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ABSTRACT 
A production and sale system is considered. During the operation time a machine produces random number of 
products. After operation time, sale time starts, and it has one among two distinct distributions depending on the 
magnitude of production time is within or exceeding a random threshold magnitude. Two models are treated.  In model 
1, the machine operation time has exponential distribution; repair, recruitment the production and sale times have 
general distribution. In model 2, when the operation time is more than a threshold, the sales are done altogether and 
when it is less than the threshold, the sales are done one by one.  Joint transforms of the variables, their means and Co-
variances with numerical results are presented. 
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1. INTRODUCTION 
 
In manufacturing models to get the return on investment and to pay minimum interest, it is natural that when the 
production time is more, the sale time is made short so as to cut cost.  It has been noticed that when the units produced 
are more, financial supports for the customers are provided to clear products early. These are widely felt in perishable 
commodity sectors where many banking institutions provide required finance for the purchase.   
 
Storage systems of (s, S) type was studied by Arrow, Karlin and Scrat [1]. Such systems with random lead times and 
unit demand were treated by Danial and Ramanarayanan [2]. Models with bulk demands were analyzed by 
Ramanarayanan and Jacob [9]. Murthy and Ramanarayanan [5, 6, 7, 8] considered several (s, S) inventory systems.  
Kun-Shan Wu, Ouyang and Liang-Yuh [3] studied (Q, r, L) inventory model with defective items. Usha, Nithyapriya 
and Ramanarayanan [10] considered storage systems with random sales time depending on production. General 
Manpower and Machine system with Markovian production were analyzed by Harikumar [4]. In this paper, two models 
are treated.  In model 1, the machine operation time is exponential, repair, recruitment, production and sale times have 
general distributions. Sales are done one by one. In model 2, when the operation time more than a threshold, the sales 
are done altogether and when it is less than the threshold, the sales are done one by one.  
 
The joint transforms, the means and covariance of production time and sale time with the numerical examples are 
presented. 
 
2.1 MODEL-1 
 

1. The inter production times of products by a manpower and machine system are independent and identically 
distributed (i.i.d) random variables with Cdf F(x) and pdf f(x). 

2. The sales time of products are independent with Cdf H(z) and pdf h(z).  The sale time starts when production 
is stopped. 

3. The machine producing products has operation time which is exponential with parameter λ. 
4. Inter-departure time of employees attending the machine is exponential with parameter µ. The manpower 

system collapses with probability p when an employee leaves and with probability q it survives. 
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5. The production stops when both machine and manpower are in failed state. When either manpower or machine 

is alone in failed state, the failed one is hired till both became unavailable. 
6. The repair time distribution of the machine is general with Cdf R(y) and pdf  r(y)and recruitment time of each 

employee is general with Cdf R1(y) and pdf r1(y).  All recruitments and repair are done one by one. 
 
ANALYSIS 

To study the above model 1, the joint probability density function of three variables ( , , )X R S
∧ ∧

 namely the operation 
time of manpower and machine system, sum of recruitment and repair times, sales time of products is written as 
follows. 
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Here © indicates convolution of functions and suffix k indicates so many folds Stieltjes convolution of Cdf or 
convolutions of pdf as the case may be.  The first term of equation (1) inside the bracket is the part of the pdf that the 
machine fails when the manpower system is in collapsed state and the second term is the part of the pdf that the 
manpower collapses when the machine is already in failed state.  The repair and the recruitment are considered in the 
convolution ©.  The square bracket presents that the products produced during the operation time are sold one by one. 
 
We now find the triple Laplace transform as follows for the joint pdf 
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Using differentiation (3) we can find  
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After simplification it may be obtained that 
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The Laplace transforms of the pdf of X and Ŝ is given by  
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The product moment of X and Ŝ is 
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Since, ( , ) ( ) ( ) ( ),Co vX S E X S E X E S
∧ ∧ ∧

= − equation (8), (4) and (6) may be used for writing ( , )Cov X S
∧

 
 
2.2 MODEL-2 
 
In this model we treat the previous model with all assumptions (1), (3), (4), (5) and (6) except (2) given for sales.  
 
Assumptions for sales 
 

2.1 When the operation time X is more than a threshold time U, the sales are done all together.  It is assigned to an 
agent whose sales time distribution function is G1 (z) with pdf g1 (z). 

2.2 When the operation time is less than the threshold time U,  the sales are done one by one with cdf G2 (z) with 
pdf g2(z). 

2.3 The threshold U has exponential distribution with parameter α. 
 
ANALYSIS 

Using the arguments given for model 1, we note that the joint pdf of ( , , )X R S
∧ ∧

 (operation time, repair-recruitment 
time, sales time) as follows. 
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We use the same arguments given for model 1 for all terms except the last square bracket where the sales time pdf is g1 
(z) when (X>U) the operation time is greater than the threshold and when the operation time is less than the threshold 
(X<U) the k products are sold one by one with sale time pdf g2 (z) where suffix ‘k’ indicates the k-fold convolution. 
 
Using the previous arguments the triple Laplace transform can be seen as  
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Since there is only change in sales pattern, E(X) and ( )E R
∧

are same as that of the results obtained in model 1. 
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The equation (10) gives the Laplace transform of pdf of X and Ŝ as follows. 
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The joint moment  
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Now, 

( , ) ( ) ( ) ( )Co vX S E X S E X E S
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= −  can be written using equations (13), (11) and (4). 

 
3. NUMERICAL EXAMPLES FOR MODEL 1 & 2 
 
The usefulness of the results obtained is presented by numerical examples. The two models 1 and 2 are considered 

together, since there is only change in sales pattern E(X) and ( )E R
∧

 are same for models 1 and 2.  
 
3.1 Numerical values for model 1  
 
Let α = 0.4,  p=0.2, q=0.8, E(R)=10, E(R1) = 5, E(H)=20, µ=5, λ=5,10,15,20,25 and δ=1,2,3,4,5. Here ‘f’ is an 
exponential density function with parameter ‘δ’. 
 
The table and graph for E(X)  

 
 
From the table and graph it is observed that, when λ increases the expected operation time E(X) decreases. 

The table and graph for ( )E R
∧

 

 

From the table and graph it is observed that, when λ increases the expected repair time ( )E R
∧

 remains constant. 
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The table and graph for ( )E S
∧

  

 

From the table and graph it is observed that, when λ increases the expected sales time  ( )E S
∧

 increases and when δ 

increases the expected sales time ( )E S
∧

 decreases. 

The table and graph for ( , )E X S
∧

  

 

From the table and graph it is observed that, when λ increases the expected product moment of X and S
∧

 ( , )E X S
∧

 

increases and when δ increases ( , )E X S
∧

 decreases. 

The table and graph for ( , )Cov X S
∧

  

 

From the table and graph it is observed that when both λ and δ both increase, the ( , )Cov X S
∧

  decrease. 
 
3.2 Numerical values for model 2  
 
Let  α = 0.4,  p=0.2, q=0.8, E(R)=10, E(R1) =5, E(H1)= 5, E(H2)=10, µ=5, λ=5,10,15,20,25 and δ=10,20,30,40,50. 
 
Here ‘f’ is an exponential density function with parameter ‘δ’ 
 
The table and graph for E(X)  

 
 
From the table and graph it is observed that, when λ increases the expected operation time E(X) decreases. 
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The table and graph for ( )E R
∧

 

 

From the table and graph it is observed that, when λ increases the expected repair time ( )E R
∧

 remains constant. 

The table and graph for ( )E S
∧

  

 
 

From the table and graph it is observed that, when λ increases the expected sales time  ( )E S
∧

 increases and when δ 

increases the expected sales time ( )E S
∧

 decreases. 

The table and graph for ( , )E X S
∧

  

 

From the table and graph it is observed that, when λ increases ( , )E X S
∧

 increases and when δ increases ( , )E X S
∧

 
decreases. 

The table and graph for ( , )Cov X S
∧

  

 

From the table it is observed that when λ and δ increase, the ( , )Cov X S
∧

  increases. 
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