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ABSTRACT 
In this paper we study some properties of 2⊗-Engel elements in derivative of groups. In particular, we prove that if 𝐺𝐺’ 
is a derivative of the group G then  𝑅𝑅₂⊗(𝐺𝐺) is a characteristic subgroup of G. 
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1. INTRODUCTION 
 
For any group G, the nonabelian tensor square 𝐺𝐺 ⊗ 𝐺𝐺 is a group generated by the symbols g ⊗ h, subject to the 
relations: 

𝑔𝑔𝑔𝑔 ⊗ ℎ = (𝑔𝑔𝑔𝑔 ⊗ ℎ𝑔𝑔)(𝑔𝑔 ⊗ ℎ)  and  𝑔𝑔 ⊗ ℎℎ = (𝑔𝑔 ⊗ ℎ)(𝑔𝑔ℎ ⊗ ℎℎ), where g, g ,h, h∈G and 𝑔𝑔ℎ = ℎ⁻¹𝑔𝑔ℎ. 
 
The more general concept of nonabelian tensor product of groups acting on each other in certain compatible way was 
introduced by R. Brown and J.-L. Loday in [5], following the ideas of R. K. Dennis [6]. Also, tensor analogues of right 
n-Engel elements have been defined. Recall that the set of right n-Engel elements of a group G is defined by        
𝑅𝑅𝑛𝑛(𝐺𝐺) = {𝑎𝑎 ∈ 𝐺𝐺: [𝑎𝑎,𝑛𝑛𝑛𝑛] = 1, 𝑓𝑓𝑓𝑓𝑓𝑓 𝑎𝑎𝑎𝑎𝑎𝑎 𝑥𝑥 ∈ 𝐺𝐺}. Here [𝑎𝑎,𝑛𝑛𝑛𝑛] stands for the commutator [··· [[𝑎𝑎, 𝑥𝑥], 𝑥𝑥],···]  with n copies 
of x. It is well-known that 𝑅𝑅1(𝐺𝐺) = 𝑍𝑍(𝐺𝐺) and that R₂(G) is a subgroup of G . The set of right n⊗-Engel elements of a 
group G is then defined as  

𝑅𝑅𝑛𝑛⊗(𝐺𝐺) = {𝑎𝑎 ∈ 𝐺𝐺: [𝑎𝑎,𝑛𝑛 − 1𝑥𝑥] ⊗𝑥𝑥 = 1⊗ 𝑓𝑓𝑓𝑓𝑓𝑓 𝑎𝑎𝑎𝑎𝑎𝑎 𝑥𝑥 ∈ 𝐺𝐺}. 
 
And for a group G we define the sets of right (left) 2⊗-Engel elements of G by 
 
𝑅𝑅2

⊗(𝐺𝐺) = �𝑎𝑎 ∈ 𝐺𝐺: [𝑎𝑎, 𝑥𝑥] ⊗ 𝑥𝑥 = 1⊗ 𝑓𝑓𝑓𝑓𝑓𝑓 𝑎𝑎𝑎𝑎𝑎𝑎 𝑥𝑥 ∈ 𝐺𝐺� 
 
𝐿𝐿₂⊗(𝐺𝐺) = {𝑎𝑎 ∈ 𝐺𝐺: [𝑥𝑥, 𝑎𝑎] ⊗𝑎𝑎 = 1⊗𝑓𝑓𝑓𝑓𝑓𝑓 𝑎𝑎𝑎𝑎𝑎𝑎 𝑥𝑥 ∈ 𝐺𝐺}, 
 
One of the results of D P. Biddel and L.C. Kappe shows that 𝑅𝑅2

⊗(𝐺𝐺)  is always a characteristic subgroup of G 
containing 𝑍𝑍(𝐺𝐺) and contained in R₂(G). H. Khosravi,H. Golmakani and H. M. Mohammadinezhd proved that in any 
derivative of group G the inverse of right 2-Engle element is a left 2-Engle element. Thus R₂(G)⊆L₂(G) and R₂(G) is a 
characteristic subgroup of G . 
 
2. RESULTS 
 
Lemma 1: ([5]) Let g, g’, h, h’ ∈ G. The following relations hold in G⊗G 

a) (𝑔𝑔⁻¹ ⊗ℎ)𝑔𝑔 = (𝑔𝑔 ⊗ ℎ)⁻¹ = (𝑔𝑔 ⊗ ℎ⁻¹)ℎ . 
b) (𝑔𝑔′ ⊗ ℎ′)𝑔𝑔⊗ℎ = (𝑔𝑔′ ⊗ ℎ′)[𝑔𝑔,ℎ]. 
c) [𝑔𝑔, ℎ] ⊗𝑔𝑔′ = (𝑔𝑔 ⊗ ℎ)⁻¹(𝑔𝑔 ⊗ ℎ)𝑔𝑔′ . 
d) 𝑔𝑔′ ⊗ [𝑔𝑔, ℎ] = (𝑔𝑔 ⊗ ℎ)−𝑔𝑔′(𝑔𝑔 ⊗ ℎ). 
e) [𝑔𝑔, ℎ] ⊗ [𝑔𝑔′, ℎ′] = [𝑔𝑔 ⊗ ℎ,𝑔𝑔′ ⊗ ℎ′]. 

 
Note here that G acts on 𝐺𝐺 ⊗ 𝐺𝐺 by(𝑔𝑔 ⊗ ℎ)𝑔𝑔′ = 𝑔𝑔𝑔𝑔′ ⊗ ℎ𝑔𝑔′ . The next result is crucial in studying the analogy between 
commutators and tensors. 
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Proposition1: ([4]) For a given group G there exists a homomorphism 𝑘𝑘:𝐺𝐺 ⊗ 𝐺𝐺 → 𝐺𝐺 such that 

𝑘𝑘:𝑔𝑔 ⊗ ℎ → [𝑔𝑔,ℎ] 
Moreover, 𝑘𝑘𝑘𝑘𝑘𝑘 𝑘𝑘 ≤ 𝑍𝑍(𝐺𝐺 ⊗ 𝐺𝐺) and G acts trivially on ker k. 
 
Lemma 2: ([10]) Let G be any group. 

(a) 𝑅𝑅2
⊗(𝐺𝐺)⊆R₂(G), 𝐿𝐿₂⊗(𝐺𝐺)⊆L₂(G). 

(b) Every right 2⊗-Engel element of G also belongs to 𝐿𝐿₂⊗(𝐺𝐺). 
(c) 𝐿𝐿2⊗(𝐺𝐺) = {𝑎𝑎 ∈ 𝐺𝐺:𝑎𝑎𝑥𝑥 ⊗ 𝑎𝑎𝑦𝑦 = 𝑎𝑎 ⊗ 𝑎𝑎 𝑓𝑓𝑓𝑓𝑓𝑓 𝑎𝑎𝑎𝑎𝑎𝑎 𝑥𝑥,𝑦𝑦 ∈ 𝐺𝐺}. 

 
Theorem 1: In any derivative of group G the inverse of right 2⊗-Engel element is a left 2⊗-Engel element. 
Thus,𝑅𝑅2

⊗(𝐺𝐺’) ⊆ 𝐿𝐿₂⊗(𝐺𝐺’). 
 
Proof: Let  [𝑥𝑥,𝑦𝑦] ∈  𝑅𝑅2

⊗(𝐺𝐺’), using the definition we have: 
[[𝑥𝑥,𝑦𝑦], [𝑧𝑧, 𝑡𝑡]] ⊗ [𝑧𝑧, 𝑡𝑡] = 1⊗; [𝑧𝑧, 𝑡𝑡] ∈ 𝐺𝐺 
                                    = [[𝑥𝑥,𝑦𝑦] ⊗ [𝑧𝑧, 𝑡𝑡], 𝑧𝑧 ⊗ 𝑡𝑡] by using (e) in lemma 1 
                                    = [[𝑥𝑥 ⊗ 𝑦𝑦, 𝑧𝑧 ⊗ 𝑡𝑡], 𝑧𝑧 ⊗ 𝑡𝑡] by using (e) and (c) in lemma 1 
                                    = [𝑥𝑥 ⊗ 𝑦𝑦, 𝑧𝑧 ⊗ 𝑡𝑡, (𝑥𝑥 ⊗ 𝑦𝑦)(𝑧𝑧 ⊗ 𝑡𝑡)] 
                                    = [[𝑥𝑥 ⊗ 𝑦𝑦, 𝑧𝑧 ⊗ 𝑡𝑡], (𝑥𝑥 ⊗ 𝑦𝑦)(𝑧𝑧 ⊗ 𝑡𝑡)] 
                                    = [𝑥𝑥 ⊗ 𝑦𝑦, 𝑧𝑧 ⊗ 𝑡𝑡]⁻¹((𝑥𝑥 ⊗ 𝑦𝑦)(𝑧𝑧 ⊗ 𝑡𝑡))⁻¹[𝑥𝑥 ⊗ 𝑦𝑦, 𝑧𝑧 ⊗ 𝑡𝑡](𝑥𝑥 ⊗ 𝑦𝑦)(𝑧𝑧 ⊗ 𝑡𝑡) 
                                    = [𝑥𝑥 ⊗ 𝑦𝑦, 𝑧𝑧 ⊗ 𝑡𝑡]⁻¹(𝑧𝑧 ⊗ 𝑡𝑡)⁻¹(𝑥𝑥 ⊗ 𝑦𝑦)⁻¹[𝑥𝑥 ⊗ 𝑦𝑦, 𝑧𝑧 ⊗ 𝑡𝑡](𝑥𝑥 ⊗ 𝑦𝑦)(𝑧𝑧 ⊗ 𝑡𝑡) 
                                    = (𝑧𝑧 ⊗ 𝑡𝑡)⁻¹[𝑥𝑥 ⊗ 𝑦𝑦, 𝑧𝑧 ⊗ 𝑡𝑡]⁻¹(𝑥𝑥 ⊗ 𝑦𝑦)⁻¹[𝑥𝑥 ⊗ 𝑦𝑦, 𝑧𝑧 ⊗ 𝑡𝑡](𝑥𝑥 ⊗ 𝑦𝑦)(𝑧𝑧 ⊗ 𝑡𝑡) 
                                    = (𝑧𝑧 ⊗ 𝑡𝑡)⁻¹[[𝑥𝑥 ⊗ 𝑦𝑦, 𝑧𝑧 ⊗ 𝑡𝑡], 𝑥𝑥 ⊗ 𝑦𝑦](𝑧𝑧 ⊗ 𝑡𝑡) 
                                    = [𝑥𝑥 ⊗ 𝑦𝑦, 𝑧𝑧 ⊗ 𝑡𝑡, 𝑥𝑥 ⊗ 𝑦𝑦](𝑧𝑧⊗𝑡𝑡) 
 
Since [𝑥𝑥 ⊗ 𝑦𝑦, 𝑧𝑧 ⊗ 𝑡𝑡, 𝑥𝑥 ⊗ 𝑦𝑦](𝑧𝑧⊗𝑡𝑡) = 1⊗  
 
So, [𝑥𝑥 ⊗ 𝑦𝑦, 𝑧𝑧 ⊗ 𝑡𝑡, 𝑥𝑥 ⊗ 𝑦𝑦] = 1⊗= [𝑧𝑧 ⊗ 𝑡𝑡, 𝑥𝑥 ⊗ 𝑦𝑦, 𝑥𝑥 ⊗ 𝑦𝑦] = [[𝑧𝑧, 𝑡𝑡], [𝑥𝑥,𝑦𝑦]] ⊗ [𝑥𝑥,𝑦𝑦]   
 
Thus [𝑥𝑥,𝑦𝑦] ∈  𝐿𝐿₂⊗(𝐺𝐺’).⊡ 
 
Theorem 2: Let G be a group and G' be a derivative of G. The set of elements of 𝑅𝑅2

⊗(𝐺𝐺’) is a characteristic subgroup 
of G'. 
 
Proof: Let 𝑎𝑎 ∈  𝐴𝐴𝐴𝐴𝐴𝐴(𝐺𝐺) be an arbitrary automorphism and  [𝑥𝑥,𝑦𝑦] ∈ 𝑅𝑅2

⊗(𝐺𝐺’). By definition we have: 
 
For any [𝑧𝑧, 𝑡𝑡] ∈ 𝐺𝐺′ , we have [[𝑥𝑥,𝑦𝑦], [𝑧𝑧, 𝑡𝑡]] ⊗ [𝑧𝑧, 𝑡𝑡] = 1⊗ 
 
So 𝑎𝑎([[𝑥𝑥,𝑦𝑦], [𝑧𝑧, 𝑡𝑡]] ⊗ [𝑧𝑧, 𝑡𝑡]) = 1⊗ 
= [𝑎𝑎([𝑥𝑥,𝑦𝑦]), 𝑎𝑎([𝑧𝑧, 𝑡𝑡])] ⊗𝑎𝑎([𝑧𝑧, 𝑡𝑡]) = 1⊗ 
= [[𝑎𝑎(𝑥𝑥), 𝑎𝑎(𝑦𝑦)], [𝑎𝑎(𝑧𝑧), 𝑎𝑎(𝑡𝑡)]] ⊗ [𝑎𝑎(𝑧𝑧), 𝑎𝑎(𝑡𝑡)] 
 
Since 𝑎𝑎 ∈  𝐴𝐴𝐴𝐴𝐴𝐴(𝐺𝐺) ,for any 𝑧𝑧, 𝑡𝑡 there exists 𝑧𝑧′, 𝑡𝑡′ such that 𝑎𝑎(𝑧𝑧) = 𝑧𝑧′ and 𝑎𝑎(𝑡𝑡) = 𝑡𝑡′ 
 
Therefore [𝑎𝑎([𝑥𝑥,𝑦𝑦]), [𝑧𝑧′, 𝑡𝑡′]] ⊗ [𝑧𝑧′, 𝑡𝑡′] = 1⊗ 
 
Thus 𝑎𝑎([𝑥𝑥,𝑦𝑦]) ∈  𝑅𝑅2

⊗(𝐺𝐺’).⊡  
 
REFERENCES 
 

1. M. R. Bacon and L.-C. Kappe, The nonabelian tensor square of a 2-generator p-group of class 2. Arch. Math. 
(Basel) 61 (1993), 508--516. 

2. M. R. Bacon, L.-C. Kappe and R. F. Morse, On the nonabelian tensor square of a 2-Engel group. Arch. Math. 
(Basel) 69 (1997), 353--364. 

3. D. P. Biddle and L.-C.Kappe, On subgroups related to the tensor center. Glasgow Math. J. 45 (2003),            
323--332. 

4. R. Brown,D. L. Johnson and E. F.Robertson, Some computations of nonabelian tensor products of groups. J. 
Algebra 111 (1987), 177--202. 

5. R. Brown and J.-L. Loday, Van Kampen theorems for diagrams of spaces, Topology 26 (1987), 311--335. 
6. R. K. Dennis, In search of new "homology" functors having a close relationship to K-theory. Preprint, Cornell 

University, Ithaca, NY, 1976. 
 



Amina Daoui* / On right and left 2⊗-Engel elements of derivative of groups / IJMA- 6(7), July-2015. 

© 2015, IJMA. All Rights Reserved                                                                                                                                                                         94   

 
7. L.-C. Kappe, Nonabelian tensor products of groups: the commutator connection, in Proc. Groups St. Andrews 

1997 at Bath, London Math. Soc. Lecture Notes No 261 (1999), 447--454. 
8. L.-C. Kappe, Finite coverings by 2-Engel groups. Bull. Austral. Math. Soc. 38 (1988), 141--150. 
9. H. Khosravi, H. Golmakani and H. M. Mohammadinezhd, left and right and 2-Engle elements in derivative of 

groups Mashhad Branch, Islamic Azad University, Mashhad, 91735-413, Iran (2011) 
10. P. MORAVEC On nonabelian Tensor analogues of 2-Engel conditions, Jadranska 19, 1000 Ljubljana, 

Slovenia (2004 ) 
11. D. J. S. ROBINSON, "A course in the theory of groups". Berlin-Heidelberg-New York (1982). 

 
Source of support: Nil, Conflict of interest: None Declared 

 
[Copy right © 2015. This is an Open Access article distributed under the terms of the International Journal 
of Mathematical Archive (IJMA), which permits unrestricted use, distribution, and reproduction in any 
medium, provided the original work is properly cited.] 
 


