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ABSTRACT

New subclasses of analytic functions, containing the linear operator obtained as a linear combination of Ruscheweyh
derivative and a new generalized multiplier transformation have been considered. Sharp results concerning
coefficients, distortion theorems of functions belonging to these classes are determined. Furthermore, Functions with
negative coefficients belonging to these classes are also discussed.
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1. INTRODUCTION

Denote by U the open unit disc of the complex plane, U ={z € C : |Z| <1}. Let H(U) be the space of holomorphic
functions inU. Let A denote the family of functions in H(U) of the form

f(z):z+iakz". (1.1)
k=2

The author in [14], has introduced a new generalized multiplier differential operator as follows.

Definition 1.1: Let me N, = N U{0}, f# >0, a real number such thatex + # > 0. Then for f € A, a new

generalized multiplier operator I(Tﬁ was defined by

18,£(2)= 1(@). 1}, (2) =

of f m m-1
(z);f; (Z),___,Ia’ﬁf(2)=Ia'ﬂ(la’ﬂf(z))_

Remark 1.2: Observe that for f (z) given by (1.1), we have

Ijjﬁf(z):z+iAk(a,,B,m)akzk, (1.2)
k=2
where
Ak(a,ﬂ,m)=(“+kﬂJ . (1.3)
a+pf
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We note that: i) 1,", ,,f(2)=Dgf(z), =0 (See F. M. Al-Oboudi [1]), ii) 1}y 4 ,,f(2)=1],f(2),

I >—-1, B>0 (See A Catas [6] and he has considered for| > 0) and iii) 1}, f(z) =17 f(z) .a > -1, (See Cho
and Srivastava [7]) and Cho and Kim [8]).

Remark 1.3: D" f (z) was introduced by Salagean [11] and was considered for m > Q'in [3].

Definition 1.4: ([10]) Form e N, f € A, the operator R™ is defined by R™ : A— A,
R°f(z)=f(2),R* f(2)=1f (2)....,
(M+DR™ f(z)=z(R"f(2)) + MR f(z),z€U.

Remark 15:1f f(2) =2+ )" a,z" e AthenR" f(2) =z+) ~ B, (M)a,z", zeU,
where

B, (m) = % (L4)

The author in [15] has introduced the following operator:

Definition 1.6: Let f e AmeN,=Nu{0},6>0,p<[01), >0, a real number such that & + S > 0.
Denote by RI 7', ;. the operator givenby RI [, ot A— A,

RIZ s f(2)=1-0)R"f(2)+a1;,f(2),z€V.
The operator was studied also in [13]. Clearly RI:,ﬁ,,o =R™ and R|;“ﬁ”l — |(Qﬁ_

Remark 1.7:i) If f(2) =z + z:):z a,z" e A, then from (1.2) and Remark 1.5, we have

RIZ, ;f(2)=2+> {1-6)B (m)+A (o, f,m)}a, 2", zeU,
where A, (o, f,m)and B, (m) are as defined in (1.3) and (1.4), respectively.

By making use of the generalized operator RI :Yﬁyg we introduce new classes as follows.

Definition 1.8: Let f e AmeN, =N U{0},02>0, p<[01), >0, areal number such that & + # > 0.Then

m

f(z)isintheclass S , ; () ifand only if

RI™ f ‘
Re a z:’ﬁ’& (2)) >p,zeU. (1.5)
RI; ;s f(2)

Definition 1.9: Let f e AmeN, =N uU{0},6>0,p€[01), 520, areal number such thatex + # > 0. Then
f(z)isinthe class K7 ; 5 (o) if and only if

[2° (R, T(@) ]
Re( (ZRlzﬁﬁ @) J> p,2eU. (1.6)

Definition 1.10: Let f e Ame N, =N U{0},6>0, p<[0,1), >0, areal number such thatex + 3 > 0.

Then f(z)isintheclass C7 ; ; (0)if and only if

[z(RI],f(2)]
Re{ (Rlam,ﬁ,(g @) }> p,zelU. 1.7
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Definition 1.11: Let f e AmeN, =N U{0},4>0,6>0,p€[01), >0, a real number such that & + 3 > 0.
Then f(z)isintheclass P}, , ;(p)ifand only if

RIS, f(2)

Re{(l—/l) + AR, 5 (z))} >p,zeU. (1.8)

Definition 1.12: Let f e Ame N, =NuU{0},4>0,6>0,p€[01), 520, areal number such that & + 8 > 0.
Then f(z)isintheclass H, , , ;(p) if and only if
Re((RI™,, f(2)) +22(RI™, £ (2))")> p, 2 €U, (1.9)

In view of the above definitions of the classes S} ; 5 (0), K7, 5(0). CJ55(0). P.,, s(p)andH] ;, (),
we deem it worthwhile to point out the relevance of these classes of functions with some known classes. Indeed we
have i) S, ;5(p)=S;;(p)considered in [2], i) C,,;(p)=Cj,(p)introduced in [2], iii)
Pro,1(p) =P, (p) examined in [5] for functions with negative coefficients and iv)H ,, (p)=H,(p)
investigated for functions with negative coefficients in [4].

In section 2 we study the characterization properties for the function f € Ato belong to the classes S;’ﬁﬁ (),

Ko ss(0). Clus(p).Pry, s(p) and HY ;. (), by obtaining the coefficient bounds. Distortion theorems

of functions belonging to these classes are obtained in section 3. Analytic functions with negative coefficients
belonging to the above classes are considered in section 4.

2. GENE1RAL PROPERTIES

In this section we study the characterization properties following the paper of M. Darus and R. lbrahim [9]. Unless
otherwise mentioned we shall assume that A, («, £, m) and B, (M) are as defined in (1.3) and (1.4) respectively,
throughout this paper.

Theorem2.1:Let f e AmeN, =N uU{0},6 =20, p<[01), # >0, areal number such thatex + 5 > 0.
i) If

> (k- p){A-05)B, (M) + A, (a, B, m)}fa,|<1-p, 2.1)

k=2
then f(2) € S, 5 ().
i) If

> (k+1)(k - p) (- 6)B, (M) + A, (o, 5. M) 2, | < 2L~ p) @2)

k=2

then f(2) e K7, 5 ().
i) If

> (k- p){L-6)B, (m)+ A, (@, £ ) fay | <1-p, @3

k=2

then f(2) C;ﬂ’s (p) .The results (2.1), (2.2) and (2.3)are sharp.

Proof: i) It suffices to show that the values of Z(RI ] , ; f (z)) /RI o 5.5 F(2) lie in a circle centred at 1 with radius

1- p . We have
|Z(R| :,ﬂ,ﬁ f(2)) B :|Z(R| ;n,ﬁ,ﬁ f(2)) - Rlon;,ﬁ,(s f (Z)|
| RIP,T(2) RI™, T (2) |
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3, k-D{@-5)B, () + A, (@, 5, M), 2"

|z +> . (1=5)B, (M) +5A, (a, B, m)a, 2" ‘

_ 2, (k=D{0-5)B, () + A (@ . m¥a, |7
1= {@-8)B, () + A, (o, a2

_ 2o (K-D{A-0)B, (M) + A, (@, B, m)}fa
1-> . {@-6)B, (m)+ A, (a, B, m}a,|

The last expression is bounded above by 1— p if
>, k=D){@-5)B, (m)+A, (a, ,m}a,|<
1P {@-6)B, (m)+ A, (@ .M}, ||

z(RI™, . f(2))
which is equivalent to (2.1). Hence | (Rl, B8 (2))
‘ RIZ ;. f(2)

—l‘ <1- p, and the theorem is proved.

The proofs of the remaining two parts of the theorem are similar and so omitted.

The assertions (2.1), (2.2) and (2.3) are sharp and extremal functions are given by

_ N 1-p ML
@ =2 B mr o @ pmy 2V
f(2) =2+ i 24-p) 7%, 2¢eU

t (k+D)(k— ) A-0)B, () + A, (@ £, M)}

and

f(z2)=1z +Z 1=p ,Z €U, respectively.

2 K(k=p){(1-06)B, (M) + A, (e, S, m)}

The following two theorems immediately follow by appealing to Theorem 2.1.

Theorem2.2: Let f e Ame N, =N uU{0},120,020, pe[01), 20, areal number such that & + 3 > 0.

i) If
i 1+ (k=1)2){(1—5)B, () + 3A, (e, B, m) | <1 p,

then f (2) € Pmﬂ“(p) and
i) If

i k(+(k-1)2){A-5)B, (M) + A, (o, £, m)a, | <1- p,
then f (2) eHmﬂw(p)

The results (2.4) and (2.5) are sharp and extremal functions are given by

o0

f(z)=z+) 1=p ¥, zeU
iz A+ (K=DA){(@A-0)B, (M) + A, (a,Bm)}

and

0

f@Q)=2+Y 1=p 7% z7eU
21+ (k=D A){(AL=5)B, (M) + oA, (@, M)}
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Theorem 2.3: Let0 < p, < p, <1.Then

a) i)S:,ﬁ,s(pz) < Smﬂé‘(pl) i) Kmﬁg(pz) - Kaﬁ&(pl) and ii) Cmﬁ(s(pz) < Caﬁé(pl)

D) )P, 5 15(P2) S Py sus(p.) andi)) HY 5, 5(p,) S HZ 5, 5(01).

3. DISTORTION THEOREMS

Theorem3.1: Let f e AmeN, =N u{0},6 >0, p<[01), >0, areal number such thatex + 5 > 0.

INE ,)){(1—5)5k (M) + A, (@ B, m))a, | <1- p, then

|z| |z| _‘Rla”f(z)‘<|z|+ |Z|2,ZEU.
-p
i) Ifi (k+1)(k — ,3){(1—5)3k (m)+ A, (a, B, m)}|ak| < 2(1- p), then
; 2(1-
1o o <R, 1@<l 22

i) 1t K(k = p){(L—5)B, (m) + A, (. 4, m)}|ak| <1- p, then

R _‘Rlaﬁéf(z)‘ z| 'D 7

g |_2(2 - p)

Proof: i) Note that (2—p)zw: {(1—5)Bk (m)+ A, (a, B, m)}|ak| <

3 (k- p){(L-6)B, () + A, (o, B m)fa | <1-p.

by Theorem 2.1. Thus

[Ms

[0-6)B(m)+ 4, (@, . mla, | <

—pP .Hence we obtain
£ _

RIZ, ;T (2)| <]+ Z (1-5)B, (M) + A, (., B, m) ||z

8 4

<|7+||’ Z{(l—a)Bk (m)+ A, (a, B, m)ja,|

<o+ 122

Similarly
RIZ, T (2|2~ Z (1-5)B, (M) + A, (., B, m)}a,||2|

2|z|—|z| Z{(1—5)Bk(m)+5Ak (., B M), |

This completes the proof of (i). (ii) and (iii) can be proved on similar lines.
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Theorem3.2: Let f e AmeN, =N uU{0},4120,6>0,p€[01), 5>0,a areal number such that & + S > 0.

Dot (1 (K —1)4){(1—5)5k (m)+ A, (@, £.m))Ja, | <1- p,then

k=2

2L <[R1z, 1 @<+ 2

i1t S K(L+ (K —1)2.){(1—5)3k (m)+ A, (@, . m)}|ak| <1- p, then

_ P,
2| 2(1 /1) z| _‘Rlawf(z)‘ |2+ (1+/I)|Z|

Proof: The proof follow on the lines of the proof of Theorem 3.1. The details are omitted.

Theorem33:Let f e AmeN, =N u{0},6 >0, p<[01), >0, areal number such thatex + 5 > 0.

)1t Y (K= p){(-5)B, () + A, (o, f. M)}, | <1- p, then

1£(2) 2|~ =P 77, 2eU
(2= PH(M+1)(1-8) + A, (o, f,m)}

and

1) <[]+ L-p 7. zeU
(2- (M +DA-5)+ A, (o, B, m)}

i) If i (k+D)(k — p){L-6)B, (M) + A, (e, B, M) 3, | < 21— p), then

|22 2e=0) 4,2eu
(2- PAM+1)(1-5)+ A, (@, 5, M)}
and
()] <[+ 20-p) 72zeU

32— p){(M+1)(1-5)+ A, (@, B, m)}
i) 1t S k(k = p){(1- 5)B, (M) + A (@, £, ), | <1- p, then

HOBLES - 7. zeU
(2= p){(Mm+1)(QA-05)+ A, (a, B, m)}

and

@) <[]+ L=p 2°.zeU
(2= (M +DA-5)+ A, (o, B, m)}

Proof: i) In virtue of Theorem 2.1, we have

@~ Plm-+DA-5)+ O, (e MY o, | <

3 (k- p){a-5)B, (m) + A, (e, . e, | <1- p.

Thus i|ak| < 1=p . So we get
2 G ) + DAL= 0)+ oA, (o, B, 0)]
2~ 1-p 2
@<l 2 2Rl = e G im o) s @ gy 4
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On the other hand

|f(z)|2|z| |Z| kz:;|ak|2|2| 2-p){(m+1)A- 5)+5A (o, B, m)}| |

This completes the proof. The proofs of (ii) and (iii) are similar.

In the same way we can prove the following result, using Theorem 3.3.
Theorem 3.4: Let f e AmeN, =N uU{0},1>0,0>0,p€[01), 520, areal number such that &« + 5 > 0.

)it 1+ (K-1)2){A-5)B, (M) + A, (@ B m))a, | <1- p,then

HORE L 12U
A+ AD){(Mm+D)A-0)+ A, (e, f,m)}

and

1(2) <[]+ L-p 7? zeU
A+ AD){(Mm+D)A-0)+ A, (e, 5, m)}

i) 1t S K@+ (k=1 2){(A-5)B, (M) + A, (@ £ m)}a, | <1- p, then

k=2

HOBLES - . zeu
A+ A){(Mm+1)A-0)+ A, (e, B, m)}

and

@) <f+ L=p 2°.zeU
@A+ A)H{(M+D)@A-90)+ A, (e, B, m)}

4. FUNCTIONS WITH NEGATIVE COEFFICIENTS

Let T denote the subclass of A consisting of functions of the form f (z) =z — Zak z,a, >0.
k=2

We denote byTS],;(0). TK,;(p), TCJ,;(p). TP, s(p)andTH] ;, ;(p), the classes of

functions f (z) € T satisfying (1.5), (1.6), (1.7),(1.8) and (1.9) respectively. We study the coefficient estimates,
distortion theorems and other properties of these classes, following the paper of H. Silverman [12].

For functions in T , the converses of Theorem 2.1 and Theorem 2.2 are also true.

Theorem 4.1:
i) Afunction f(z)eTisin TS] ; ;(p) ifand only if

Z(k — p){(1-6)B, (M) + A (o, B, m)fa, <1-p. (4.1)
i) A function f (zk) Ze Tisin TK ; 5 (p) if and only if

Z (k+1)(k - p){(1-5)B, (M) + A (o, B, m)fa, <2(1-p). 4.2)
iii) A function f(kz_)zeT isin TC]'; 5 () ifand only if

kik(k—p){(l—&)Bk(mH(SAk (@ p.m)a, <1-p. (43)

The results are sharp.
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Proof:
i) In view of Theorem 2.1, it suffices to prove the only if part. Assume that

Re(z(Rlﬂﬁ,af(Z)) JZRe 2= AA=9)By (M) + A (@ B m)}ka, 2 >p. (44)
R 1) 2= 3 A= 0)B, () + A (e, B, )Y, 2"

Clearing the denominator in (4.4) and letting Z — 1~ through real values, we obtain

1- 3 {(1-6)B, (m) + A, (@, B, m)}ka, > p[l—i{(l—s)sk(m)wAk (o, B, m)}a, )

Hence we obtain (4.1), and the proof is complete. The proofs of (ii) and (iii) are similar.

Finally, we note that assertions (4.1), (4.2) and (4.3) of Theorem 4.1 are sharp, extremal functions being

o0

o 1-p K ze
"= ot os, mrom w pmy Y

S 2(1-p) Sk
i (K+1)(k = p){(1-6)B, (M) + A (a, B, M)}

f(z)=z-

,2eU,

and

5 N 1-p K i\
f(2)=1z kZ:z: KK )@= 5)B. (M) + A (@. B, m)}z , Z €U, respectively.

Proceeding similarly, we now obtain
Theorem 4.2: i) A function f (z) e Tisin TP}, , ;(p) if and only if

S @+ (k=1 2){(1-5)B, (M) + A (@, f.m)}a, <1-p. (45)

k=2
i) Afunction f(z) eTisin TH] ,, ;(,0) ifand only if

S k(1+ (K-D)2){A-6)B, () + A, (a, B M2, <1 p. (46)

k=2
The results are sharp.

The assertions (4.5) and (4.6) are sharp and extremal functions are given by

0

f(2)=2-> 1=p 7%, zeU
2 1+ (k-DA){QA-5)B, (M) + A, («, B, m)}

and
o0 1_p Z
iz KA+ (k-1)A){(1-6)B, (M) + A, (a, B, m)}

k. zeU , respectively.

f(2)=z2-

Our coefficient bounds enable us to prove the following.
Theorem 4.3:i) If f € TS ; (), then

1(2) 2|7~ L=p 7, z2eU
(2- pR(M+DA-5)+ A, (@, B,m)}

and

1£(2) <[]+ L=p 7.2 eU
(2= PH(M+1)A-5)+ 3R, (@, B, m)}
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i) 1f f eTK 7, 5(p), then

and

()| 2]7 24-p) 72 2eU
3(2- PAM+1)(1—6) + 34, (e, £, m)}

()] <[+ 204-p) 7?zeU
3(2- PAM+1)(1—6) + 3R, (o, f, M)}

i) 1f f eTCJ'; 5 () . then

and

HOBEES =P 7, zeU
(2= PR(M+1)A-5)+ 3R, (@, B, m)}

1t <[]+ L=p 2?.zeU
202 pPR(M+1)(L-5) + A, (o, f,m)}

The bounds in i), ii) and iii) are sharp.

Theorem 4.4:
NIffeTP),, ;(p), then

and

1£(2) 2|7~ L=p 7, z€U
A+ A{(M+1)Q-9)+ A, (a, B, m)}

1) <[]+ L=p 4?2 eU
A+ A){(M+1)Q-9)+ A, (e, f,m)}

iIff eTH] ;, 5(p), then

and

1@ 2] L-p 7%,z
20+ ) {(m+1)(1-0)+ A, (a, B, m)}

1@ <[]+ L-p 7%,z eU
21+ ){(Mm+1)(A-9)+ A, (o, f,m)}

The bounds in i) and ii) are sharp.
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