined on the domain (2) and satisfy the following integral equation:

x(t,x9) = xo + fotf(s,x(s, xo),Ax(s,xO),foh(s)g(r,x(’[, x9), Bx(7,xp))d1)ds

— %fOT f(s,x(s,x), Ax (s, xo), foh(s)g(’r,x('r,xo), Bx(t,%,))dt)ds (13)
which is a periodic solution of the problem (1). Provided that:
%0t x0) — xoll < == (14)
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and
Ix°(t, x0) — % (£, x)Il < g™ (1 — @)™ My, (15)
forallm>1and teR!.

Proof: By the lemma (1) and using the sequence of functions (11) when m = 0, we get:
h
llx (£, 0) = 0 1| = ||x0 + Jy (5,20, Axo, [y g(z, %0, Bxo)dr)ds
T h
— 2 Iy £Gsx(5,%0), Ax(s,x0), fy 91, x(2, x0), Bx(z, %)) dr) ds — x|

h
<1 —%) fot ” f(s, %0, Axo, |, (S)g(T,XO,BXO)dT” ds

h
+ % ftT ”f(S.x(S. X0), Ax (S, xp), fO (S)g(r,x(r, x0), Bx(T, %) )d) ” ds
So that
lloc1 (£, x0) = xo || < a(t) My
and hence

Iy (€, x0) — X0 Il < M.

N[~

Therefore, x4(t, x,) € D, forallt € [0, T] .

Then by mathematical induction we can prove that:
T
[l (&, x0) — %0 || < 7 M (16)

From (16) we obtain the estimate
T
|Ax,, (t,x0) — Axo || < 5 Qi1 M,

which given x, (t, o) € D, Ax,, (t, Xo) € Dy forallt € [0, T] and Xy € D¢, Axq(t, Xo) € Dy¢.

Now taking
h h
llz3 (6, %0) = 20t x0) Il = || 1 g5, x1.(5, %0, , By (5, x0))dls = [ g (s, x0, Bxo) ||

h(t
< f(] ( )”g(S,X1 (S, Xo). Bxl (S,XO)) - ‘g(s' xO'BxO)” ds
h
< [T [Pl = %ol + P2 1B, = Bxoll 11 ds
T
< ShM; (P + PQy).

Thatis z;(t, xo) € D, forallte [0,T] and z, € Dy;.

Then, by mathematical induction we can prove that:

T
|z, (8, x0) — 2o (t, x0) || < EhM1 (P +P0Q,)

That is z, (t, xo) € D, forallt € [0, T] and z, € Dy .

Now, we shall prove that the sequence of functions (11) converges uniformly on the domain (2). By the lemma (1)
and using the sequence of functions (11) when m =1, we get:

I, (E, x0) — x4 (£, x0) || < (1 —%) fot ||f(s, x1 (8, %), Ax1 (5, %0), foh(s)g(r, x; (T, %), Bx; (T, %) )dT
—f(s, xO,AxO,th(S)g(T, xO,BxO)dT)ds” ds + %ftTll £ (s, 21 (s,%0), Axy (5, %0),
foh(s)g(‘r, x1 (T, x0), Bx; (7, xo))d‘r — f(s, xO,AxO,th(s)g(‘r, Xo, Bxy)dt ” ds
= (1 _%) fot[ Killxy (s, x0) — xo Il + Kz Qullxa (s, %0) — x|l
+K; (foh(s)g(r, x; (T, %), Bx; (T, %) )dT — foh(s)g(‘r, Xo, Bxo)dt ) ]ds
+ %f:[ Killx1(s,x0) — xo | + K; Qullx1 (s, %0) — x|l

h(s h(s
+K (3 gz, (@, x0), By (1, x0))de — [ g(x,x0, Bxo)dr ) 1ds

< Ta(t) [ K1 + K;Q1 + Ksh( Py + P2Q2) ] [lx (€,x0) — o |
< 5 [Ki +KQ1 + K3h(Py+ PQ2) ] Hlx (8, x0) — xo I
<qllx1(t, x0) = xo |l 17)
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By mathematical induction and by (17) the following inequality holds:
12 41 ( x0) — X (8, x0) | <q™ [1x1 (£, x0) — %0 Il (18)

We can clue that from m > 0, we have the following inequality:
||xm+p (t' xO) — Xm (t' xO) ” < ||xm+p (t' xO) - xm+p—1 (t' xO) ” +||xm+p—1 (t' xO) - xm+p—2 (t' xO) ”
+ o e 41 (8 x0) — 20 (£, 20) |l

<q™ Pl (&, x0) — xo I+ Il (8,0) — xo I + .o+ @™ [lxy (8, x0) — X0 |

Therefore

[[2m +p (& %0) = % (&, 20) || < @™ (1= @)7" Hlxa(tx0) = o |l (19)
forallt € [0, T] and x, € Dy .

Since g <1 and limq™= 0, So that the right side of (19) tends to zero and thus sequence of functions (11) is

m—o0

convergent uniformly on the domain (2) to the limit function x°(t, x,) which is defined on the same domain.

Let
lim x,, (t, xo) = x° (t, x) (20)

Now, we show that x°(t, x,) € D, for all t€ [0,T]

By using (19) and (20), that is:

55 £ (5. (5, %0), A% (5,20, ' 9(T, 2 (7, %0), B (7, 20) ) dr)ds
=2 Iy £ % (5 %0), A% (5,%0), f 9T, % (T, X0), B (5, %0) ) dT) dis
—fotf(s,xo(s, x0), Ax(s, %), foh(s)g('r,xo(’r,xo),on(r,xo))dr)ds
=2 Iy Fsx0(s,x%0), Ax°(s, x0), fy 9(1,x° (2, %), Bz, x0))dm) ds ||

<@ —%) fot[lﬁ llxm (s, %0) — x°(s,%0) Il + Kz Q1 llxm (5, %0) — x°(s, %) |l
+ K3hT(P1 llxm (5, %0) = x°(5,%0) | = P2Q3 Ilxm (5, %0) = x°(s,%0) I1) ] ds
t

+7 ft [ K1 llxm (5, %0) — x°(5,%0) Il + Kz Q1112 (5, %0) — x°(s, %0) |l
+K3h (Py ||, (5, %0) = x°(s,%0) Il = P,Q3 Il (5, %0) — x°(s,%0) ID] ds

< a(t) [K; + K01 + Ksh(Py 4+ P,Q3) 1 1xy (s, x0) — x°(s, x0) |

<

NS

[ Ky + K;Q1 + Ksh( Py + P,Q2) ] %, (s,%0) — x°(s, %) |l

From (20) we have ||x,, (s, %) — x°(s,x¢) lI< €

Thus
”fotf(s, X (S, %), AX,, (S, %), foh(s)g(r, X (T, %0), Bx (T, %) )dT)ds
—% fOT (s, %, (S, %0), Axp (S, %), foh(s)g(’r, X (T, %0), BXp (T, %) )dT) ds
—fotf(s,xo(s,xo),AxO(s,xO), foh(s)g(r,xo(’[, x0), Bx° (1, x9))dt)ds
—% fOT f(s,x°(s,x0), Ax°(s, xo), foh(s)g(‘r,xo(r,xo),on(‘r,xo))d‘r) ds ”
5% [ K1 + K20Q1 + K3h( Py + P,Q2) ] .

T
71 K1+K2Q1+K3h(P1+ P2Q2) ]
€

<e,forall m>0 ,Putting€; =+
1 K1+K2Q1+K3h (P1+ P2Q2) ]

So that
lim fotf(s, X (8, %0), A%, (S, %0), foh(s) 9(z,x(z, %), Bx(1, %) )dt)ds
= [y £(5,x°(s,20), Ax°(5,%0), f gz, x° (1, %0), Bx"(z, x0) ) dr)ds

So x°(t,xo) €D and is a periodic solution of the integral equation (13) and hence x°(t,x,) = x(t,%,), that is
x(t,xq) is a periodic solution of the problem ( 1).

Moreover, by the hypotheses and conditions to the theorem the inequality (14) and (15) are satisfied for all m > 1.
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111. UNIQUENESS PERIODIC SOLUTION
The study of the uniqueness periodic solution of problem (1) is introduced by.

Theorem 2: If the right side of problem (1) satisfying all conditions and inequalities of theorem1.Then there exists
a unique continuous periodic solution of the problem (1).

Proof: Let y(t, x,) be another periodic solution of (), that is
h(s
Y (6:%0) = %0 + fi £(5,7(5,%0), Ay (5,%0), i © (7, y(x, %0), By(x, x9))d)ds

1 (T h(s)
= Jo F(,¥(5,%0), Ay(s,%0), [y 9(7 v, x0), By(z, %)) d) ds
and hence

llx(e,x0) = y(&x0) I = [0 + f (5,5, %0, Ax(s, x0),
foh(s)g(r,x(‘r,xo),Bx(r,xo))dr)ds—% fOT f(s,x(s,x), Ax(s, x0),
1, 92,2 xo), B(r, x))de) ds = xg = [ £ (5, (5, %), Ay (5, %),
Iy g(r,y(x,x0), By(z, x0))dr)ds — - [ £(s,y(s,%0), Ay (5, %),
foh(s) 9(z,y(z, %), By(z, xo))dr)ds”

< (1 —%) fot ||f(s,x(s,x0),Ax(s,x0), foh(s)g(’r,x('r,xo), Bx(t,%))dt
—f(5,7(5,%0), Ay (5,%0), J,” g (7, y(x, %0), By(z, x))de | ds
+%ftT ||f(s,x(s,x0),Ax(s, xo),foh(s)g(r,x(’r, x0), Bx(T, %) )dt
—f(5,y(5,%0), Ay (5,%0), J, ” g (7, y(x, %0), By(z, xo))de | ds

< a(t) [Ky + KQ + Ksh( Py + P,Q3) ] 11x(t,x0) — v (&, x0) I

<

S[ Ky + Ky Q1 + K3h( P+ PQ2) ] Ilx(Ex0) = y (6,30) |l

<qllx(t,xo) — ¥ (t, o) |l

Since q<1,then
llxx(t, x0) — ¥ (&, x0) Il < llx(t, x0) — ¥ (¢, %0) |l

That is contradiction.

So that:
llx(t, x0) — y (£, x0) || — 0

Thus
x(t'xO) =Yy (t!xO)

Therefore, x(t, X¢) is a unique continuous periodic solution on the domain (2) of the problem (1).
V. EXISTENCE OF PERIODIC SOLUTION

The problem of existence of periodic solution of (1) is uniquely connected with the existence of zeros of the
function A (t, x) which has the form:
A:Dy — R?

A(0,x)) = %fOT f(s,x°(s,x0), Ax°(s, xo), foh(s)g(r,xo(r,xo), Bx°(t,x0))dr) ds (21)

where x°(t,x,) is the limiting function of (11) and the equation (21) is approximation determined from the
sequence of functions:
Ap:Df — R

1 (T h
B (0,%0) = 5 fy F(5%m(5,%0), A% (5,%0), [y 9%, X (7, %0, Bt (7, %0)) ) s (22)
where m=0,1,2,...
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Theorem 3: Under the hypothesis of theorem1 and 2, the following inequality:
1AC0, x0) — A (0, x0)Il < @™+ (1 —q )" M, (23)
Is hold forallm > 0,x, € D;.

Proof: From (21) and (22), we have the estimate:
1400, x0) = Ay (0, XD < 2 J 1 (5,2° (2, 20), Ax (o),
h(s)
Jy 9@ x (@ %0), BXO (3, %0)) dT = (5, %m (5, %0), Axim (5, X0),
h
N (S)g(r, X (T, %), BX (T, %0)) ds” ds
T
= %fo (K1 11x°(s, %0) — % (5, X0) || + Kz Q111x° (5, %) — X (5, %0)
‘T"K3h(P1 = PLQ)|Ix°(s, x9) — %, (5, %) [[] ds
<2 [Ki + K3Q1 + Ksh(Py+ PQ2) 1IIx° (t,x0) — % (£, x0) -

From (15) we get:
1800, %0) = Ay (0, x)I| < 7 [ Ky + KzQy + Ksh(Py + P,Q2) ] q™(1—q) ™t My

Since q :E [K; + K,Q; + K3h( P, + P,Q,) ], then the above inequality can be written as:
1A€0, x9) = A (0, 2l < ¢ ™1 (1 —q )7 My

Thus the inequality (23) holds for all m > 0.
By using theorem 3, we can state and proof the following theorem.

Theorem 4: Let the functions f(t,x,y,z) and g(t,x, w) be defined on the domainG={0 <s<t<T,a<x<b,
e <y,z < f} € R!, suppose that the sequence of functions A, (0,x,) is defined as in (4.22) and satisfies the
inequalities:
mina+P1Sx05b—P1 Am (Oer) < N, }

Maxg +py<xo<b—P, Am (O'XU) =M.
forallm > 0, where P, = M(h, — h;) and n,, = ||Q™*1(1 — Q)~'M||

(24)

Then the system (1) has periodic solution x = x(t, x,) for which
Xy € la+ P, b— P

Proof: Let x,x, be any points in the interval x, € [a + P;,b — P;] such that:
4, (0,x1) = mina+P1 <xo<b-P1 4., (0, %) :}

25
Am (0' xz) = maxa+P1SXOSb—P1 Am(oﬁ xO)' ( )

From the inequalities (23) and (24), we have:
A(O, Xl) = Am (O,xl) + [A(O, xl) - Am (0, xl)] < 0,}

A(0,%,) = A (0, %) + [A(0, %) — Ay (0, %5)] = O. (26)

It follows from (26) and the continuity of the function A(0,x,), that there exists an isolated singular point
x%,x% € [x4,%,], such that A(0,x°) = 0. This means that the system (1) has a periodic solution x = x(t, x,) for
which Xg € [a + Pl,b - Pl]

VI. STABILITY OF PERIODIC SOLUTION
In this section, we prove a theorem on stability of periodic solution for the problem (1).

Theorem 5: If the function A(0,x,) be defined by (21), where x°(t,x,) is a limit function of {x,, (0,%¢)}% -0,
then the following inequalities:
2

140, x) Il < My and [1A(0,x5) — A0, xp)Il < = q(1 — @) llag (£) — x5 (DI are holds for all x°, g, x§ € Dy.

Proof: From the equation (21), we get:
T h
1800, X1l < = J; I1F (5, x° (5, %0), Ax° (5, %0), J 9z, x°(x, %0), Bx°(x, %)) de | ds
1 T
< Ffo Ml ds
M,

IA 1
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And by using (22), we find that:
1A0, x3) — A0, xD)|| < %fOT 1f (s, x0(s, x3), Ax° (s, xd),
13 9 x (@, x8), BxO (7, 4))d) ds — £ 5, x°(t, xB), Ax° (¢, D),
[ x°(x,x3), Bx* (v, x3)) x| ds
< 2 CKllx®(s, x8) — 20(s, )| + K, Qullx® (s, x3) — x°(s, )|
+ Ksh( Py + P,Qp)IIx"(s,x) — x°(s, x})I)ds
< [ K + K01 + K3sh( Py + P,Qy) TlIx°(t, x5) — x° (&, x|

Hence

1 2 2 0(f o1 0(t 2
1800, %) — A0, x))ll = 7 g [Ix" (¢, x0) — 27 (¢, x) 27)

where x°(t, x3),x°(t,x3) are the solutions of the integral equation:
t
x(t,x§) = x5 (8) + Jy f(5,x°(s, %), Ax (s, x8),
h 1T
1 g, x0(x§), Bx(z,x)) dr — 1 [ £(s,x%(s, k), AxO(s, 1),

L' g0, x°(z, ), Bx (z, x§))d) ds (28)

where k = 1, 2.

Now, by using (28), we have:

t t
[l (¢, %) =% (¢, x)I < Nl (8) = 2§ (O + (1 —?)f (K 11x° (s, %) — x° (s, %)
0
+K; Q1 l1x°(s, x5) — x°(s, 2|l + Kzh( Py + P2Qo)11x° (s, x5) — x° (s, x{)llds
T
+%ft Ky llx° (s, x5) = x°(s, )OI +K, Q1 1x° (s, x5) — x°(s, x|
+K3h( Py + PyQ2)lIx°(t, x5) — x° (¢, x§)I)ds

< g[lﬁ + K2Q1 + Ksh(Py + P,Qo) 1lIx° (8, x4) — x°(t, x{)I
< x5 (@) = xG Ol + q 1x° (&, x5) — x° (&, 2Dl
So that:
llx° (¢, x5) — x°(t, 2l < (1 — @) llxg (&) — x5 @Ol (29)

By substituting inequality (4.27) in (4.29), we get
140, x5) — A0, xp) | < ; q(1 — )7 lxg (&) — x5 (Ol for all x5, x§ € Dy .

VII. BANACH FIXED POINT THEOREM

In this section, we prove the existence and uniqueness theorem for the problem (1) by using Banach fixed point
theorem [11].

Theorem 6: Let the functions f(t,x,y,z) and g(t,x,w) in the problem (1) are defined and continuous on the
domain (2) periodic in t of period T > 0 and satisfies assumptions and conditions of theorem 1, Then the problem
(2) has a unique continuous periodic solution on the domain (2).
Proof: Let (C[0,T], ||.|| ) be a Banach space and T*be a mapping on C[0,T] as follows:
T*x(t,xy) = xo + fotf(s,x(s,xo),Ax(s, xo),foh(s)g(’[,x(r, %), Bx(t,xp))dt)ds
1 (T h(s)
= Jy f(5,x(5,%0), Ax(s, %), [y gz, x(7, %0), Bx (7, %))d) ds

Since x(t, x) is continuous on the domain (2), then foh(t) g(s, x(s, xg), Bx(s,Xg))ds is also continuous on the same
domain.

Thus we get:

fot f(s,x(s,x), Ax(s, x), foh(s) 9(t, x(1,x0), Bx(t, x9))drt)ds is continuous on the domain (2)

i.e.. T*:C[0,T] —C[0,T]
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Now, we shall prove that T* is a contraction mapping on C[0,T] .
Let x(t, xo) and z(t, x,) be any vector functions on C[0,T], then

I T7x(E, x0) — T"2(t, %0) || = ceforry {IT"x (8, x0) — T72(t, x0) 1}

< tepor] {lxo+ fotf(s,x(s, X0), Ax(s, Xo), fgh(S)g(T,x(T' x0), Bx (7, %9))d7)ds
—% fOT f(s,x(s,x), Ax(s, x¢), foh(s)g(‘r,x(r, xo), Bx(t,x0))dt) ds
—xy — fotf(s,z(s, x0), Az(s, X)), foh(s)g(r,z(r, xo), Bz(1,%0))dr)ds
— 2 Jy f(s,2(5,%0), Az(s,%0), f; © gz, 2(t, %), Bz (7, x0))d) ds |
< (1 - %) fot ”f(s,x(s,xo),Ax(s, xo),foh(s)g('r,x(r,xo), Bx(T,x9))dt
—f(s,2(s,%0),Az(s, xp), foh(s) g(t,z(t,xp), Bz(z, xo))d‘r” ds
+%ftT ”f(s,x(s, x0), Ax(s, xp), foh(s)g(‘r,x(r, xo), Bx(1,x0))dt,
—f (5,25, %0), Az(s, %), f;  9(z, 2(7, %0), Bz(z, xo))dr || ds

< (1= [T Ky lIxCs,x0) = 205, %0) | + K Qullx(s,%0) = 2(5,%0)
+ Ksh (P [1x(s, x0) = 2(5,%0) l| = P1Qy IIx(s,x0) — 2(s,%0) II) ] ds
+2 1 [Kullx(s, x0) = 2(5,%0) | + Kz Qu llx(s, %) — 2(5,%o) |
+K3h (Py 1Ix(s,x0) — 2(5,%0) Il = P1Qz llx(s, %0) — z(s, %) )] ds

< a(t) [Ky + K;Q1 + Ksh( Py + P2Q2) | llx(t,x0) — 2(E, xo) |l
< Z[ Ky + Ko Qu + K3h( P+ PQ2) 1 11x(t,%0) — 2(t,%0)

| Tx(t, x0) = Tz(t, x0) Il < q [l x(£, x0) — 2(¢, x0) |l

So T* is a contraction mapping if 0 < q < 1; thus, by Banach fixed point theorem, there exists a fixed point x(t)
in C[0,T] such that
T*x(t' xO) = x(tl xO)

There fore
x(t,Xg) = X + fot f(s, x(s, Xg), AX(s, Xg), foh(s) g(t,x(1, X¢), Bx(1, X¢))dt)ds

— 1 fy £(s,%(5,%0), AX(5, %), 7 (x, x(5, %), Bx(5, X)) dr) ds
is a unique periodic continuous solution of the problem (1).
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