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ABSTRACT

In this paper we are finding the number of zeros of class of analytic functions, by considering more general
coefficient conditions. As special cases the extended results yield much simpler expressions for the upper bounds of
zeros of those of the existing results.
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1. INTRODUCTION

Let P(2)= X", a;z' be a polynomial of degree n such that0 < a, < a; < a, < --- < a,, then all the zeros of P(z) lie in
|z|<1. Finding approximate zeros of a polynomial related to analytic function is an important and well-studied problem.
To find the number of zeros of a polynomial related to an analytic function has already been proved by Aziz and
Mohamad [3], by extending Enestrém-Kakeya theorem [1-2], is the following.

Theorem A: Let F(z) = Y2, a;z" # Obe an analytic function in |z| < t. If a; > 0 and a; — ta; = 0, for
i =1,2,3,..then F(z) does not vanish in |z| < t.

Here we establish the following results which are more interesting.

Theorem 1: Let F(z) = Y2, a;z" # Obe analytic function in |z| < 1 such that
T
larg(a) — Bl < a < E'i =0,12,..,n,.. forsomereal B,ay # 0,0 <7< 1,k; = 0,k, = 0and
lag IS |ag| < - < amq|S kylap| 2 lapi | = 2 a1z tla|<S |ag | S ay, | < < ka, = -
for some m,],0 < m <1 < nthen the number of zeros of F(z) in|z| <r, 0 <r < 1does not exceed

1 2[X + sina Y2ola;l — [law | + la, 111 + sina) + |a;| (1 — sina)]

log; |aol
where X = (kq|a,,| + kyla,|)(A + cosa + sina) — t|q;|(1 + cosa — sina).

Corollary 1: Let F(z) = Y72, a;z" # Obe analytic function in |z| < 1 such that

larg(a)) =Bl < a < %,i =0,1,2,..,n,.. for somereal B,a, # 0 and

lag IS |ag] . S Nap1l< lap ] 2 lapi1 | = o 2 a2 gl € a1 | £ - < a, ...forsomem,,0 <m<1<n
then the number of zeros of F(z) in|z| <7, 0 <r <1 does not exceed
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1, 2[(lam | = lai| + la,Deosa + sina 3% | ail ]
Tlog .
log; laol

Remark 1: By taking T = k; = k, = 1 in theorem 1, then it reduces to Corollary 1.

Theorem 2: Let F(z) = Y72, a;z" % Obe analytic function in |z| < 1 such that
T
larg(a)) =Bl < a < E'i =0,12,..,n,.. forsomereal f,ay # 0,k = 0and k|ay | = |a1| = - = |ay_1]| = |an]

S|am+1|S"'S|an—1|S|an|2"' .
for some m, 0 < m < n then the number of zeros of F(z) in|z| <7, 0 <r < 1 does not exceed
1 klag|(cosa + sina + 1) + 2(|a, | — |a, |)cosa + 2sina Y72, | a;|

log
log% ol

Corollary 2: Let F(z) = Y2, a;z" # Obe analytic function in |z| < 1 such that
7
larg(a) — Bl < a < E'i =0,12,..,n,.. forsomereal B,ay # 0 and |ay | = |a1| = =+ = |ap_1]| = |an|
< |am+1 | <= |an—1| < |an| = )
for some m, 0 < m < n, then the number of zeros of F(z) in |z| < - does not exceed
1 |ag|(cosa + sina + 1) + 2(|la,| — |a,, |)cosa + 2sina 3724 | a;|

l
log2 Y o

Remark 2: By taking k = 1 and r = %in theorem 2, then it reduces to Corollary 2.

Theorem 3: Let F(z) = Y2, a;z" % Obe analytic function in |z| < 1 such that
Re(a;) = a;,Im(a;) = B;, fori =0,1,...,n,
ay#0,0<9<1,0<t<1,k; =20k, =20,k=>0 and
Jag < <ap 1 Skiap 2an =22 12T S S S A1 SRy 2y = Qg =00
kBo=p1 =2 ZBp1ZpPn =
for some m,1,0 < m <1 < n, then the number of zeros of F(z) in|z|] <r, 0 <r <1 doesnot exceed
1 o 2[lagl = lap| + || — |a, | + Y]

log% ol

1
where Y =k (lam| + @) — (e + lau]) + k(@ + |an D] + 5 [k(Bo | + Bo) — 9(laol + ao)]-

Corollary 3: Let F(z) = Y2, a;z* # 0 be analytic function in |z| < 1 such that
Re(a;) = a;,Im(a;) = B;, fori =0,1,...,n,ay # 0,and
Q) SO S S A 1 S A 2 Ay =22 120 Q) S S0 S, 200,
Boz P = 2Py 2Py =
for some m,],0 < m <1 < n then the number of zeros of F(z) in|z| < %, does not exceed
1 2[ay, —a; + a,] —ag + By + 1Bl

log2'° o] '

Remark 3: By takingky =k, =k=9=t=1landr = %in theorem 3, then it reduces to Corollary 3.

Theorem 4: Let F(z) = Y2, a;z" % Obe analytic function in |z| < 1 such that
Re(a;) = a;,Im(a;) = B, fori =0,1,..,n,
ay#0,0<9<1,0<t<1,k; =20k, =20,k=>0 and
kagz2ay=22ap 1210, SApyy < S ap Skha, 2 a4 =00,

O < Py < < oy Sy = -

for some m,1,0 < m < n then the number of zeros of F(z) in|z] <7, 0 <r <1 does not exceed

1, 2[1Bol + lam | = lan| = 1Bx] + W]
09

log% ol

1

1
where W =k (e, + lan]) + k(Bn + Bal) = (am + latm ) + S [ka(leto| + ct9) = 9(1Bo| + Bo)].
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Corollary 4: Let F(z) = Y72, a;z" # Obe analytic function in |z| < 1 such that
Re(a;) = a;,Im(a;) = B;, fori=0,1,..,n,ay # 0,and
Ay Z2 AL =2 A 2 Ay S Upy1 S S 1 Sy = Apyq =00
Bos<Pr S <SP 1<Pp=-
for some m,1,0 < m < n then the number of zeros of F(z) in|z| < % does not exceed
1 lo [laol + 1Bol + o — Bo + 2(ay + B — an)]
log2 |aol

)

Remark 4: Bytakingky =k, =k=9=t=1landr = % in theorem 4, then it reduces to Corollary 4.
2. LEMMAS

Lemma 1 [4]: Let P(z) = X2, a;z° % Obe analytic function in |z| < 1 such that
larg(a;)) =Bl < a < g; la;_1| <la;| fori=012,..,n,..
thenla; —a;_1| < ( lai|—=la;_1)cosa + ( |a;|+]a;_1])sina.
Lemma 2.[5]: f f(z)is regular f(0) # 0 and f(z) < M in |z| < 1,then the nuber of zeros of f(z)in
|z]| < 7,0 <r <1does not exceed Lllog i
log; laol

3. PROOFS OF THE THEOREMS

Proof of the Theorem 1: Let F(z) = ag + a;z + ayz> + -+ + a,,z™ + -+ a;z' + -+ + a,z" + ---be analytic function
Let us consider the polynomial G(z) = (1 — z )F(2) so that
G@2)= (1—-2z)(ag+a1z+az®+ -+ apz" ++ qz' + -+ a,z" + ) =ay + Z(ai —a;1)7"

i=1
Now for |z] < 1, we have

m-—1 -1
1G@I < laol + Dl = a1l + |y, = Ky + i = Gl + 1 = ka + ki =l + D lag = ey
i=1 1 i=m+2
.

+la, —ta; + ta; — aj_q| + lajy — 1) + 10 — )| + z la; — a;_1|

i=l+2

[ee]
+ |an - kZan + kZan - an—ll + |an+1 - kZan + kZan - anl + Z |ai - ai—ll
i=n+2

m—1 -1
<laol+ ) la = @] + 206 = Dlay | + agy = @il + Kty = @l + ) la = a4
i=1 i=m+2
n—1
#2010 = Dlarl + oy = tal + s, — el + ) 1a = ai ] +206 = Diay] + lkpa, — @,y
i=l+2

+koa, — appq| + Z la; — a;_1l
i=n+2
By using lemma 1 we get
m-—1

1G@)| < lapl + 2[(ky — Dlap | + (k2 — Dla,| + (A = Dla|] + Z(l a;| = la;-1|) cosa

i=1
m—1

£ (el 1011 sina + U lay | =1a, 11)cosa + Uy lay |+l Dsina + (kyla, |=1a, Deosa
i=1

-1 -1
0l [+HlapDsina + Y (Ja] = la) cosa+ > (lad+1ai]) sina+( lay|-lacosa
i=m+2 i=m+2

n—1
+C laial+elaDsing + ( lal-tlaDeosa + ( lal+tlaDsing + Y (1a] - la|) cosa
i=l+2
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n—1
£ ) (Ll +la]) sina + Gealay |~y 1 eosa + (a1 +1a, s Dsina + (ela, =1, 1 Deosa

i=l+2

Ul [ +lagiDsina + " ( lal=lal)cosa+ > (la]+la ) sina

i=n+2 i=n+2
m—1

= lagl + 2[(ky — Dlan| + (ky — Dla,| + 1 = Dlal] + (|an—1| — lagDcosa + Z( lail + la;—1|) sina
i=1
+ (kllaml_lam—ll)cosa + (kllam|+|am—1|)5ina + (]lcllaml_lam+1|)cosa

+ (Kt 1@y 1 Dsing + (gl = la Deosa + )" (1 a] +laiy|) sina
i=m+2
+( lai—ql=7laDecosa + ( |1al—1|+T|al|)Sina + (C lagpal=7laDeosa + ( lajyql+tla;)sina
.
+ (@] = laaDeosa+ Y (Il + lac|) sina + (ko lay|~la, - Deosa

=12
+ (k£|an|+|an—1|)5ina + (kzla,|=lay+1Dcosa + (kyla, | +la, 41 D)sina + |a, 14 |cosa — |ag|sina

+ ) (el +laql) sin

i=n+2
= 2(kilan| + kzla, )1 + cosa + sina) — 2t|a;|(1 + cosa — sina) — |ay|(cosa + sina — 1)

+25ina2|ai| —2[la,, | + la,|]1(1 + sina) + 2 |q;| (1 — sina)
i=0

IA

2|X +sina ) |a;| — [lan| + |a,|1(1 + sina) + |q;| (1 — sina)|.

i=0

where X = (kqlap| + kyla,|)(1 + cosa + sina) — t|a;|(1 + cosa — sina)
Apply lemma 2 to G(z), we get then number of zeros of G(z) in |z| < 7,0 < r < 1 does not exceed

1 ] 2[X + sina Xizola;l — [lan| + la,]](1 + sina) + |a;| (1 — sina)]
0
tog " a0

where X = (kqlap| + kyla,|)(1 + cosa + sina) — t|a;|(1 + cosa — sina)

All the number of zeros of F(z) in |z| < r,0 < r < 1 is also equal to the number of zeros of G(z) in |z| < 7,0 <r <1
This completes the proof of theorem 1.

Proof of the Theorem 2: Let F(z) = ay + a1z + ayz> + -+ a,,z™ + -+ a,z" + - be analytic function. Let us
consider the polynomial G(z) = (1 — z )F(z) so that
Gz)= (1—-z)(ag+ iz +az* + -+ apz™ + -+ a,z" + )

=ap+ Z(ai —a;_1) 7"
i=1

Now for |z| < 1, we have
IG@)| < lagl + | ag — kag + kag —a; | + la; —a;— |
=
< lagl + (k=D agl + [kag —a; | + la; —a;— |

i=2
By using lemma 1 we get

1G(2)] < laol + (k = Dlagl + (k [ag|=lai Ncosa + (k| aol + |a1|) sina + ) (| a;| = la;-1|) cosa
i=2

£ (el +1ai]) sina
i=2
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m
G| < lag| + (k = Dlao| + (k lag|=lascosa + (k| ao| +lai|) sina + ) (] ;1| = |a;|) cosa
i=2

+ ) Aal —lasDcosa+ Y (Jal-lal) cosa+ ) (1a]+la ) sina
i=2

i=m+1 i=n+1
< klag| + (k |lag|—laycosa + (k| ag| + |a1]) sina + (la;| — |a,, |)cosa + (|a,| — |ay|)cosa + |a, |cosa

+ |ag|sina + ZSinaZ | a;]
i=1

[oe]

= k|ay|(cosa + sina + 1) + 2(|a,| — |la,,|)cosa + ZSinaZ | a;]
i;l
< klag|(cosa + sina + 1) + 2(|a,| — |la,, |)cosa + 2sina ) |a;].

i=1

Apply lemma 2 to G(z), we get then number of zeros of G(z) in |z| < r,0 < r < 1 does not exceed

1 ] klag|(cosa + sina + 1) + 2(|la, | — |a, |)cosa + 2sina X2, | a;]
0 :
log% 7 ol

All the number of zeros of F(z) in |z| < 7,0 < r < 1 is also equal to the number of zeros of G(z) in |z| < 7,0 <r < 1.
This completes the proof of theorem 2.
Proof of the Theorem 3:

Let F(z) = ap + a1z + a,z% + -+ ap,z™ + -+ q;z' + -+ a,z" + -~ be analytic function. Let us consider the
polynomial G(z) = (z— 1)F(z) so that

G(z)

(z—-1 )ogao +az+ a2’ + o+ apz™ o+ qzt o+ az + )
=-ay+ Z(ai—l -a;)7
i=1

Now for|z| < 1, we have
[oe]

6@ < lagl + Y lacs — ail

l=1 [e0) [e0)
< lag| + 1Bo| + Zlai—l — o +Z|:8i—1 - Bil
i=1 i=1
m—1
= |ag| + |Bol + lag — dag + dag — ay| + |8y — kBo + kBy — B1| + lai— — a]
i=2

-1
+ |am—1 _klam + klam - aml + |am - klam +k1am - am+1| + Z |ai—1 -

i=m+2
n—1

oy — T + e — q + lag — Tty + T — apyq| + Z lai—1 — al
i=l+2
[oe]
+ |an—1 - kzan + kzan - anl + |an - kzan + kzan - an+1| + |.Bi—1 _.Bil
i=2
m—1

< lagl + 1Bol + (1 = 9ol + (ay — Iag) + (k — DIBo| + (kBy — B1) + Z (a; —ai—1) + (ay, — ap—q)

i=2
-1

420k = Dlay | + Gy = @)+ Y (@1 — @) + (@ - @) + 21 - 1)la]

i=m+2
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n-1

Han —ta) + ) (@ = @) + (ot = @) + 20k = Diag| + Gy = @upr)

i=l+2
- Z(ﬁl )

< 2flagl = fam | + || = |, | + Y]

1
where Y = ki (lam| + am) — (e + lau]) + ko (@ + |an D] + 5 [k(1Bol + Bo) — 9 (laol + ao)]-

Apply lemma 2 to G(z), we get then number of zeros of G(z) in |z| < r,0 < r < 1 does not exceed

1, 2lagl = fam| + lag| — |an| + Y]
109
log; aol

1
where Y = ki (lam| + am) — (e + lau]) + ko (@ + |an D] + 5 [k(1Bol + Bo) — 9 (laol + ao)]-

All the number of zeros of F(z) in |z| < r,0 <r < 1 is also equal to the number of zeros of G(z) in |z]| < 7,0 <r < 1.
This completes the proof of theorem 3.

Proof of the Theorem 4:

LetF(z) = ag + a;z + a,z* + -+ a,z™ + -+ a,z" + --- be analytic function

Let us consider the polynomial G(z) = (z — 1 )F(2) so that

Gz)= (z—1)(ap+ a1z + az® + -+ apz™ + - a,z" + )
=—a+ Z(ai—l —a;)z
i=1

Now for |z]| < 1, We have

6@ < laol + Zlal -

< lagl + 16| + Zlal L~ al +Z|ﬁl - il
m—1

= |agl + |Bol + lag — kyag + kyag — aq| + |Bo — 9By + 9By — b1l + Zlai—l —a

i=2
n-1

+ |am—1 —Thy +TAy — aml + |am — Ty +TAy — am+1| + Z |ai—1 - ail
i=m+2
n-1
+ |an—1 - kzan + kzan - anl + |an - kzan + kzan - an+1| + Zlﬁi—l _.Bil
o i=2
By = By + By = Bl + 1By = KB + KBy = Bl + Y 1B =

i=n+2

m—1

< lagl + 1Bl + (ky — Dlag| + (kyag — ay) + (1 = DBl + (B —I9Bo) + z (aim1 —a;) + (a1 — Tay)
i=2

n—1 n—
F20 = D] + @i — 1)+ Y (@ = @)+ Y (B i) + Uy = a,0)

i=m+2

420k~ Dl + (katty — @nys) + KBy — Bocs) + 20k = DIB| + (B, — frs)
+ Z (Bir = B)
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< 2[|Bol + lan| — lan| — 1Bn| + W]
1
where W = ky(a, + |a, ) + kB, + |8, ]) — t(a,, + |, ]) +§[k1(|a0| + ay) —I9(Bo| + Bo)]-

Apply lemma 2 to G(z), we get then number of zeros of G(z) in |z| < r,0 < r < 1 does not exceed

1, 2[1Bol + [t | — || = 1Bal + W]
109 g
log; ol

1
where W = ky(atn + |an ) + k(Bn + 1Ba) = T(am + latm ) + S [ka(leto| + ct9) = 9(1Bo] + Bo)].

All the number of zeros ofF(z) in |z| < r,0 < r < 1is also equal to the number of zeros of G(z) in|z| < 7,0 <r <1

This completes the proof of theorem 4.
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