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ABSTRACT

In this paper, we redefined null, absolute, union, and intersection of generalized fuzzy soft sets and study some of their
properties. We also defined disjunctive sum, difference and product of two generalized fuzzy soft sets and their basic
properties.

Key Words: Fuzzy soft sets, Generalized fuzzy soft set, Disjunctive sum, Difference and Product of fuzzy soft set.

1. INTRODUCTION

Maji et al. [4] introduced the concept of Fuzzy Soft Set and some properties regarding fuzzy soft union, intersection,
complement of a fuzzy soft set, De Morgan Law etc. In 2011, Neog and Sut [6] put forward some more propositions
regarding fuzzy soft set theory. In 2009 Majumder and Samanta [5] initiated another important part, known as
Generalized Fuzzy Soft Set Theory. While generalizing the concept of Fuzzy Soft Sets, Majumder and Samanta [5]
considered the same set of parameter. But in 2012 Borah, Neog and Sut [3] considering generalized fuzzy soft sets
different sets of parameters. In our work, we redefined null, absolute, union, and intersection of generalized fuzzy soft
sets and study some of their properties. We also defined disjunctive sum, difference and product of two generalized
fuzzy soft sets and their basic properties.

2. PRELIMINARIES

In this section, we recall some basic concepts and definitions regarding fuzzy soft sets and generalized fuzzy soft sets.
Definition 2.1: [4] A pair (F, A) is called a fuzzy soft set over U where F: A — I5(U ) is a mapping from A into IS(U) .

Definition 2.2: [4] A soft set (F, A) over U is said to be null fuzzy soft set denoted by ¢ if Ve e A F(g) is the null
fuzzy set 0 of U where 0(x) =0vx eU .

Definition 2.3: [4] A soft set (F, A) over U is said to be absolute fuzzy soft set denoted by A if Ve e A, F(&) is the
null fuzzy set 1 of U where 1(x) =1vx e U

Definition 2.4: [4] For two fuzzy soft sets (F, A) and (G, B) in a fuzzy soft class (U, E), we say that (F, A) is a fuzzy
soft subset of (G, B), if

(i) AcB

(i) Forall s e A, F(s)c G(g) and is written as (F , A) (G, B).

Definition 2.5: [1] A binary operation *:[0,1]x[0,1] — [0,1] is continuous t-norm if * satisfies the following conditions.
(i) * is commutative and associative

(ii) * is continuous

(iifja*1=a Vae[0]]

(iv) a*b<c*d Whenever a<c,b<d and a,b,c,d [0]]
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Definition 2.6: [1] A binary operation ¢:[01]x[0,1] —[01] is continuous t-conorm if ¢ satisfies the following

conditions:

(i) ¢ is commutative and associative
(i) © is continuous

(iiija ¢0=a Vvae[0]]

(iv) adb <cod whenever a<c,b<d and a,b,c,d €[0,1]

Definition 2.7: [5] Let U ={X;, X, X3,.ccesrrvverns ,X,} be the universal set of elements and E = {e;,e,,€;,.....e, | be the

universal set of parameters. The pair (U, E) will be called a soft universe. Let F:E — IV and 4 be a fuzzy subset of

E,ie. u:E—1=[01], where IV js the collection of all fuzzy subsets of U. Let F, be the mapping F,. : E — 1Y %1
be a function defined as follows:

F,(e) = (F(e).x(e)), where F(&)€ 1Y Then F.is called generalized fuzzy soft sets over the soft universe (U,E).

Here for each parameter &, F, (&)= (F(ei)#(ei)) indicates not only the degree of belongingness of the elements of
U in F(e;)butalso the degree of possibility of such belongingness which is represented by (e; ).

Definition 2.8: [5] Let F, and G be two GFSS over (U, E).

Now, F, is said to be a generalized fuzzy soft subset of G if
(i) u isafuzzy subset of &
(if) F(e) is also a fuzzy subset of G(e) VeeE.

In this case, we write F,, c Gy

Definition 2.9: [5] Let F, be a GFSS over (U, E). Then the complement of F,, denoted by FﬂC and is defined by
F,° =G, where 5(e)=u"(e)and G(e) = F°(e), VeeE.

Definition 2.10: [5] The union of two GFSS F;and G, over (U, E) is denoted by F, QGﬂ and defined by GFSS

Hs:E— 1Y x1 such that for each ec E
H ;s (&) = (F(e)0G(e), A(e)0x(e))

Definition 2.11: [5] The intersection of two GFSS F,and G, over (U, E) is denoted by F;, FwGﬂ and defined by

GFSS H;:E — 1Y x| such that for each ec E
Hs(e)=(F(e) *G(e). A(e) * u(e))

Definition 2.12: [5] A GFSS is said to be a generalized null fuzzy soft set, denoted by 9, , if 0, E—>1 Y x I such that
6,(€) =(F(e).4(e)) Where F(e)=0,¢(e)=0,vecE

Definition 2.13: [5] A GFSS is said to be a generalized absolute fuzzy soft set, denoted by /11, if Z% E> 1Y xI
such that
A, (e) =(F(e), A(e)) Where F(e)=1 (e)=1VecE

Definition 2.14: [3] Let X ={X{, X5, Xg,eererer. ,Xp} be the universal set of elements and E ={e,,e,,e;,........ ,€m}be
the set of parameters. Let Ac Eand F:A— 1Y and A be a fuzzy subset of Ai.e. 1:A— | =[01], where 1Y is the

collection of all fuzzy subsets of U. Let F: A— IV x I be a function defined as follows:

FAA(e) = (F(e),/l(e)), where F(e) e IV .Then FlA is called a generalized fuzzy soft set (GFSS) over (U, E).
Here for each parameter e;, FﬂA(ei) indicates not only degree of belongingness of the elements of U in F(g;) but also
degree of preference of such belongingness which is represented by A(e;) .
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Example 2.1: LetU={S,,S,,S;} E={e, ,e,, e;, e,}and A={e,,e;,,JcE.
We define F,”as follows:
F,"(e;)=({S,/0.3,5,/0.5,5,/0.7},0.4),

F,"(e;)=({5,/0.6,5,/0.1,5,/0.3,0.5), F,"(e,) = ({5,/0.3,5,/0.9,5,/0.7},0.8) is the generalized fuzzy soft set.

Definition 2.15: [3] Let FlAand GﬂB be two generalized fuzzy soft set over (U, E). Now F/lA is called a generalized

fuzzy soft subset of G, ° if

() AcB,

(if) A isafuzzy subset of L,

(i) VA e AF(e)isafuzzy subset of G(e) i.e. F(e) c G(e),VeecE

We write F,* & G,°

Example 2.2: We consider the GFSS F,” given in Example 2.1 and let B ={g;,e,,e;,e,} < E
We define G, as follows:

G,%(e)=({S,/06,5,/0.9,5;/0.8},0.4),

G,%(e,) =({S,/0.6,5,/0.1,85/0.3},0.3),

G,°(e5)=({5,/0.8,5,/0.7,5,/05},0.7) ,G,® (e,) = ({S,/0.6,S,/0.9,55/0.8},0.9)

ThenF,* £ G,°

Definition 2.16: [3] Let FﬂA be a GFSS over (U, E). Then the complement of F A denoted by F”Ac and is defined

uo

by F#AC =G,", where 5(e) = u°(e)and G*(e) = F*°(e), Yee A

3. GENARALIZED FUZZY SOFT SET REDEFINED

In this section, we put forward the notion of generalized fuzzy soft sets considering different sets of parameters and
accordingly redefine the notions of null, absolute, union, intersection, complement etc. of generalized fuzzy soft sets in
the following manner:
Definition 3.1: A generalized fuzzy soft sets (GFSS) is said to be a generalized null fuzzy soft set denoted by 6¢A, if
0, :A—1Y x1 suchthat 6,"(e)=(F(e),¢(e)) where F(e)= 0,4(e)=1,Vec AcE
It is clear from our definition that the generalized fuzzy soft null set is not unique in our way, it would depend upon the
set of parameters under consideration.
Definition 3.2: A GFSS is said to be a generalized absolute fuzzy soft set, denoted by /1/1 ,if '&z :A> 1Y x| such that
A, (€)= (F(e),A(e)) where F(e)=14(e)=0,Yeec ACE
It is clear from our definition that the generalized fuzzy soft absolute set is also not unique in our way, it would depend
upon the set of parameters under consideration.
Definition 3.3: The union of two GFSS F,”and G,°over (U, E) is denoted by F,* GG ,®and defined by GFSS
H;*®:AUB— 1Y x 1 such that foreach ee AUB and ABc E

(F(e), A(e)), ifec A-B
where H ;"% (e) ={(G(e), u(e)), ifeeB-A

(F(e)0G(e), A(e) * u(e)),ifeec ANB
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Example 3.1: From Example 2.1and 2.2
H,"*®(e,)=({S,/0.72,5,/0.95,5,/0.94},0.16) , H,"*® (e,) = ({S, /0.60,S,/0.10,S,/0.30},0.30),

H,"*® (e,) = ({S,/0.92,5,/0.73,5,/0.65},0.35), H,"® (e,) = ({S,/0.72,5, /0.99,S,/0.94},0.72)

Remark 3.1: If we consider F(e)0G(e) = max{F(e),G(e)}, A(e)* u(e) =min{A(e), u(e)}.
Then

H;"®(e;) =({S,/0.6,5,/0.9,5,/0.8},0.4), H;""®(e,) = ({5,/06,5,/0.1,5,/0.3}0.3),
H,"® (e;) = ({S,/0.8,S,/0.7,5;/0.5},0.5), H ;"% (e,) = ({S,/0.6,5,/0.9,S, /0.8},0.8)

Definition 3.4: The intersection of two GFSS F,*and G,°over (U, E) is denoted by F,* AG,®and defined by

GFSS K;*®:AnB— 1Y x 1 such that for each ee AN B and A B E K;*"® (e) = (K (e), 5(e)),
Where K(e)=F(e)*G(e),o(e) =A(e)0u(e) . In order to avoid degenerate case, we assume here that
AnB=z=gp.

Example 3.2: From Example 2.1 and 2.2
K,""*(e,)=({s,/0.18,,/0.45,S,/0.56},0.64), K, (e,) = ({S, /0.48,S,/0.07,S,/0.15},0.85),

K,""(e,)=({s,/0.18,S,/0.81,5,/0.56},0.98)

Remark 3.2: Let us define K ;27 (e) = (K (e), 5(e)),
where K(e) = min{F(e),G(e)}

5(e) = max{A(e), u(e)}.
Then

K, " (e)=({s,/0.3,5,/0.5,5,/0.7},0.4),
Ks""®(e;) = ({S,/0.6,5,70.1,5,/0.3},0.5), K s~ (e,) = ({S,/0.3,S,/0.9,S,/0.7},0.8)

Proposition 3.1: If F/lA be a GFSS over (U, E), then
M FAUGN=F*
. ARy A A
(iiiy F,AUA, =A
) F"

>
Il

A(Z
F,A

ol C
>0

Proposition 3.2: If F/IA,G#B,HEC be a GFSS over (U, E), then

@ F*NG,°=6,°NFA*

(i) F*UG,°2=G6,°UF*

(i) F*NG,°NH ) =(F,*NG,%)NH,°
FAUG,° UH, ) =(F,"UG,%) UH,°

Proof: Since the t - norm function and t - co norm functions are commutative and associative, therefore the theorem
follows.

Proposition 3.3: If FiA,GﬂAbe a GFSS over (U, E), then
() (F,"NG,M° =(6,M° UFN°
(i) (F,* UGN =G6,M° N(FH°

Proof: The proof is straight forward and follows from definition.
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Proposition 3.4: The following results are valid if we take max and min operations. If FAA,G/,B, H5C be a GFSS over
(U, E), then

() F/lA N (GyB U H§C) = (FAA ﬂGyB)U(FlA N Héc)

(i F,*U@G," NH,;%) =(F, UG, )N(F,* UH,)

Definition 3.5: The equal of two GFSS FlAand G#B over (U, E) is denoted by F}VA = GﬂB ,
Where F(e)=G(e),A(e) = u(e)

Proposition 3.5: If F,*,G,,®,H; be a GFSS over (U, E), then F,* =G °,G ° = H<F"=H

Proof: Since
A B B C
F, :Gﬂ ,Gﬂ =H;

Therefore

{F(e)=G(E), A(e) = u(e), {G(e) =H(E), u(e) =5(e)

Therefore

{F(e) =H(E),A(e) =5(e)

Hence
A C
F =H,"

4. SOME NEW OPERATIONS OF GENERALIZED FUZZY SOFT SETS

Definition 4.1: Let F,”and G#B be two GFSS over (U, E).We define the disjunctive sum of F,”and G#B be as the
generalized fuzzy soft set K5C over (U, E). Written as' FiA @ GyB = Kéc'
where C=AnB=#=¢,VeeCand ABcCE

K;° (€)=(K(e).5())

Where K(e) = max(F(e)* u(e),G(e) * A(e))
o(e) = min(min(G(e)0A(e), F(e)0u(e))

Example 4.1: Let U ={S,,S,,S,} and E={e, ,e,,e;, €,} be the set of parameters and A={e; e;e,}cE,
B={ee,. 6 cE

We define F,*and G, as follows:
F."(e,)=({5,/0.3,5,/05,5,/0.7},0.4),
F,"(e3)=({5,/0.6,5,/0.1,5,/0.3,0.5), F,"(e,) = ({5,/0.3,5,/0.9,5;/0.7},0.8)
G,%(e)=({S,/0.6,5,/0.9,5;/0.8},0.4) ,G,,® (e,) = ({5,/0.6,5,/0.1,5;/0.3},0.3),
G, (e3) =({5,/0.8,5,/0.7,5;/0.5},0.7) ,

Then'F,* @G,” = K,“'whereC = AnB ={e,,e,}

Kac ={

K,© (&) = ({S, / max{0.12,0.24}, S, / max{0.20,0.36}, S, / max{0.28,0.32} ;
min{min(0.76,0.58), min(0.94,0.70), min(0.88,0.82)})
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K,S (&) = ({S1 / max{0.42,0.40}, S, / max{0.07,0.35}, S, / max{0.21, 0.25};
min{min(0.90,0.88), min(0.85,0.73), min(0.75,0.79)})

i.e

K,  (e,) = ({S,/0.24,S,/0.36,S,/0.32},0.58)

K, (e5) = ({S,/0.42,5,/0.35,S,/0.25},0.73)

Proposition 4.1:
Let FlA and GﬂB be two GFSS over (U, E).Then the following results hold.

i) F,"®G,°=G°eF"
i) F,"®(G,°0H, ) =(F,"®G,°)®H,°
Proof: Since

F."(e)=(F(e). (), wheree e E, Ac E G,”(e) =(G(e), u(€)), wheree e E,B c E

Now (F,* @G, °)(e) = K,° (e)whereC = AnB  K,°(e) = (K(e),5(e))
Where K(e) = max(F(e)* u(e),G(e) * A(e)), ’§(e) =min(min(G(e)0A(e), F(e)0u(e))

Let(G,” @ F,")(e) = H,° (e)whereC = AnB H,°(e)=(H (e).£(e))

Where H(e) =max(G(e)*A(e), F(e)* u(e))
= max(F (e) * u(e),G(e) * A(e)) = K(e)

¢ () =min(min(F (e)0u(e),G(e)0A(e))
=min(min(G(e)0A(e), F(e)0u(e)) =o(e)

Therefore

K, (€)=H.(e)

Hence

F®6,° =6, &F"

Proof of (ii) can be done in a similar way.
Proposition 4.2:

Freg"=F"

Proof:
F,"(e)=(F(e),A(e)), wheree e E,AC E ¢9¢A(e) = (5,1), whereee E,Bc E

Now (F,* ©6,")(€) = K,"(¢)
K" (€) =(K(e),5(e))

Where K(e) = max(F(e) *1,0=* A(e)) = max(F (e),0) = F(e)
o(e) = min(min(00A(e), F (e)01) = min{min(4i(e),)} = A(e)

K,"(€)=(K(e),5(e))=(F(e),A(e)) = F,*(e)
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Hence

FAreo, =F"

Definition 4.2: Let F,”and GﬂB be two GFSS over (U, E).We define the difference of F,” and GﬂB be as the
generalized fuzzy soft set H(,‘C over (U, E). Written as’ F/IA@G”B = ch'

where C=ANnB=#¢,VveeCand A BcE

H,% (€)= (H(e).5(e))
Where H(e)=F(e)*u(e) J(e)=max(G(e)0Ai(e))

Example 4.2: From Example 4.1

K (e)) = ({S,/0.12,5,/0.20,S, /0.28}, max{0.76,0.94,0.88})
K, (e;) = ({S,/0.42,8,/0.07,S, /0.21}, max{0.90,0.85,0.75})
i.e.

K, (e,)=({S,/0.12,S,/0.20,S,/0.28},0.94)

K, (e,)=({S,/0.42,S,/0.07,S,/0.21},0.90)

Proposition 4.3

F 00, =F"

Proof:

F,"(e)=(F(e).A(e)), wheree e E,AC E 6’¢A(e) = (6,1), whereee E,Bc E
Now (F,"©8,")(e) = K" (¢)

K,"(e)=(K(e),5(e))
Where K(e)=F(e)*1=F(e), o(e)=max(001(e))=A1(e)

Therefore

K" (€)= (K(e).5())=(F(e). A(e)) = F," (e)

Hence

F 00, =F"

Proposition 4.4:

F,"0A, =0,"

Proof: N
F."(e)=(F(e). (), wheree e E,Ac E A, (e) =(10)
Now (F,"OA, )(e) = K, (e)

K,"(e)=(K(e),5(e))
Where K(e)=F(e)*u(e)=F(e)*0=0, 5(e) =max@@0Ai(e)) =1

Therefore

K,"(e)=(K(e),5(e))=(0,) =8,"(e)

Hence
F,"0A, =6,
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5. PROUCT OF GENERALIZED FUZZY SOFT SETS

Definition 5.1: The A -Product of two GFSS FlAand G#Bover (U, E) is denoted by FiA /\G#Band defined by
GFSS H,"®: AxB — 1Y x I such that for each (a, f) € AxB and A B E

H," (@, )= (H(a, 8).5(. B)),

Where H(a, §) = F(a) *G(p),5(a, ) = A(a) * u(p)
Example 5.1:

We define F,”and G#B as follows:

F.,%(e,)=({S,/0.4,5,/0.6,5,/0.5},0.3),F,"(e,) = ({S,/0.2,5,/0.9,5,/1.0},0.7)
and

G,"(e,)=({S,/0.8,5,/0.2,5,/1.0},0.4),G,° (e,) = ({S,/0.2,5,/0.3,5,/0.6},0.2)

Then

H,"®(ee,) = ({5,/0.32,5,/0.12,5,/0.50
H,*"® (e,.e,) = ({S,/0.08,5,/0.18,S,/0.30},0.06)
H,*®(e,.e,) = ({S,/0.16,S,/0.18,5, /1.00},0.28)
H,"®(e,.6,) =({S,/0.04,8,/0.27,5,/0.06},0.14)

0.12)

i
b

Definition 5.2: The V-product of two GFSS FlA and G#B over (U, E) is denoted by FAA \% GﬂB and defined by GFSS
KéwAVB : AxB — IV x | such that for each («, 8) € AxB and A Bc E

K" (@, B) = (K(a, B).5(a, B)),

Where K(a, f) = F(a)0G(p),6(a, p) = Ha)Oou(p)
Example 5.2: From Example 5.1

K,""®(e,.e,) = ({S,/0.88,5,/0.68,S,/1.00},0.58)
K,""®(e,,e,) =({S,/0.52,5,/0.72,S,/0.80},0.44)
K,""(e,.e,)=({S,/0.84,5,/0.92,S,/1.00},0.82)

Definition 5.3: The A -product of two GFSS FlAand G!,Bover (U, E) is denoted by F;VAXGﬂBand defined by
GFSS H,"® 1 AxB — IV x I such that for each (&, 8) € AxB and A, BC E

H,** (@)= (H(@.$).6(c. ) Where H(a, ) = F(a)* G (B),6(a ) = Aa) * 1 ()
Example 5.3: From Example 5.1

H,""(e,.e,)=({S,/0.08,S,/0.48,S,/0.00},0.18)

H,"®(e,.e,) =({S,/0.32,S,/0.42,S,/0.20},0.24)
H,*®(e,,e,) = ({5,/0.04,S,/0.72,5,/0.00},0.42)
H,"®(e,,e,)=({S,/0.16,5,/0.63,S,/0.40},0.56)

b
)

Definition 5.4: The \, -product of two GFSS FlAand GHBover (U, E) is denoted by FiAvGﬂBand defined by

GFSS K,*V®: AxB — 1Y x I such that for each (c, ) € AxB and A\ BC E
K"V (a,8)=(K(a, B),5(a, ), Where K(a, ) = F(a)0G® (8),8(a, f) = AH@)ou® ()
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Example 5.4: From Example 5.1

K,"V®(e,e,)=({S,/0.52,5,/0.92,S,/0.50},0.72)
K, V% (e, e,) = ({S,/0.88,S,/0.88,S,/0.70},0.86)
K,"V®(e,.e,)=({S,/0.36,5,/0.98,S,/1.00},0.88)
K,"V®(e,.e,) =({S,/0.84,S,/0.97,S,/1.00},0.94)

Proposition 5.1:
If F,%,G,"be a GFSS over (U, E), then

M F AR cF”

i) F,"VvF,"oF"

Giiy F,AAF,* < F,*

i) F,*\F."oF"

V) (FAA v GyA)C _ (GHA)C A (FZA)C
(vi) (F}LA /\G#A)C _ (GyA)C v (FAA)C
i) (F,*\/G,")° =G, A (F,"°
wii) (F,*~G,")° =(G,")° v (F,)°

Proof: The proof is straight forward and follows from definition.
6. CONCLUSION

In this paper, we redefined null, absolute, union, and intersection of generalized fuzzy soft sets and study some of their
properties. Also we have put forward some new idea such as disjunctive sum, difference and product of two
generalized fuzzy soft sets and their basic properties. It is hoped that our findings will help enhancing this study on
generalized fuzzy soft sets.
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