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ABSTRACT

Radon measure is studied on e-Hausdorff, e-second countable locally compact measurable manifold (M, 71, 2;). It is
shown that some measurable properties like Radon e-regularity and Radon e-normality on (M, 71, 2y, u1) are invariant
under measurable homeomorphism and Radon measure-invariant transformations.
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1. INTRODUCTION

The Borel sets on a measure space are approximation of open subsets which cover the topological space X and they are
the smallest subsets on measure space (R", 7, Z, it). Extended topological properties which are well defined on measure
space (R™,t,%, 1) are measurable and measure-invariant under measurable homeomorphism [11], [13] and [14]. Any
Hausdorff second countable topological space modelled on such a measure space is a measure manifold (M, 74,2, 1)
which admits e-Hausdorff e-second countable property. Such a measure manifold is measurable [11], [12], [13] and
[14].

In our previous paper [15], we have introduced Radon measure on e-second countable space, measurable regular space
[e-regular space] and e-normal space. Now, in this paper, we study these extended topological properties on
(M, 11,24, u1) and show that they are invariant under measurable homeomorphism Radon measure-invariant
transformations.

We observe that a measure space (R", 7, Z; ) which is locally compact also admits partitions of unity which is a
collection {f;: (R", 75, Zu;) — (R",T,%,1) sier} OF measurable real valued functions with compact support,
supp(f) =p € A © (R", 15,2, 12) * f(p) # 0} where A is a Borel subset of (R", 75, 2, i) and the measure function u
exists on (R™, tp, Z, 1), for which p(4) > 0 such that,

(i) o<f; <1forall i

(ii) everyp € A c (R",1,,Z; 1) has a Borel neighbourhood A © (R", 75, %, up) such that A n supp(f;) = 0 for

which p(A n supp(f;) ) > 0, for all but finitely many of the f;,
(iii) foreachp € A < (R", 75, %, 1), fi(p) = 1.

This partition of unity {f;}; on (R",1,,%; u,) is subordinate to a Borel open cover {Va/ael} C (R™, 13,2, up) if and
only if for each f; there is an element of A of the Borel open cover {Va/ael} such that supp(f;) C{Va/ael}c

(R™, 72, %, 1) for which u( supp(f;)) < u(4) < u({Va e, )
Now, we study the concept of partitions of unity on Hausdorff second countable smooth manifold M [7].

A partition of unity on Hausdorff second countable smooth manifold M is a collection {¢, : M — R/, ¢} of smooth
functions on M where the partition of unity is subordinate to A = {U,},ex Where A is an atlas and U, is chart on M

[7l
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In this paper Radon e-regularity and Radon e-normality properties are studied on a locally compact Radon measure
manifold (M, 71,%q, ug,) and show that they are invariant under measurable homeomorphism and Radon measure-
invariant transformations.

2. PRELIMINARIES
In this section we consider some basic concepts:
We introduce all the following definitions that are valid for a general measure u as follows:

Definition 2.1: Locally Finite measure on (R™, 1, X) [16]
The measure p is locally finite if every point p of (R™, 1, X, u) has a neighbourhood 4 of p for which u(4) <.

Definition 2.2: Inner regular measure on (R", t, X) [16]
Let (R™,7) be a locally compact Hausdorff topological space and let £ be a o0 —algebra on (R", t). Let u be a measure
on (R™, 1, ¥). A measurable subset A of (R", 1, ¥) is said to be inner regular if

u(A) =sup{ u(F): FS A : F compact and measurable}.

Definition 2.3: e-Hausdorff space [15] The space (R", t, X, ) is called e-Hausdorff provided that if p and g are
distinct members of (R™, 1, Z, ) then there exist disjoint Borel open sets A and B suchthatp € Aand g € B.

Definition 2.4: Second countable measure space (e-second countable space) [13] A measure space (R", 1, 2, ) is e-
second countable provided there is a countable base for all q € (R™, 1, X, u) satisfying the following conditions:

(i) Foreachgq; €(R", 1, %, )3 B; € Bgand A; € Zsuchthatg; EBEA;,i=1,2,..n

(i) For B; € A;, u(B;) < u(A)

Definition 2.5: e-normal space [11] A measure space (R", 1, X, ) is said to be e-normal if each pair of disjoint E, -sets
Aand B in (R", 1, Z, 1), 3 a pair of disjoint Gs-sets U and V suchthat Ac Uand B c V.

Definition 2.6: Radon measure on (R", T, X, u) [16] A Radon measure on a measurable topological space (R", 1, £) is
a positive Borel measure u : B— [0,00] such that

(i) pislocally finite

(if) p is inner regular with respect to the compact subsets.

Then (R™, 1, 2, ug) is called a Radon measure space.

If any Hausdorff second countable topological space is modelled on a Radon measure space (R", t, X, ug) if 3 a
measurable homeomorphism between U © (M, 7y X4, g, ) — (R", 1, X, ug) then (M, 71 %4, ug,) is @ Radon measure
manifold.

Definition 2.7: Measurable Homeomorphism [11] Let (M, t) be a Hausdorff second-countable topological space and
(R™, 1, X, u) be a measure space. Then the function ¢: U € M —(R", 1, £, ) is called measurable Homeomorphism if
(i) ¢ is bijective and bi continuous.
(ii) ¢ and ¢! are measurable.

In the main results we show that some extended topological properties on Radon measure manifold are invariant with
respect to measurable homeomorphism and Radon measure-invariant transformation. For this we use Inverse Function
Theorem for measure manifold and also we use the concept of Radon e-regular space.

Inverse Function Theorem for measure space [11] Let F: (R™, 1, X, u) — (R™, 11, %4, ¢41) be a mapping and suppose
that F,,:T,(R") — Trp,y(R™) is a linear isomorphism at some point p of (R",t,%,u). Then there exists a
neighbourhood U of p in (R", 7, %, u)such that the restriction of F to U is a diffeomorphism onto a neighbourhood V of
F(p) in (R™, 14,24, 41). This implies for every function F, 3 F~1: (R™, 1,2, 111) — (R™, 7,3, 1).

Inverse Function Theorem for measure manifold [11] Let F: (M, 1, X, u)— (My,t,Zq,144) be a C”
homeomorphism, measurable and measure-invariant mapping of measure manifolds and suppose that F,,:T,(M) —
Tt )(My) is a linear isomorphism at some point p of M. Then there exists a measure chart (U, ¢) of p in M such that
the restriction of F to (U, ¢) is a diffeomorphism onto a measure chart (V, ¥) of F(p) in M;. This implies for every
C”function F which is homeomorphism, measurable and measure-invariant has a C*function
F~1 (Mg, 11,20, 1) —(M, 1, Z, u) which is also homeomorphism, measurable and measure-invariant.
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To measure the whole compact measure manifold (M, 7,, %, ), we study the following concept of partitions of unity:

Definition 2.8: Partitions of unity {¢,} [7] A partition of unity on a smooth manifold M is a collection {¢,},eca Of
smooth functions on M such that
(i) 0< @, <1lforalla,
(if) The collection of supports {support(¢,)} .ex IS locally finite; that is, each point p of M has a neighbourhood
W, such that W, n support(¢,) = @ for all but a finite number of a« € A,
(i) Ygen @o(p) =1 forall p € U c M (this sum has only finitely many non zero terms by (ii)).

If O = {p,}aen i an open cover of M and supp(¢,) < O, if each a € A, then we say that {¢,},ex IS a partition of
unity subordinate to O = {¢, },en -

In [5], S. C. P. Halakatti have extended the following regularity property on measure space.

Definition 2.9: Radon measure on locally compact measurable regular space / Radon e-regular space [15]
Let (R™, 1, ) be a locally compact measurable regular space. A Radon measure g on (R™, 1, X) is defined as follows:
V p € A and Borel closed set F in (R™, 1, X), 3 Borel openset Ac AandBc B €X, 3
pEAFc B,pgFand A n B = ¢ satifying the Radon measure conditions:
I. Forpe€A,
(i) VPEAC(R",1,2), up(4) <oo;
(i) For any Borel compact subset A < (R™, 1, X),ug(A) = sup{u(E;), i €I : E; € A : E; compact and
measurable}
Il. ForFcB,
() VvaeFc Bc(R",1,X), up(B) <w;
(i) For any Borel compact subset B c (R", t, X), ur(B) = sup{u(F,), i €1 : F; € B : F, compact and
measurable}

Radon e-regularity property: A locally compact measurable regular space is said to satisfy a Radon e-regularity
property, if it admits a Radon measure.

Theorem 2.1: [10] If regularity is a topological invariant under homeomorphism then it is invariant under measure
transformation.

Theorem 2.2 [15]: A second countable measure space is e-normal with Radon measure.

Theorem 2.3[8]: Any connected compact 1 dimensional manifold with non-empty boundary is homeomorphic to the
unit interval [0, 1].

Theorem 2.4 [7]: Let M be a (normal) smooth manifold and {U,}.ca be a locally finite cover of M. If each U, has
compact closure, then there is a partition of unity {¢, },ea subordinate to {U, },en.

Lemma 2.1 [8]: If a topological space X can be represented as the union of a non-decreasing sequence of open subsets,
all homeomorphic to R, then X is homeomorphic to R.

3. MAIN RESULTS

In this section, we study Radon e-regularity and Radon e-normality properties on a locally compact measure manifold
(M, 71,%4, ug,) and show that these properties are invariant under measurable homeomorphism and under Radon
measure-invariant transformations by using measurable homeomorphism concept [11] and Inverse Function Theorem
for measure manifold [11]. A smooth manifold M admits partitions of unity [7]. By using partitions of unity we show
that a locally compact measure manifold becomes compact measure manifold.

Since (R™, 1, X, 1z) admits partitions of unity, measure manifold (M, 7;,%y, 41) also admits partitions of unity. One
can observe that, by doing so, locally compact measure manifold becomes a compact measure manifold:

Proposition 3.1: A compact measure manifold (M, 7, 21, 11) admits partitions of unity.
Proof: Let (M, 71, %4, 41) be a locally compact measure manifold.

We prove that a compact measure manifold (M, 74,24, ;) admits partitions of unity.
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Let (R, 7,%, 1) be a locally compact measure space of dimension 1, then there exists a partitions of unity ¢;:
{M, 71,2, 1) — (R,7,Z, 1) Jier} Of measurable real valued functions with compact support,
supp(@:) = q € (U, 71, %1 0 11 ,) © (M, 71,21, 01) 2 i(q) # 0} on (M, 7,54, 1) Where (U,7y,,,% .11 ,) is @
measure chart on (M, tq,Z, 11) and the measure function u exists on (M, 1,21, 14), for which
u(U, Tl/U,Zl/U,,ul/U) > 0 such that (M, 71, %, 1) is a locally compact measure manifold which satisfies the following
conditions:

(i) 0<¢;, <lforalli,

(i) every g € (U,71,,,%1,,11,,) © (M, 71,Z1,11) has a Borel neighbourhood (U, 7, ,, %, 441,,) such that

(U, Tl/u’zl/u’#l/u) N supp(e;) = ¢ for all but a finite number of i € I, for which u((U, Tl/u'zl/u'#l/u) n
~supp(¢:)) =0.
(i) Xier @i(q) = 1 forall q € (U, T1/U'21/U:/«¢1/U) c M, 74,2, ).

If (A, T1, 21,0 1,,) = (U1, 51,0 11 ,,) is an open cover of (A, 7y,,,%,, 11,,) Which is a measurable atlas of
(M! Tl'zll :ul) and supp((pi) c ((U' Tl/U'Zl/Ulﬂl/U) '(pi) c (M' Tllzl' #1) for which

u(supp (¢,)) < u(U, Tl/u'zl/u'”l/u) < u(M, 174,24, u1) foreach i €1, then we say that {¢,};c; is a partition of
unlty (dq' Tl/‘/yzl/‘ﬂ" #1/‘4) = (U' Tl/ulzl/ul:ul/u) i€l

Since (M, 74,Z4, 1) is e-Hausdorff, e-second countable, , it is covered by a countable union of Borel open charts
(U, T, 210 M) 9i) © (M, 74, Zq, 1) Such that
() (Uut1,y,,21,, 1 ,,) is compact Borel subset of (M, 7;, %y, uy) for which u (U, 71,21 ;0 t1,,) > 0,
(ii) (Ui'Tl/Ui’Zl/Uz'”l/Ui) < (Ui+1’T1/Ui+1’21/Ui+1' 'ul/Ui+l) for which
Uty 2,0t ,y,) <#WUinTy,,, 2, Hy,,,,) - Sub-additivity property
(iii) U?zl(Ui,rl/Ui,El/Ui) = (M, 74, %,) such that
wUL Uty 020, )) = Xz (Up Ty 02, ) - 0-additivity property

i+1’

Therefore, (M, 71,%4,11) is a compact measure manifold. Now, we can measure the compact measure manifold
(M, 74,%4, 1) by Radon measure.

Now, we introduce the concept of Radon e-normality property and prove some results:

Definition 3.1: Locally compact measurable normal topological space The space (R™, t, X) is called a locally
compact measurable normal topological space if given any pair of disjoint F,-sets E and F € X in (R", 7, £), 3 a pair of
disjoint G5-sets A and B suchthat E c A and F c B.

Definition 3.2: Radon measure on locally compact measurable normal topological space Let (R", 1, X) be a locally
compact measurable normal topological space. A Radon measure uz on (R", 1, X) is defined as follows:

For any pair of disjoint Borel closed sets E > E and F o Fin (R", 1, %), 3 Borel opensets Ac AandBc B€X 3 E
c Aand F c B and A n B = @ satisfying the Radon measure conditions:
1. ForE ciin (R™, 1, %),
(i) pa () <0, )
(i) ur(A) =sup{u(E);i€l:E < A:E; compactand measurable}
2. ForF C_E_in (R™, 1, %),
(i) p(B) <o2; ) _ )
(if) For any Borel compact subset B in (R", 1, X), uz(B) = sup{u(F,); i €I: F; € B: F; compact and
measurable}.

Definition 3.3: Radon e-normality property A locally compact measurable normal topological space is said to satisfy
a Radon e-normality property, if it admits a Radon measure.

Now, by using Radon e-regularity property and theorem 2.1 [10], we prove the following results:

Theorem 3.1: If (R™, 75, Xy,up,) is a locally compact Radon e-regular space then Radon e-regularity property is
invariant under measurable homeomorphism and Radon measure invariant transformation
T (R™, 71, Zy.ug,) — (R™, T2, Zg,Ug,)-

Proof: Let (R™, 7,, X,ug,) be a locally compact Radon e-regular space.
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We show that (R™, 71, X;,ug,) is a locally compact Radon e-regular space. That is, we show that Radon e-regularity is
invariant under measurable homeomorphism and Radon measure-invariant transformations by using measurable
homeomorphism concept [11] and Inverse Function Theorem for measure space [11].

Now, we show that T: (R", 71, Zq, pg,) — (R™, T2, X3, Ug,) and T (R™, 1,, Iy, g,) — (R™, 71, Zy,14p,) are C°
measurable homeomorphisms and measure invariant transformations with Radon measures pg, and ug, on R and R™
respectively.

In step I, we show that Radon e-regularity property is invariant under measurable homeomorphism.
Step-1: Let T and T~ be C* measurable homeomorphisms.

Since (R™, t,, X3,1g,) is @ Radon e-regular space. That is, for every point pe€ R™ and Borel compact subset F not
containing p in R™, 3 Borel open subsets A € A, B c B € X,, where A and B are Borel compact subsets of
(R™, 75, %;),3p€EAC A FcBcBand ug,(A nB)=0satisfying the Radon measure conditions:
1. Forpe AcAc(R™, 1, %),
(i) VPEAC(R™ 15,%y); ug,(A) < o5
(ii) For any Borel compact subset A c(R™, 15, %), pg,(A) = sup{u(E;); i € I: E; € A: E; compact and
measurable}
2. ForFcBc B c(R™, 1, %),
(i) VqE€Bc(R™, 13, %), tg,(B) < oo;
(i) For any Borel compact subset B c(R™, 15, X;), ug,(B) = sup{u(F;); i € I: F; & B: F; compact and
measurable} and g, (AN B)=0. 0]

By using the Inverse Function Theorem for measure spaces [11], we write,v Borel open subsets A c A,
BcBeZX,aT (A cTYA), T (B)cT(B)€E %, where T~ (4) and T~1(B ) are Borel compact
subsets of (R", 71, £;), 3 T~ (p) € T"*(4), T~ (E) c T~ (B ) and pg (T~*(A) N T~'(B)) = 0 satisfying the
Radon measure conditions:
3.ForT71 (p) € T71(4) c(R™, 14, Z,),
(i) VT7'(p) € T7H(A) C(R", 11, %y), pp,(T™" (A)) <o0;
(i) For any Borel compact subset T~! (4) c(R", 71, %), pg, (T~ (A))= sup{u(T~'(E)) ;i € LT '(E;)) €
T~1(A): T~1(E;) compact and measurable}
4. ForT'(F)c T Y(B),
(i) YTHa)€T'(B) <(R", 71, %), g, (T7'(B)) <;
(i) For any Borel compact subset T~*(B) c(R", 71, £1), g, (T " (B))=sup{u(T~(F,) ;i € .T'(F;) €
T~(B): T~(F;) compact and measurable} and i (T~* (A) N T~*(B)) = 0. (i)

Therefore, (R", 71, Z1,1,) is @ Radon e-regular space.
=Radon e-regularity property is invariant under measurable homeomorphism.

Step-11: In step I, we show that T preserves the Radon e-regularity property under Radon measure- invariant
transformation.

Since for every Borel open subsets Ac A, B ¢ B € X,, 3 Borel subsets T™! (A) c T"1(4), T"! (B) c T™!(B) € %,
such that, g, (T (A)) = tg, (A)

and jug, (T~ (B )) =z, (B ) (i)

Therefore, from (i), (ii) and (iii), we confirm that Radon e-regularity property is preserved under the measurable
homeomorphism and Radon measure- invariant transformation T.

In step I11, we show that 3 a measurable transformation T~ which is Radon measure-invariant.
Step-111: Consider the measurable homeomorphism T~1: (R™, 1,, Zo.ug,y) — (R™, Ty, Zq, g, )-

By using the Inverse Function Theorem for measure spaces [11], we conclude that 3 a measurable transformation 71
which is Radon measure- invariant.

Therefore, from steps I, 1l and Ill, we come to the conclusion that Radon e-regularity property is invariant under
measurable homeomorphism and Radon measure-invariant transformations T and T~1.
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Now, we show that Radon e-normality property is invariant under measurable homeomorphism and Radon measure
invariant transformation.

Theorem 3.2: If (R™, 7,, Xy,u,) is a locally compact Radon e-normal space then Radon e-normality property is
invariant under measurable homeomorphism and Radon measure invariant transformation
T: (Rn’ T1, Z1 v#Rl)_)(Rmv T2, ZZ!#RZ)'

Proof: Let (R™, t,, X,1g,) be a locally compact Radon e-normal space.

We show that (R", 71, X1,ug,) is a locally compact Radon e-normal space. That is, we show that Radon e-normality
property is invariant under measurable homeomorphism and Radon measure-invariant transformations by using
measurable homeomorphism concept [11] and Inverse Function Theorem for measure spaces [11].

In step I, by using measurable homeomorphism concept [11], we show that Radon e-normality property is invariant
under measurable homeomorphism.

Step-1: Now, we shall show that T: (R", Ty, Zy,pg,)—(R™, T2, Z3,14g,) and Tl (R™, 15, %, Mp,)—(R™, 71, Zq,ug,)
are C* measurable homeomorphisms.

Since (R™, 15, ,,ug,) is @ Radon e-normal space i.e., for any disjoint Borel compact subsets E and F in R™, 3 Borel
open subsets A c A, B ¢ B € X,, where A and B are Borel compact subsets of (R™, 7,, X;,ug,), such that
E cA FcBand pg,(A nB) =0 satisfying the Radon measure conditions:
1. ForEc Ac A c(R™, 1,,%,),
() 1o, () < o; ) ) )
(i) For any Borel compact subset A <(R™, 15, X3), pg,(A) = sup{u(E;) ;i €1 : E; € A : E; compact and
measurable}
2. ForFcBcBc(R™ 1,X%,),
(i) pr,(B) < o3
(i) For any Borel compact subset B <(R™, 15, X;), ug,(B ) =sup{u(F);i €1 :F, S B :F; compact and
measurable} and ug, (AN B ) =0. (i)

By using the Inverse Function Theorem for measure spaces [11], we write, V Borel open subsets A c A,
B c B € %,, 3 Borel subsets T"1(A) c T71(4), T"'(B) c T"Y(B ) € %, where T™1(4) and T"(B ) are
Borel compact subsets of (R", 71, £;),3 T~'(E) € T~*(4), T"'(F) c T~*(B) and pg, (T"*(A)NT (B ))=0
satisfying the Radon measure conditions:

3. (i) For T™1(E) € T~1(d) c(R", T4, 1), g, (T~1(A)) <oo:
(ii) For any Borel compact subset T~ (4) c(R", 71, £1), ug, (T (A)) = sup{u(T~(E);
i€lTYE) < T YA):T '(E;) compact and measurable}.
4. ForT"Y(F) cT7Y(B) c(R™, 11, %),
(i) pp,(T7'(B)) <o
(i) For any Borel compact subset T~*(B ) c(R", 11, £;),ug, (T~(B)) =sup{u(T ' (F));
i € L.T'(F) € T~'(B): T~'(F;) compact and measurable} and iz (T~'(4) N T~!(B)) =0. (i)

Therefore, (R™, 71, Z4,1g,) is @ Radon e-normal space.
= Radon e-normality property is invariant under measurable homeomorphism.

Step-11: In step 11, we show that T preserves the Radon e-normality property under measurable homeomorphism and
Radon measure- invariant transformation.

Since for every Borel open subsets Ac A, B ¢ B € £,, where 4 and B are Borel compact subsets of (R™, 7,, X,), 3
Borel open subsets T~'(A) < T~'(4), T~(B) c T~'(B ) € £; such that,
tir, (T~ (A)) = g, (A) and pg, (T~ (B)) =g, (B ). (iii)

Therefore, from (i), (ii) and (iii), we confirm that Radon e-normality property is preserved under the measurable
homeomorphism and under Radon measure- invariant transformation.

In step 111, we show that 3 a measurable transformation T~ which is Radon measure-invariant.
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Step-111: Consider the measurable homeomorphism T~1: (R™, 15, 2o ury)—(R™, Ty, Xy g, )-

By using the Inverse Function Theorem for measure spaces, we conclude that 3 a measurable transformation T 1
which is Radon measure- invariant.

Therefore, from steps I, 1l and Ill, we come to the conclusion that Radon e-normality property is invariant under
measurable homeomorphism and Radon measure-invariant transformations T andT ~.

Now, we extend Radon e-regularity property and Radon e-normality property on locally compact measurable manifold
(M, 14,2, u1) . i.e.,, we introduce Radon measure on compact measurable chart, compact measurable atlas and
compact measurable manifold and designate these concepts as Radon measure chart, Radon measure atlas and Radon
measure manifold as follows:

Definition 3.4: Radon measure chart Compact measurable chart ((U,74,,,Z1,,), ¢) of locally compact measurable
manifold (M, , 7y, ;) equipped with a Radon measure Hey ), is called a Radon measure chart denoted by ((U,
T1yy ,El/u,,uRl/U), @) satisfying the following conditions:
a) ¢ is measurable homeomorphism, if for every Borel measurable subset Ve V € (R", 1, %), ¢ (V) = (U, @) €
(M, 7, Z;) is also Borel measurable.
b) ¢ is Radon measure-invariant. i.e., ug, (9~ (V)) = ug(V) where ¢~1(V) = (U, ¢) a Borel measurable chart
which satisfies the Radon measure conditions:
1. () ForpeVcV €X;ug(V) <ow;
(ii) For any Borel compact subset V c(R™, 1, X), up(V) = sup{ux(E;); i €1 : E; € V: E; compact and
measurable}
2. (i) For ¢ Y(V)e %,, where X; a o-algebra induced on second countable Hausdorff topological space,
tr, (@1 (V) <oo; where ¢~ (V) = (U, @) is a measurable chart
(i) For any Borel subset ™' (V) = (M, 71, %1), g, (9~ (V)) = sup{ug, (97 (E})) ;i € 1: @71 (E) S o7 '(V):
@~ 1(E;) compact and measurable}.

A locally compact measure manifold (M, t; %, ;) admits partitions of unity [3.1]. By using this proposition,
(M, 7%, 1) becomes a compact measure manifold. Hence the whole of measure manifold (M, 7 Xy, 1) is
measurable.

Since U?O=1(Ui‘T1/UL-'El/ui"ul/yi) =M, 174,24, 41) , We can measure compact measure manifold (M, t,,%;,44) by
Radon measure.

Now, we introduce the concept of Radon measure atlas as follows:

Definition 3.5: Radon measure atlas By an R"-Radon measure atlas of class C* (k>1) on a locally compact
measurable manifold (M, 7;%;), we mean a countable collection (ﬂ,rl/ﬂ,zl/ﬂ,u,gl/ ) of n-dimensional Radon
A

measure charts ((Ui,T1/U.:21/U.-HR1/ ),@;) forall i € N on (M, 7, Xy, ug, ) satisfying the following conditions:
i i Ui

(a;1) Uie[((Ui’Tl/Ui’Zl/Ui'”Rl/U‘) = (M, 71Zy,g,) i.e., the countable union of all Radon measure charts in

(CA’Tl/ﬂ’Zl/‘ﬂ ’#Rl/(ﬂ) cover (Mv Tl,zll :uR1)'
(ay) For any pair of Radon measure charts ((Uivfl/u,»zl/uiv”R1/U,)"Pi) and ((Uf’Tl/U,-’Zl/v,-’”Rl/U.)’(pf) in
i J

(cﬂ,Tl/ﬂ,El/ﬂ,uRl/ﬁ), the transition maps ¢; o ;" and @; o ;" are::
(1) differentiable maps of class C* (k>1)
ie, @00 ;U NU) — (U nU;) S(R™, T3, Z3.45,) and
@;j ° o7t (U; N U) — @;(U; nU;) S(R™, 15, Z,,ug,) are differentiable maps of class Ck(k=1).
(2) measurable :
Transition maps ¢; o (pj_l and g; o @; ! are measurable functions if,
a) If any Borel subset K < ¢;(U; N U;) is measurable in (R",7,,%;,ug,) then, (¢; © (pj_l) 1K) € @;(U; N
U;) is also measurable.
b) ¢; o @; ! is measurable if S © @;(U; N U;) is measurable in (R",75, Z3,4g,), then
(@; o 9i") “H(S) € ¢;(U; N U))is also measurable.
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¢) For any two Radon measure atlases (cﬁll,rl/ﬂl ’Zl/ﬂl ’”Rl/ﬂl) and (cﬂz,rl/ﬂz ’Zl/cﬂz ,le/ﬂz), we say that a

mapping T: A; — A, is measurable if T~1(E) is measurable for every measurable chart A =
(U1, ,21/U "uRl/u) c (a‘lz,rl/ﬁ2 ,21/ﬂ2 "“Rl/ﬂz) and the mapping is Radon measure preserving if

”Rl/ﬂlz ”Rl/ﬂz satisfying the Radon measure conditions:

L()VpeACAA,, le/ﬂz (A) <oo; where A is a Borel compact subset of A,.
(i) '“Rl/ﬂz(A) =sup{ )4, (E;);i€l:E; € A: E; compact and measurable}.
T-1: A, — A, is Radon measure preserving transformation if ,uRl/ﬂz(E) = ”Rl/ﬂl (T~Y(E)) where A;~A,
and ”Rl/ﬂz: uRl/ﬂlsatisfying the Radon measure conditions:
2.0V T70) € T (A) © A sy, (T7H(A)) <o
(i) le/ﬂl (T7Y(A)) = sup{ /4 (TY(E)); i €l: TY(E)) € T1(A): T1(E;) compact and measurable}

Then, we call T a Radon-measure preserving transformation.

(a4) If a measurable transformation T: A — <A preserves a Radon measure g, , then we say that g, is T- invariant.

If T is invariant and if both T and T~! are measurable and Radon measure preserving then we call T an invertible
Radon measure preserving transformation.

Let A% (M) denotes the set of all Radon measure atlases of class C* on (M, 74,21, Hp, )-

Two Radon measure atlases A; and A, in AX (M) are said to be equivalent if (A; U A,) € AX (M). In order to have
that A, UA, to be a member of A% (M) we require that for every Radon measure chart (U;, ;) € A; and
(V;, ;) € A, the set of ¢;(U; nV;) and ¢;(U; n'V;) are Borel subsets in (R",7,, X,,ug,) and maps ¢; o (pj_l and
@; ° o7 ! are of class C*and are measurable. The relation introduced is an equivalence relation in A¥ (M) and hence
partitions A%, (M) into disjoint equivalence classes. Each of these equivalence classes forms a differentiable structure of
class C*on (M, 71 %, pg,).

3.6: Radon measure manifold

A Radon measure space (M, 71,24, ug,) together with this differentiable structure of class C* forms a Radon measure
differentiable manifold of class C*.

We study e-regularity property on Radon measure manifold (M, 71 X, g, ).

By using the theorem 3.2, which states that “If (R™, 7,, Z,,u4g,) is a locally compact Radon e-regular space then Radon
e-regularity property is invariant under measurable homeomorphism and under Radon measure invariant
transformation”, we prove that Radon e-regularity property on compact Radon measure manifold (M, 71 %, g, ) is

invariant under measurable homeomorphism and under Radon measure-invariant transformation.

Theorem 3.3: If (R",7,, X;,ug,) is @ locally compact Radon e-regular space then Radon e-regularity property is
invariant under measurable homeomorphism and under Radon measure-invariant transformation
p:Uc(M, 71 2y, ug,) —(R™ 72, Z;.lhg,).

Proof: Let (R",7,, X,, ug,) be a locally compact Radon e-regular space.

We show that a Radon measure manifold (M,7; X, ug,) is @ Radon e-regular space. That is, we show that Radon
e-regularity property is invariant under measurable homeomorphism and Radon measure-invariant transformations by
using measurable homeomorphism concept [11] and Inverse Function Theorem for measure space [11].

In step I, we show that Radon e-regularity property is invariant under measurable homeomorphism.

Step-1: We shall show that ¢: U c (M, 7y 2y, g, ) —(R",72, 23, pg,) and @11 V © (R™,12,%5,up,) — (M,71 21, g, )
are C”measurable homeomorphisms where pp, and ug,are Radon measures on M and R™ respectively.
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Since (R",t,, ;,ug,) is a Radon e-regular space, i.e., for every point p €(R",7,, ;) and Borel compact subset E not
containing p in (R",13, X,), 3 Borel open subsets A € A, B c B € X,, where A and B are Borel compact subsets of
(R™, 73, Xp,14p,), DPEACA EcBc Band ug,(A N B) =0 satisfying the Radon measure conditions:
1. Forpe AcAc(R"1,1%,),
(i) Vp€AC(R 12,35, up,(A) < o
(i) For any Borel compact subset A c(R",t5, X3), Hg,(A) = sup{u(E;), i €1 : E; © A: E; compact and
measurable}
2. ForFcBc B c(R"1,,%,),
() Yq€B c B c(R"\13,%), ug,(B) < oo;
(ii) For any Borel compact subset B c(R",75,X5), ug,(B ) = sup{u(F;), i €1 : F; € B : F; compact and
measurable} and uz, (AN B ) =0. (M

By using the Inverse Function Theorem for measure manifolds [11], we can write, V Borel open subsets A
cA, B cBegx, 3 Borel compact charts ¢ 1(4) = (Ui t17y 21y ) 90) and e Y(B ) =
((U]"Tl/uj'zl/uj)'ﬁaj) €X3¢97'(p) E@(A) = (Ui t1yy 0 21y ) 90D p~'E) c ((Uj"[l/uj'zl/uj)'(pj)
and pg, (U; N U;) = 0 satisfying the Radon measure conditions:
3. Foro~'(p) € (U;, ¢;) (M, 74, Zy,1ag,),
(I) v(p_l(p) € <P_1(/T) C(M1 71, Z1 v:uR1)! #Rl (Uz) <003
(ii) For any measurable compact chart (U;, ¢;), pg, (U;) = sup{u(p~'(E;);i€ L.~ (E)) € U;:
@~ 1(E;) compact and measurable}
4. Foro Y(F)c o (B),
(i) Yo (@) €@~ (B) (M, 1y, Zy,up,) g, (U;) <o0;
(ii) For any measurable compact chart ¢ ~1(B ) = U, 9;)
tr,(U;) = sup{u(p 1 (F);i€ Lo ' (F;) € U;: ¢~ (F;) compact and measurable}
and pg, (9~ (A) Ne~'(B)) =0.
i.e, ug,(U;nU;)=0 (i)

Therefore, Radon measure manifold (M, 7;, Z;,ug, ) is a Radon e-regular space.

=Radon e-regularity property on compact Radon measure manifold (M, 71, Z;,ug,) is invariant under
measurable homeomorphism.

Step-11: In step Il, we show that ¢ preserves the Radon e-regularity property under Radon measure- invariant
transformation.

Since, for every Borel open subsets Ac A, Bc B € ¥,, 3 measurable compact charts
(p—l(A) = (Ui' (pl) Cng T1, 21’#1?1) and (p_l(E) = (Uj' (p]) C(M!Tlv 21’#1?1) such that! :uR1 ((p_l(/j)) = :uRz (A)
= ug, (U;) = pg,(4)
and pig, (9" (B)) =pg,(B)
= g, (Uj) = ur,(B) (i)

Therefore, from (i), (ii) and (iii), we confirm that Radon e-regularity property is preserved under the measurable
homeomorphism and Radon measure-invariant transformationg and ¢ 1.

Therefore, from steps | and 1I, we conclude that Radon e-regularity property on compact Radon measure manifold
(M, T4, Zy,1g,) is invariant under measurable homeomorphism and Radon measure-invariant transformation.

Now, the Radon e-normality property on compact measurable space which was proved in theorem 3.3, which states that
“If (R™, 13, Z3,ug,) is a locally compact Radon e-normal space then Radon e-normality property is invariant under
measurable homeomorphism and Radon measure invariant transformation” is extended on compact Radon measure
manifold (M, 7, X4, g, ) as follows:

Theorem 3.4: If (R",75, X5, pg,) is a locally compact Radon e-normal space then Radon e-normality property is
invariant under measurable homeomorphism and under Radon measure-invariant transformation
Q. Uc (Mv Tl,zluulh) _)(anTZv ZZ!#RZ)'

Proof: Let (R™,t,, Z;, ug,) be a locally compact Radon e-normal space.
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We show that a Radon measure manifold (M,7y %, ug,) is also a Radon e-normal space by using measurable
homeomorphism concept [11] and Inverse Function Theorem for measure manifolds [11].

We show that (p U C(M, ‘[1,21,[1131) — (Rn,Tz, EZ’:“'Rz) and (p_l: V c (Rn,Tz,Ez,,U.RZ)_) Uc (M,Tlrzl,,u.Rl) are (.:OO
measurable homeomorphisms where g, and pg,are Radon measures on M and R™ respectively.

In step I, we show that Radon e-normality property is invariant under measurable homeomorphism.

Step I: Since (R",7,, X;,1g,) is a locally compact Radon e-normal space. i.e., for any disjoint Borel compact subsets E
and F in R™, 3 Borel open subsets A c A, B € B € X,, where A and B are Borel compact subsets of (R", 1, Z,), such
thatE < A,Fc Band pg,(A N B) = 0 satisfying the Radon measure conditions:
1. ForEc Ac A c(R" 15, Z;,Ug,)
() 1, (@) < oo -
(i) For any Borel compact subset A c(R™,t5, ;,g,), g, (A) = sup{u(E;), i €1 E; € A E; compact and
measurable}
2. ForFcBcBc(R"1;,%;,uz,)
(i) e, (B) < oo;
(i) For any Borel compact subset B <(R™,7, X5,Ug, ), Hg,(B ) = sup{u(F;),i €I : F; € B : F; compact and
measurable} and ug, (AN B ) =0. M

Again, by using theorem 3.3 and Inverse Function Theorem for measure manifolds [11] , we can write, vV Borel open
subsets Ac A, B c B € %,, 3 measurable compact charts ¢ ' (4) = ((U;, 71/, , %1/, ), ;) and

@' (B)=((U;, 71/, ,Z1, ) ;) € Zq, where ¢~ '(A) and ¢~ (B) are Borel compact charts of

J J _ _
(M, 71, Zy,1g,), 3 971 (E) € 97 (A) = ((Ui'Tl/Ui’Zl/ui)KPi)v ¢ '(F)c o 1(B) = ((Uj"Tl/U,-’Zl/U,-)’ ;) and
e, (971 (A) Ne~'(B) =0

= ug, (U; N U;) = 0 satisfying the Radon measure conditions:

3. Foro Y (E) c ¢7'(A) = (U, 9;) © (M, 74, Zy,u4p,),
(1) g, (U;) <oo;
(i) For any measurable compact chart (U;, ¢;), pg, (U;) = sup{u(ep 1 (E)); i€ Lo Y (E)) € U;:
¢~ Y(E;) compact and measurable}
4. Foro ' (F)c o '(B)=(U,9;) <M, 1y, Zy,uz,),
(1) g (U) <o
(ii) For any measurable compact chart(U;, ¢;)
tr, (U;)=sup{u(p ' (F,); i€ Lo~ (F}) € U;: ¢! (F;) compact and measurable}and
tr, (@A) N~ ' (B))=0. e, up (U;nU;)=0 (i)

Therefore, (M, 74, Z;,ug,) is @ compact Radon e-normal space.
=Radon e-normality property on compact Radon measure manifold is invariant under measurable homeomorphism.
In step 11, we show that ¢ preserves the Radon e-normality property under Radon measure- invariant transformation.

Step I1: Since, for every Borel open subsets Ac 4, B ¢ B € £,, 3 measurable compact charts

A VE _(Ul-,<pl-) CSM, 71, Z1,4g,) and qg‘l(é) = (Uj, 9;) ©(M,7q, Zy,1g, ) such that,

#Rl(fp_l (4)) = ug,(A) = ug,(U;) = pg,(A) and

tr, (97 (B)) =g, (B)= tg, (U;)=Hg,(B) (i)

Therefore, from (i), (ii) and (iii), we confirm that Radon e-normality property is preserved under measurable
homeomorphism and Radon measure-invariant transformation ¢ and ¢ 1.

Therefore, from steps | and 1I, we conclude that Radon e-normality property on compact Radon measure manifold
(M, 74y, 1g,) is invariant under measurable homeomorphism and Radon measure-invariant transformation.

Example for a Radon measure manifold of dimension 1 is as follows:
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Example 3.1: Measurable closed unit interval | = [0, 1] € (R, 1, X) is a Radon measure manifold of dimension 1.
Solution: Let (M,74,%;) = [0, 1] be measurable closed interval. The closed unit interval 1 = [0, 1] c R! is a
1-dimensional manifold whose boundary consists of the two points 0 and 1. A 1-dimensional measurable manifold
(M,t4,%,) = [0, 1] is homeomorphic to a measurable closed unit interval | = [0, 1] © (R}, 1, X). Measurable closed unit
interval | has a non-empty boundary consisting of the two points {0} and {1}.

We know that, any connected compact 1-dimensional manifold with non-empty boundary is homeomorphic to
I = [0, 1] < R!. For connected 1-dimensional manifolds, two invariants called compactness and presence of boundary
form a complete system of topological invariants [8].

Also we know that, every subset of the unit interval has a supremum and infimum.

Now, let ¢ : (M,7,Z;) — [0, 1] c (R}, 7, %) be a measurable homeomorphism.

By lemma 2.1 [8], since | = [0, 1] can be represented as the union of a monotonically increasing sequence of Borel

open subsets, all homeomorphic to (R?,t,X), that is, |1 = [0, 1] is homeomorphic to (R',z,X). The closed unit interval
[0, 1] satisfies the Radon measure conditions:

(1) pp([0,1]) < o;
(if) Forsome € >0, ug([0, 1]) = sup{u([s- €, s+ €]) : [s- &, s+ €] € [0, 1] : [s- €, s+ €] compact measurable charts}
Since the closed unit interval has supremum, the length of [0, 1] is 1.
Therefore, uz([0, 1]) = 1.
Therefore, Radon measure on a locally compact 1-dimensional measurable manifold (M,7q,Z; pig, ) is 1.
Note: Lebesgue measure on measurable space (R", ,X) is a Radon measure.
CONCLUSION
Measurable properties like Radon e-regularity and Radon e-normality are studied on locally compact Radon measure

space and extended this study on Radon measure manifold. This study has applications in the field of engineering
science and neural network.
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