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ABSTRACT 
New subclasses of analytic functions, containing the linear operator obtained as a linear combination of Ruscheweyh 
derivative and a new generalized multiplier transformation have been considered. Sharp results concerning 
coefficients, distortion theorems of functions belonging to these classes are determined. Furthermore, Functions with 
negative coefficients belonging to these classes are also discussed.    
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1. INTRODUCTION 
 
Denote by U  the open unit disc of the complex plane, }.1:{ <∈= zCzU  Let )(UH be the space of holomorphic 

functions in .U  Let A denote the family of functions in )(UH  of the form 
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The author in [14], has introduced a new generalized multiplier differential operator as follows.  
 
Definition 1.1: Let αβ ,0},0{0 ≥∪=∈ NNm a real number such that 0>+ βα . Then for Af ∈ , a new 

generalized multiplier operator mI βα ,  was defined by 
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Remark 1.2: Observe that for )(zf given by (1.1), we have 
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We note that: i) ),()(0,,1 zfDzfI mm

βββ =− 0≥β
 

(See F. M. Al-Oboudi [1]), ii) ),()( ,0,,1 zfIzfI m
l

m
l βββ =−+   

,1−>l
 

0≥β
 
(See A. Catas [6] and he has considered for 0≥l ) and iii) )()(1, zfIzfI mm

αα = , ,1−>α  (See Cho 
and Srivastava [7]) and Cho and Kim [8]). 

 
Remark 1.3: )(1 zfDm was introduced by Salagean [11] and was considered for 0≥m in [3].  
 
Definition 1.4: ([10]) For 0Nm∈ , Af ∈ , the operator mR is defined by AAR m →: , 

)()(0 zfzfR = , )()( '1 zzfzfR = ,…,
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The author in [15] has introduced the following operator: 
 
Definition 1.6: Let αβρδ ,0),1,0[,0},0{, 0 ≥∈≥∪=∈∈ NNmAf  a real number such that .0>+ βα  

Denote by mRI δβα ,,,  , the operator given by ,:,, AARI m →δβα   
.),()()1()( ,,, UzzfIzfRzfRI mmm ∈+−= βαδβα δδ
 

The operator was studied also in [13]. Clearly mm RRI =0,,,βα  and .,1,,,
mm IRI βαβα =

 
 

Remark 1.7: i) If Azazzf k
k k ∈+= ∑∞

=2
)( , then from (1.2) and Remark 1.5, we have 
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where ),,( mAk βα and )(mBk are as defined in (1.3) and (1.4), respectively.   
 
By making use of the generalized operator mRI δβα ,,  we introduce new classes as follows. 
 
Definition 1.8: Let αβρδ ,0),1,0[,0},0{, 0 ≥∈≥∪=∈∈ NNmAf  a real number such that 0>+ βα .Then 

)(zf is in the class )(,, ρδβα
mS if and only if  
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Definition 1.9: Let αβρδ ,0),1,0[,0},0{, 0 ≥∈≥∪=∈∈ NNmAf  a real number such that 0>+ βα . Then 

)(zf is in the class )(,, ρδβα
mK if and only if  
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Definition 1.10: Let αβρδ ,0),1,0[,0},0{, 0 ≥∈≥∪=∈∈ NNmAf  a real number such that 0>+ βα . 

Then )(zf is in the class )(,, ρδβα
mC if and only if  
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Definition 1.11: Let αβρδλ ,0),1,0[,0,0},0{, 0 ≥∈≥≥∪=∈∈ NNmAf  a real number such that 0>+ βα . 

Then )(zf is in the class )(,,, ρδλβα
mΡ if and only if  
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Definition 1.12: Let αβρδλ ,0),1,0[,0,0},0{, 0 ≥∈≥≥∪=∈∈ NNmAf  a real number such that 0>+ βα . 

Then )(zf is in the class )(,,, ρδλβα
mΗ if and only if  
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In view of the above definitions of the classes )(,, ρδβα

mS , )(,, ρδβα
mK , )(,, ρδβα

mC ,  )(,,, ρδλβα
mΡ and )(,,, ρδλβα

mΗ , 
we deem it worthwhile to point out the relevance of these classes of functions with some known classes. Indeed we 
have i) )()( ,,,1 ρρ δβδββ

mm SS =− considered in [2], ii) )()( ,,,1 ρρ δβδββ
mm CC =− introduced in [2], iii) 

)()(1,,0, ρρ λλα Pm =Ρ  examined in [5] for functions with negative coefficients and iv) )()(1,,0, ρρ λλα Hm =Η  
investigated for functions with negative coefficients in [4]. 
 
In section 2 we study the characterization properties for the function Af ∈ to belong to the classes )(,, ρδβα

mS , 

)(,, ρδβα
mK , )(,, ρδβα

mC , )(,,, ρδλβα
mΡ  and )(,,, ρδλβα

mΗ , by obtaining the coefficient bounds. Distortion theorems 
of functions belonging to these classes are obtained in section 3. Analytic functions with negative coefficients 
belonging to the above classes are considered in section 4. 
 
2. GENE1RAL PROPERTIES 
 
In this section we study the characterization properties following the paper of M. Darus and R. Ibrahim [9]. Unless 
otherwise mentioned we shall assume that ),,( mAk βα  and )(mBk are as defined in (1.3) and (1.4) respectively, 
throughout this paper. 
 
Theorem 2.1: Let αβρδ ,0),1,0[,0},0{, 0 ≥∈≥∪=∈∈ NNmAf  a real number such that 0>+ βα . 
 i) If  
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The last expression is bounded above by ρ−1 if 
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The proofs of the remaining two parts of the theorem are similar and so omitted. 
 
The assertions (2.1), (2.2) and (2.3) are sharp and extremal functions are given by  
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The following two theorems immediately follow by appealing to Theorem 2.1. 
 
Theorem 2.2: Let αβρδλ ,0),1,0[,0,0},0{, 0 ≥∈≥≥∪=∈∈ NNmAf  a real number such that 0>+ βα .  
i) If 
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Theorem 2.3: Let 10 21 <≤≤ ρρ . Then 

a) i) )( 2,, ρδβα
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3. DISTORTION THEOREMS 
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This completes the proof of (i). (ii) and (iii) can be proved on similar lines. 
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Theorem 3.2: Let αβρδλ ,0),1,0[,0,0},0{, 0 ≥∈≥≥∪=∈∈ NNmAf  a real number such that 0>+ βα .  
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Proof: The proof follow on the lines of the proof of Theorem 3.1. The details are omitted. 
 
Theorem 3.3: Let αβρδ ,0),1,0[,0},0{, 0 ≥∈≥∪=∈∈ NNmAf  a real number such that 0>+ βα . 

i) If { } ,1),,()()1()(
2

ρβαδδρ −≤+−−∑
∞

=
k

k
kk amAmBk then  

Uzz
mAm

zzf ∈
+−+−

−
−≥ ,

)},,()1)(1){(2(
1)( 2

2 βαδδρ
ρ

 

and 
2

2 )},,()1)(1){(2(
1)( z

mAm
zzf

βαδδρ
ρ
+−+−

−
+≤ , Uz∈ . 

ii) If { } ),1(2),,()()1())(1(
2

ρβαδδρ −≤+−−+∑
∞

=
k

k
kk amAmBkk then 

Uzz
mAm

zzf ∈
+−+−

−
−≥ ,

)},,()1)(1){(2(3
)1(2)( 2

2 βαδδρ
ρ

 

and 
2

2 )},,()1)(1){(2(3
)1(2)( z

mAm
zzf

βαδδρ
ρ
+−+−

−
+≤ , Uz∈ . 

    iii) If { } ,1),,()()1()(
2

ρβαδδρ −≤+−−∑
∞

=
k

k
kk amAmBkk then 

Uzz
mAm

zzf ∈
+−+−

−
−≥ ,

)},,()1)(1){(2(2
1)( 2

2 βαδδρ
ρ

 

and 
2

2 )},,()1)(1){(2(2
1)( z

mAm
zzf

βαδδρ
ρ

+−+−
−

+≤ , Uz∈ . 

 
Proof: i) In virtue of Theorem 2.1, we have 

 ≤+−+− ∑
∞

=2
2 ),,()1)(1)[(2(

k
kamAm βαδδρ  

{ } ρβαδδρ −≤+−−∑
∞

=

1),,()()1()(
2

k
k

kk amAmBk . 

 

Thus 
)],,()1)(1)[(2(

1

22 δβαδδρ
ρ

Am
a

k
k +−+−

−
≤∑

∞

=

. So we get 

≤+≤ ∑
∞

=2

2)(
k

kazzzf 2

2 )},,()1)(1){(2(
1 z

mAm
z

βαδδρ
ρ
+−+−

−
+ . 

 



S. R. Swamy* / On Analytic Functions Defined by Ruscheweyh Derivative and a New Generalized… / IJMA- 6(7), July-2015. 

© 2015, IJMA. All Rights Reserved                                                                                                                                                                      174   

 
On the other hand  
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This completes the proof. The proofs of (ii) and (iii) are similar. 
 
 
In the same way we can prove the following result, using Theorem 3.3. 
 
Theorem 3.4: Let αβρδλ ,0),1,0[,0,0},0{, 0 ≥∈≥≥∪=∈∈ NNmAf  a real number such that 0>+ βα .  
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4. FUNCTIONS WITH NEGATIVE COEFFICIENTS 
 

Let T denote the subclass of A consisting of functions of the form 0,)(
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We denote by )(,, ρδβα
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functions Tzf ∈)( satisfying (1.5), (1.6), (1.7),(1.8) and  (1.9) respectively. We study the coefficient estimates, 
distortion theorems and other properties of these classes, following the paper of H. Silverman [12]. 
 
For functions inT , the converses of Theorem 2.1 and Theorem 2.2 are also true. 
 
Theorem 4.1: 
 i) A function Tzf ∈)( is in )(,, ρδβα
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The results are sharp. 
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Proof:  
i) In view of Theorem 2.1, it suffices to prove the only if part. Assume that  
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Clearing the denominator in (4.4) and letting −→1z through real values, we obtain 
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Hence we obtain (4.1), and the proof is complete. The proofs of (ii) and (iii) are similar. 
 
Finally, we note that assertions (4.1), (4.2) and (4.3) of Theorem 4.1 are sharp, extremal functions being  
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Proceeding similarly, we now obtain  
 
Theorem 4.2: i) A function Tzf ∈)( is in )(,,, ρδλβα
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ii) A function Tzf ∈)( is in )(,,, ρδλβα
mTH  if and only if 
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The results are sharp. 
 
The assertions (4.5) and (4.6) are sharp and extremal functions are given by  
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Our coefficient bounds enable us to prove the following. 
 
Theorem 4.3: i) If )(,, ρδβα
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ii)  If )(,, ρδβα

mTKf ∈ , then 
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The bounds in i), ii) and iii) are sharp. 

 
Theorem 4.4:  
i) If )(,,, ρδλβα
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The bounds in i) and ii) are sharp. 
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