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ABSTRACT

In this paper, we define a new algebraic structure of a bipolar anti fuzzy normal HX subgroup and some properties of
intersection and union bipolar anti fuzzy normal HX subgroups are discussed. We establish the necessary condition for
intersection of any two bipolar anti fuzzy normal HX subgroups is a bipolar anti fuzzy normal HX subgroup.The
concept of an anti image, anti pre-image of a bipolar fuzzy subsets were discuss in detail a series of homomorphic and
anti homomorphic properties of bipolar anti fuzzy normal HX subgroups. We define lower level subset of a bipolar anti
fuzzy normal HX subgroup and discuss some of its properties. Characterizations of lower level subsets of a bipolar anti
fuzzy normal HX subgroup of a HX group are given.
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1. INTRODUCTION

The concept of fuzzy sets was initiated by Zadeh [16]. Then it has become a vigorous area of research in engineering,
medical science, social science, graph theory etc. Rosenfeld [15] gave the idea of fuzzy subgroups. Li Hongxing [3]
introduced the concept of HX group and the authors Luo Chengzhong, Mi Honghai, Li Hongxing [5] introduced the
concept of fuzzy HX group. In fuzzy sets the membership degree of elements ranges over the interval [0, 1]. The
membership degree expresses the degree of belongingness of elements to a fuzzy set. The membership degree 1
indicates that an element completely belongs to its corresponding fuzzy set and membership degree 0 indicates that an
element does not belong to fuzzy set. The membership degrees on the interval (0, 1) indicate the partial membership to
the fuzzy set. Sometimes, the membership degree means the satisfaction degree of elements to some property or
constraint corresponding to a fuzzy set. Bipolar valued fuzzy set, which was introduced by K.M.Lee [2] are an
extension of fuzzy sets whose membership degree range is enlarged from the interval [0, 1] to [-1, 1]. In a bipolar-
valued fuzzy set, the membership degree 0 means that the elements are irrelevant to the corresponding property, the
membership degree (0, 1] indicates that elements somewhat satisfy the property and the membership degree [-1, 0)
indicates that elements somewhat satisfy the implicit counter-property. The author W.R.Zhang [17] commenced the
concept of bipolar fuzzy sets as a generalization of fuzzy sets.R.Muthuraj et.al [9] introduced the concept of bipolar
anti fuzzy HX subgroup of a HX group.In this paper we define a new algebraic structure of a bipolar anti fuzzy normal
HX group and its lower level normal sub HX subgroups and study some of their properties. We define the concept of
union and intersection of bipolar fuzzy subsets of a bipolar anti fuzzy normal HX subgroups of a HX group and discuss
some of their related properties. We [10] introduced the concept of an anti image and anti pre-image of a bipolar fuzzy
subsets and discuss some of its properties with bipolar anti fuzzy normal HX subgroup under homomorphism and anti
homomorphism.
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2. PRELIMINARIES

In this section, we site the fundamental definitions that will be used in the sequel. Throughout this paper, G = (G,*) is a
finite group, e is the identity element of G, and xy we mean x * y.

Definition 2.1 [3]: In 2° — {¢}, a non-empty set 9 < 2°—{¢} is called a HX group on G, if 9 is a group with respect
to the algebraic operation defined by
AB ={ab/a e Aandb e B}, which its unit element is denoted by E.

Definition 2.2 [1]: Let X be any non-empty set. A fuzzy subset p of X is a function p : X — [0,1].

Definition 2.3 [11]: Let G be a non-empty set. A bipolar-valued fuzzy set or bipolar fuzzy set pu in G is an object
having the form p ={(x, p*(x), p (X) ): xeG},where n": G— [0,1] and p : G— [-1,0] are mappings. The positive
membership degree u* (x) denotes the satisfaction degree of an element x to the property corresponding to a bipolar-
valued fuzzy set p ={(x, p*(x), u (X)) : xeG} and the negative membership degree u (x) denotes the satisfaction degree
of an element x to some implicit counter property corresponding to a bipolar-valued fuzzy set p = {(x, w'(x), p (x) ):
xeG}. If u*(x) = 0 and p (x) = 0, it is the situation that x is regarded as having only positive satisfaction for p = {(x,
(), w(X): xeGY If p'(x) =0and pu(x) # 0, it is the situation that x does not satisfy the property of p ={(x, p*(x),
1 (X)) : xeG}, but somewhat satisfies the counter property of p = {(x, u*(x), n (X)): xeG}. It is possible for an element
X to be such that p*(x) = 0 and p (x) = 0 when the membership function of property overlaps that its counter property
over some portion of G. For the sake of simplicity, we shall use the symbol p = (u*,u") for the bipolar-valued fuzzy set

= {(x, pi(x), w(x)): xeG}.

Definition 2.4 [11]: A bipolar-valued fuzzy set or bipolar fuzzy set p of G is a bipolar fuzzy subgroup of G if for all
X,y €G,

i p(xy) =min {u"(x), 0" (¥)},

i p(xy) < max {p(x), L (M)}

il W) = P00, ) = ().

Definition 2.5 [11]: A bipolar-valued fuzzy set or bipolar fuzzy set u of G is a bipolar anti fuzzy subgroup of G if for
all x, y G,

i p(xy) < max {u'(x), K'Y}

i po(xy) =min {u(x), w ()}

i, ) = ), ) = ().

Definition 2.6 [11]: Let u = (u*,u") be a bipolar fuzzy subset of G. Let 9 be a non-empty set. A bipolar-valued fuzzy
set or bipolar fuzzy set}, in 9 is an object having the form A, = {(A, 1,"(A), A, (A)) : A € 9} where A,": 3 —
[0,1] and A, : 9 — [-1,0] are mappings. The positive membership degree A,"(A) denotes the satisfaction degree of
an element A to the property corresponding to a bipolar-valued fuzzy set A, = {(A, 1,"(A), A, (A)): A € 9 } and the
negative membership degree A, (A) denotes the satisfaction degree of an element A to some implicit counter property
corresponding to a bipolar-valued fuzzy set A, ={(A, &, (A), L, (A)): A € 9}. If A,"(A) =0 and A, (A) =0, it is
the situation that A is regarded as having only positive satisfaction for A, = {(A, 1, (A), A, (A)): A € 9}. If
A (A)=0 and A, (A) =0, it is the situation that A does not satisfy the property of A, = {(A, ,"(A), A, (A)) : A
€ 9} , but somewhat satisfies the counter property of A, = {(A, &, (A), &, (A)): Ae9}. It is possible for an
element A to be such that A,"(A) =0 and A, (A) =0 when the membership function of property overlaps that
its counter property over some portion of 3. For the sake of simplicity, we shall use the symbol A,= (A", A, )
for the bipolar-valued fuzzy set A, ={(A, 1,'(A), 1, (A)): A € 9}.

Definition 2.7 [11]: Let G be a group. Let u be a bipolar fuzzy subset defined on G. Let 9 = 2°—{¢} be a HX group
on G. A bipolar fuzzy set A, defined on 9§ is said to be a bipolar fuzzy subgroup induced by pon § or a
bipolar fuzzy HX subgroup on 9 if for A,B €9,

i. A, (AB)> min{ 1,"(A), 1, (B)}

ii. A, (AB) < max{ A, (A), A, (B)}

ii. A (A = 4,5 A), M (AT =00(A).

where, A (A) =max {u*(x) /forallx e Ac G} and
A (A) = min{u (x)/forallx e Ac G}.
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Definition 2.8 [11]: Let G be a group. Let n be a bipolar fuzzy subset defined on G. Let 9 = 2°—{¢} be a HX group
on G. A bipolar fuzzy set A, defined on § is said to be abipolar anti fuzzy subgroup induced by pon 9 or a
bipolar anti fuzzy HX subgroup on 9 if for A, B €9,

i A, (AB) < max {1,"(A), 1, (B)}

ii. A, (AB)> min {1, (A), 1, (B)}

ii. A (A = LA, LA =00(A).

Where, A (A) =max {u*(x) /forallx e Ac G} and
A (A) = min{u(x) / forall x e Ac G}

Definition 2.9: Let G be a group. Let u be a bipolar fuzzy subset defined on G. Let 9 < 2°—{¢} be a HX group on G.
Let A, = (A", A, ) be a bipolar fuzzy subset on 9,then A, is said to be bipolar fuzzy normal HX subgroup on 9, if
A(ABA™ >2,%(B), A, (ABA™) <, (B), forall A,B e9.

Where, A (A) =max {u*(x) /forallx e Ac G} and

A (A) = min {u(x) / forall x e Ac G}
Definition 2.10: Let G be a group. Let p be a bipolar fuzzy subset defined on G. Let 9 < 2°—{¢} be a HX group on
G. Let A, = (A", A, ) be a bipolar fuzzy subset on 9,then %, is said to be bipolar anti fuzzy normal HX subgroup on
9, if

AS(ABA™ <A,%(B), A, (ABA™) >3, (B), forall A,B €9

Where, A (A) =min {u(x)/forallx e Ac G} and
A (A) = max{u (x)/forallx e Ac G}
Theorem 2.11: Let G be a group and 9 < 2° —{¢} be a HX group on G. Let A= (A", A, ) be a bipolar anti fuzzy HX
subgroup of a HX group 9, then the following conditions are equivalent
i. A, isa bipolar anti fuzzy normal HX subgroup on S.
ii. 4, (ABA™) =,(B) , forall A,B e9.
iii. A,(AB) =X, (BA) , forall A, B e39.

Proof: i = ii: Let A, = (A", A, ) be a bipolar anti fuzzy normal HX subgroup on 9, then XpJ'(ABA'l)S 2 (B),
A (ABA™) >2,7(B), forall A/B €9

Thus, taking advantage of the arbitrary property of A, we get

AS(ATBA) =4, (ATB(AT) ) <,7(B)

Therefore, A, (B) = 1, ( ATABATA) =1, "(A(ABAHA) <1, (ABA™) <1,'(B)
Hence, 1, (ABA™) = 1, (B).

Similarly,
AT(ATBA) =4, (ATTBATH) ™ >4, (B)

Therefore, A, (B) = A, (AABAA) =4, (A (ABA™A) > 1, (ABA™) > 1,7 (B)

Hence, L, (ABA™) = A, (B).

Hence , A,(ABA™) = ,(B), forall A, B €9.

ii = iii: Substituting BA for B in (ii) ,we can easily get (iii).

iii = it According to A, (AB) = A,(BA), forall A, B €9 we obtain A,(ABA™) =1, (BAA™) =1,°(B) <.(B).
That is, A,(ABA™) <,(B) implies that ,"(ABA™) <2,(B) and %, (ABA™) >, (B) for arbitrary A, B 9.

Hence, A, is a bipolar anti fuzzy normal HX subgroup on $.
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Theorem 2.12: Let G be an classical abelian group and 9 < 2° —{¢} be a HX group on G. Let A= A ) bea
bipolar anti fuzzy HX subgroup of an abelian HX group 9, then A, is a bipolar anti fuzzy normal HX subgroup on 9.

Proof: Let &, = (A", A,” ) be a bipolar anti fuzzy HX subgroup of an abelian HX group 9.Then AB = BA for every
ABed.

Hence, A, (AB) =1, (BA), forall A, B e9.
Therefore, A, is a bipolar anti fuzzy normal HX subgroup on 9.

Theorem 2.13: Let p is a bipolar anti fuzzy normal subgroup on G then the bipolar fuzzy set A, is a bipolar anti fuzzy
normal HX subgroup on 9.

Proof: Let p be a bipolar anti fuzzy normal subgroup of G then p*(xy) = p'(yx), w(xy) = pu (yx),
Now A, be a bipolar fuzzy subset of & forall A,B € §
A (AB) =min {u*(xy) /forallx e Ac G,y e Bc G}
=min{u'(yx)/forallx e Ac G,y e Bc G}
= XHJ'(BA)
A (AB) = max{u (xy)/forallxe Ac G,y e Bc G}
=max{u (yx)/forallx e AcG,y e Bc G}
= L (BA)
Hence, A, (AB) =1, (BA) , forall A, B 9.

Therefore, A, is a bipolar anti fuzzy normal HX subgroup on 9.

Theorem 2.14: Let A, is a bipolar fuzzy normal HX subgroup of 3 if and only if (A,)° is a bipolar anti fuzzy normal
HX subgroup of 9.

Proof: Let %, is a bipolar fuzzy HX subgroup of 9 if and only if (1,)° is a bipolar anti fuzzy HX subgroup of 3.by
Theorem 3.4 [12]

Let us show the normality condition, we have A, is a bipolar fuzzy normal HX subgroup of 3, For every A, Be 9
A (AB) =1,'(BA)

o 1-2,7(AB) =1-1,"(BA)

< (W) (AB)= () (BA)

and
M (AB) = 1, (BA)

& -1-2, (AB) =-1-1, (BA)
< (W)°(AB) = (A,)°(BA)

Hence, %, be a bipolar fuzzy normal HX subgroup of a HX group 9 if and only if (1, )° is a bipolar anti fuzzy normal
HX subgroup of HX group 3.

Definition 2.15[12]: Let p = (u*,u") and ¢ = (¢ *,¢ ) are bipolar fuzzy subsets of G. Let 9 < 2° —{¢} be a HX group
of G. Let A, = (A", 1, ) and 5, = (o,", 6, ) are bipolar fuzzy subsets of 3. The union of A, and o, is
(AU G,) = (MU oy, (M Uo,) ) definedas

i (A Uoy (A) = max {1, (A), 6, (A)}

ii. (A\,Uo,) (A) = min{A, (A),c, (A}
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where At (A) = max {u'(x) / forall x e Ac G}
A (A) =min {pu(x)/forallx e Ac G}
o, (A)=max {¢'(x)/forallx e Ac G} and
o, (A)=min {@ (x)/forallx e Ac G}.

Definition 2.16[12]: Let u = (u*,u") and ¢ = (¢ ", ") are bipolar fuzzy subsets of G. Let & < 2° —{¢} be a HX group
of G. Let A, = (4", 1,) and o, = (o,", &, ) are bipolar fuzzy subsets of 9.The intersection of &, and 6, is (A, N 6, ) =
((\y N 6g)", (A, M ©,)7) defined as
i. (A noy) (A)=min {1, (A), 5, (A)}
ii. (A,Noy) (A)=max {A, (A),c, (A}
Where A (A) = max {u'(x) / forall x e Ac G}
A (A) =min{p(x)/forall x e Ac G}
o, (A)=max{e (x)/forallx e Ac G} and
o, (A)=min {¢ (x)/forallx e Ac G}.

Theorem 2.17: If A, and o, are bipolar anti fuzzy normal HX subgroups of 8 then A, o, is also a bipolar anti fuzzy
normal HX subgroup of 9.

Proof: Let A, = (A,", &, ) and 5, = (5,", 6, ) are bipolar anti fuzzy HX subgroups of 9 then A,Ug, is also a bipolar
anti fuzzy HX subgroup of 3. by Theorem 3.8 [13].

Now A, and o, are bipolar anti fuzzy normal HX subgroups of 8. Let us show the normality condition, For every A,
Be 9

(U Gy) T (ABA™) = max {A," (ABA™), 5,"(ABA™) }
<max { 7»; (B), Gso+ (B)}
= (MU oy) " (B)

There fore, (A, U c,) " (ABA™) < (A, U c,)" (B)

(UG, (ABA™) =min {1, (ABA™), 5, (ABA™) }
>min {3, (B), o, (B)}
= (U c,) (B)

There fore, (A, U c,)” (ABA™) > (A, Uc,) (B)
Hence, A,V o, is abipolar anti fuzzy normal HX subgroup of 3.

Remark 2.18: Let G be a group. Let p = (u', u) and ¢ = (¢ *, @ ~) are bipolar anti fuzzy normal subgroups of G and
p U ¢ is also a bipolar anti fuzzy normal subgroup of G then M. = (Muue)(Nuue)) is @ bipolar anti fuzzy normal
HX subgroup of § induced by pw ¢ of G ( By Theorem 2.13).

Theorem 2.19: If A, ©, Ny, u, are bipolar anti fuzzy normal HX subgroups of 8 induced by bipolar anti fuzzy
normal subgroups p, ¢ and pw ¢ of Gthen n,,, =4, g,

Proof: Let &, = (A", 1,),0, = (c,", 5, ) are bipolar anti fuzzy normal HX subgroups of 9 then A, U o, are bipolar anti
fuzzy normal HX subgroup of S by theorem 2.17 and n, ., isa bipolar anti fuzzy normal HX subgroup of $ induced
bypue of G.
i. (Nuug) " (AB)=min {(uU @) (xy) /x cAc G,y e B G}

=min {max {p* (xy), 9" (xy) }/xcAcG, yeBcG}

= max{min{p*(xy)/xe AcG,yeBcG},min{p*(xy)/xeAcG,yeB=G}}

=max {A," (AB), 5," (AB)}

=\ U o) (AB)

ii. (Nuu o) (AB) = max{(n U ¢)” (xy) /X cAc G,y € B G}

max {min {u~ (xy),¢p" (xy) }/x eAc G,y e Bc G}

min{max{u (xy)/xe AcG,yeBcG},max{¢p (xy)/xe AcG,yeBcG}}
=min{\, (AB), o, (AB)}
=\, Vo, (AB)

Hence, Nuue =AU Gy,
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Theorem 2.20: Let p = (u*, p”) and ¢ = (¢*,¢") are bipolar anti fuzzy normal subgroups and p ¢ is also bipolar anti
fuzzy normal subgroup of G. Let 8 c 2°—{¢} be a HX group of the group G. Let A, = (A", 4,") and &, = (5,", G, )
are bipolar anti fuzzy normal HX subgroups of 9 then A, N o, is a bipolar anti fuzzy normal HX subgroup of $.

Proof: Let A, = (A", A,” ) and o, = (5,", o, ) are bipolar anti fuzzy HX subgroups of 9 then 1, U o, is also a bipolar
anti fuzzy HX subgroup of 8. by Theorem 3.12 [13].

Let us show the normality condition,

Let A, = (", A, ) and o, = (5,", o, ) are bipolar anti fuzzy normal HX subgroups of 9. For every A, Be 9,
i (o) (ABA™ = min{}," (ABA™), 5, (ABA™)}

min{A," (B) , o,” (B)}}

(M N 5,)" (B)

I IA

Therefore, (A, N 6,)" (ABA™) < (A, N 5,)" (B)

ii. (\,No,) (ABA™) =max {A, (ABA™), 5, (ABA™)}
>max {A,” (B), 5, (B)}
=N o,) (B)

Therefore, (A, N 6,)” (ABA™) > (A, N 5,)” (B)
Hence, A, o, isa bipolar anti fuzzy normal HX subgroup of 9.

Remark 2.21: Let pn = (u',1) and ¢ = (¢ *,9 ) are bipolar anti fuzzy normal subgroups and i~ ¢ is a bipolar fuzzy
subset of G, but need not be a bipolar anti fuzzy normal subgroup of G.

If Nure = (Mure) ™. (Mune)) is @ bipolar fuzzy subset induced by p M ¢ then m,~, is a bipolar anti fuzzy normal HX
subgroup of 9 with |X|> 2 for all Xe 9.

Theorem 2.22: Let A, G, Mu~o are bipolar anti fuzzy normal HX subgroups of $ induced by bipolar fuzzy subsets
u, ¢ and pn o of G respectively then n,~, =AM G,

Proof: Let A, = (A, A, ), 6,=(5,", o, ) are bipolar anti fuzzy normal HX subgroups of 9 then A, o, are bipolar
anti fuzzy normal HX subgroup of $ by theorem 2.20 and n, ~, is a bipolar fuzzy normal HX subgroup of $ induced
by a bipolar fuzzy subset un ¢ of G.

i, (Mure)* (AB) = min{(n A )" (xy) /X €A < G, yeBe G}
= min{min{p" (xy), " (xy)}/ x eA c G, yeBc G}
= min{min{p" (xy)/xe AcG,yeBcG},min{¢’(xy)/xe AcG,yeBcG}
=min{},” (AB), 5," (AB)}
=N o,)" (AB)

ii. (N, 0)"(AB) = max{(1 " )~ (xy) / x€A = G, yeBc G}
= max{max {u” (xy), ¢~ (xy)}/ xeAcG, yeBcG}
= max{max{p (xy)/xe AcG,yeBcG},max{e (xy)/xe AcG,yeBcG}
=max {A, (AB), o, (AB)}
=N oy) (AB)

Hence, Muno=A.N 0y,

Definition 2.23[9]: A mapping f from a HX group 9, to a HX group 9, is said to be a homomorphism if f (AB) = f(A)
f(B) forall AB e 9,

Definition 2.24[9]: A mapping f from a HX group 9; to a HX group 9, (9, and 9, are not necessarily commutative) is
said to be an anti homomorphism if f (AB) = f(B) f(A) forall AB € 9,
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3. PROPERTIES OF A BIPOLAR ANTI FUZZY NORMAL HX SUBGROUP OF A HX GROUP UNDER
HOMOMORPHISM AND ANTI HOMOMORPHISM

In this section, we introduce the notion of an anti image and anti pre-image of the bipolar fuzzy subsets of a HX group,
and discuss the properties of a bipolar anti fuzzy normal HX subgroup of a HX group under homomorphism and anti
homomorphism .Throughout this section, We mean that 3, and 3, are HX groups (8, and 3, are not necessarily
commutative), E;, E, are the identity elements of 9, and 3, respectively, and XY we mean X *Y.

Definition 3.1[13]: Let G, and G, be any two groups. Let 9, < 2 —{¢} and 9, = 2°? —{¢}are HX groups defined on
G, and G, respectively. Let p = (u',u")and @ = (¢ *, ¢ ~) are bipolar fuzzy subsets in G; and G, respectively, let
M= (NS A7), and o, = (0,7, o, ) are bipolar fuzzy subsets defined on 9; and 9, respectively induced by p and ¢.
Let f: 9,— 9, bea mapping then the anti image f,(A,) of A, is a bipolar fuzzy subset fy(,) = ((fa(A))" ,(fa(A,))") of
9, defined by foreach Ue 9,,

(f. ()" (U) «{ min{(},)" (X): Xe f(U)}, if f (V) #6
1 , otherwise
and

(F. (L)) (U)) —{ min { (04)"(X) : Xe FHU)}, iff(U) 20

-1 , otherwise

also the anti pre-image f‘l(c(p) of o, under f is a bipolar fuzzy subset of 9, defined by for
Xe 81, (F(0,)") (X) = 05" (F(X)), (F(c,)) (X) = 04 (F(X)).

Theorem 3.2: Let f be a homomorphism from a HX group 9, into a HX group 9,. If &, = (A,", A7) is a bipolar anti
fuzzy normal (BAFN) HX subgroup of 9, then the anti image f, (A,) of A, under f is a bipolar anti fuzzy normal HX
subgroup of 9,

Proof: Let A, = (A,", A,") be a bipolar anti fuzzy HX subgroup of 9. Then f,(A,) is a bipolar anti fuzzy HX subgroup
of 9,. by Theorem 3.3 [13].

Let us show the normality condition,
Now, Let U,V € 9,, since f isonto, f(X) = U and f(Y) =V for some X,Y € 9,.
(f(4))" (UVU™) = min {4, " (2): Ze f (UVUT™)}

<min { A, " (XYX): Xe f(U), Ye fH(V)}

<min {i, *(Y): Ye f(V)}
= (fa())" (V)

Therefore, (f,(1,))" (UVU™) < (f(4,)" (V)

(f(4))” (UVU™) = min {&,~(2): Ze f(UVU™)}
>min {4, ~(XYX™): Xe fHU), Ye fY(V)}
>min{A, " (Y): Ye fH(V)}
= (fa2))" (V)

Therefore, (f.(A,))” (UVU™) > (f.(A,))" (V)

Therefore f,(A,) is a bipolar anti fuzzy normal HX subgroup of 9,

Hence, if A, is a bipolar anti fuzzy normal HX subgroup of 3, then the anti image f, (A,) of A, under f is a bipolar
anti fuzzy normal HX subgroup of 3,

Theorem 3.3: The homomorphic anti pre-image of a bipolar anti fuzzy normal (BAFN) HX subgroup o, = (o, &, ) of
aHX group 9, isa bipolar anti fuzzy normal HX subgroup of a HX group 9,

Proof: Let o, be a bipolar anti fuzzy HX subgroup on 8, then anti pre-image f‘l(csq,) of o, under fis a bipolar anti
fuzzy HX subgroup of 3;.by Theorem 3.4[13]
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Let us show the normality condition,

(F o)) (XYX ) = 5," (FXYX™)
= o, (f(X) f(Y) (X))
= o, (f(X) f(Y) f(X)™)
<o, (f(Y)), Since o, is a BAFN HX subgroup
= (f (o))" (Y)

Therefore, (f (c,))" (XYX™) < (f X(c,))" (Y)

(f (o0)) " (XYX ) =5, (F(XYX)
= o, (f(X) f(Y) f(X )
= o, (f(X) f(Y) (X))
> o, (f(Y)), Since o, isa BAFN HX subgroup
= (F(0a)) " ()

Therefore, (f (c,)) " (XYX™) > (f Y(c,)) " (Y)
Therefore f‘l(%) is a bipolar anti fuzzy normal HX subgroup of 9,

Hence, if o, is a bipolar anti fuzzy normal HX subgroup of 8, then the anti pre-image f‘l(cs(p) of o, underf isa
bipolar anti fuzzy normal HX subgroup of 9,

Theorem 3.4: Let f be an anti homomorphism from a HX group 9; into a HX group 9,. If A, = (A, A, ) be a
bipolar anti fuzzy normal HX subgroup of 9, then the anti image f, (A,) of A, under f is a bipolar anti fuzzy normal
HX subgroup of 9,

Proof: Let, = (A, A,7) be a bipolar anti fuzzy HX subgroup of 9. Then f,(A,) is a bipolar anti fuzzy HX subgroup
of 3,.by Theorem 3.5 [13]

Let us show the normality condition,

Let U, Ve 9,, since f is an anti homomorphism and so there exist X,Y e 3, such that f(X) = U and f(Y) =V it follows
that XY = f (VU).
(f(4))" (UVU™) = min {&, " (2): Ze f (UVUT™)}

<min {&, *(XYX™): Ye fH(V), Xe f(U)}

<min {3, *(Y):Yef(V)}

= (F4) (V)

Therefore, (f.(,))" (UVU™) < (fa0)" (V)

(f(4))” (UVU™) = min{}, ~(2): Ze f(UVUT)}
>min{A, ~(XYX™): Ye f V), Xe fH(U)}
> min{d, "(Y): Ye fH(V)}
= (W) (V)

Therefore, (f.(A,))” (UVU™) > (f.(4,))" (V)

Therefore f,(A,) is a bipolar anti fuzzy normal HX subgroup of 9,

Hence, if A, is a bipolar anti fuzzy normal HX subgroup of 9, then the anti image f, (A,) of A, under f is a bipolar anti
fuzzy normal HX subgroup of 3,

Theorem 3.5: The anti homomorphic anti pre-image of a bipolar anti fuzzy normal (BAFN) HX subgroup
o, = (0, 0,) of a HX group 9, is a bipolar anti fuzzy normal HX subgroup of a HX group 9.

Proof: Let o, be a bipolar anti fuzzy HX subgroup on 3, then anti pre-image f ‘1(%) of o, under f is a bipolar anti
fuzzy HX subgroup of 3;,.by Theorem 3.6[13]
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Let us show the normality condition,

(F oe) (XYX™) = 5," (FXYX™)
=a," (FXHF(Y) £(X))
=a," (FX)f(Y) f(X))
<o, (f(Y)), Since o, is a BAFN HX subgroup
= (o))" (Y)

Therefore, (f (c,))" (XYX™) < (f Y(o,))" (Y)

(F (og) " (XYX ™) =5, (FXYX™)
=0, (FXHF(Y) f(X))
e (FOQ(Y) f(X))
o, (f(Y)), Since o, is a BAFN HX subgroup
(Foa) ™ (Y)

Therefore, (f *(c,)) ~(XYX™) > (f Y(o,)) " (Y)

In v

Therefore f‘l(%) is a bipolar anti fuzzy normal HX subgroup of 9,

Hence, if o, is a bipolar anti fuzzy normal HX subgroup of 9, then the anti pre-image f‘l(%) of o, under f is a bipolar
anti fuzzy normal HX subgroup of 9,

4. PROPERTIES OF LOWER LEVEL SUBSETS OF A BIPOLAR ANTI FUZZY NORMAL HX SUBGROUP
OF A HX GROUP

In this section, we introduce the concept of lower level subsets of a bipolar anti fuzzy normal HX subgroup and
discuss some of its properties.

Definition 4.1: Let A, be a bipolar anti fuzzy normal HX subgroup of a HX group §. For any <a, § ><[0,1]x[-1,0],
we define the set ), <, p-={Ae9/ 1, (A)< o and L, (A) > B} is called the <a, B> lower level subset of A, or
simply the lower level subset of A,.

Theorem 4.2: Let G be a classical group. Then the bipolar anti fuzzy HX subgroup A, of a HX group 9 is a bipolar
anti fuzzy normal HX subgroup on § if and only if for any <a,p >e [0,1]%[-1,0], A, <, p- IS @ normal sub HX group
of 9.

Proof: Let A, be a bipolar anti fuzzy normal HX subgroup on 8.Then,
AS(ABA™) <,°(B), A, (ABA™) >1,(B), forall A, Be§ .

Forall A, B € A, <, p- we have A,'(A)<a, A, (A)>Band 1,'(B)<a, A, (B)>B
Now A, *(AB™) < max {X,"(A), 1,"(B)}
<max {a, o}
=
= L' (AB™) <a
A (AB™) >min {4,7(A), A, (B)}
> min {B, B}
=P
= X (AB)>B
Hence AB™ e A, p-. Hence A, <, p- is a sub HX group.
Forall B € A, < -, A€ 9, we have 1,'(B) < a and A, (B) > B.
Since, A, be a bipolar anti fuzzy normal HX subgroup of a HX group $.Then,

AS(ABA™) <% (B)<a and A, (ABA™)>2,7(B) >, forall A, B 9.
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ABA™'e A, <, p-. Hence A, < -, is @ classical normal sub HX group.
Conversely, for any <o, p><[0, 1] x [-1, 0], A, <o, p> # ¢ and A, <, >, iS @ classical normal sub HX group. Then we have,
AS(ABA™) <,°(B) and A, (ABA™) >, (B), forall A, Bed.
Otherwise, if there exist Agor By €9 such that,
" (ABoAg™) <" (Bo) and Ay ( AsBoAg™) > A, (Bo).
Take o = 0.5 [A,"(Bo) + A" ( AoBoAg )] and By = 0.5 [A, (Bo) + A, ( AoBoAg M1
Evidently < ay, Bo >€ [0, 1] x [-1, 0], we can infer that,
' (Bo) < cto, Ay (AcBoAg ) > 0 and A, (Bo) > Bo Ay ( AoBoAg ™) < Bo
Consequently, we have By € &, <0 Bo>and ABoAy* A< 0o, Bo>
This contradicts that A, < ap Bo > is @ classical normal sub HX group.
Hence, we get A,"(ABA™) <1,"(B) and A, (ABA™) >, (B), forall A, Be9.
Hence, A, be a bipolar anti fuzzy normal HX subgroup of a HX group 5.

Definition 4.3: Let A, is a bipolar anti fuzzy normal HX subgroup of a HX group 9. The normal sub HX groups Ay, <, g>
for <a, B>€[0,1]x[-1,0] and A,"(E) <o, A, (E) > P are called lower level normal sub HX groups of A,

Theorem 4.4: Let 8 be a HX group and A, be a bipolar anti fuzzy normal HX subgroup of 3. If two bipolar lower level
normal sub HX groups A, <o, v, Ay <P, 8> Witha<f and d<yof A, areequal ifand only if there is no Ae 9
such that o< A,"(A)<Band §< A, (A) <y,

Proof: Let A, <o, v>= A, <B, 8. Suppose that there exists A € 9 such that o <A,"(A)<Band § <A, (A)< v.
Then 2y <o, v> < A, <P, 85 Since A € A, <3, &> but not in A, < B, 3> which contradicts the hypothesis. Hence there
exists no Ae9 such that o <A,"(A)<Band < A, (A)< y.

Conversely, Let there be no Ae9 such that o <A,"(A)<Pand &< A, (A) <y Since a <P and &<y, we have,
Mi<ay> Chi<pssLlet Aedk,cpss then A, (A)<Band 1, (A)> 5. Since there exists no Ae9 such that
a<X(A)<B and &< A, (A) < y, we have A,"(A)<aand A, (A)>y whichimplies Ae A, <o ;> i.e. hy<p s>
A<, ys Hence, Ay y>= Ay<p, s>

Theorem 4.5: A bipolar fuzzy subset A, of § is a bipolar anti fuzzy normal HX subgroup of HX group $ if and only if
the lower level subsets A, <, p-,<q p-€ Image A, are normal HX subgroups of 9.

Proof: Itis clear.

Remark 4.6: As a consequence of the Theorem 4.4, Theorem 4.5, the lower level normal sub HX groups of a bipolar
anti fuzzy normal HX subgroup A, of a HX group 9 form a chain. Since A,"(E) <1,"(A) and A, (E) >4, (A) forall A

in 9. Therefore, A s, a€[0,1] and Be [-1,0] where A,"(E) =g, A, (E) = Bo is the smallest sub HX group

n<ag,Pg
and we have the chain: {E}c Ay <a.p > S hi<ay by > Shicay.py> S coevereeee S Micay.p,>=9
where og< o4 < 0p<....< an, and Bo> B> P> i, > B,.
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