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ABSTRACT

In this paper, We introduce a new class of functions called 5-H continuous function. We Obtain several
characterization and some of their properties. Also, we investigate its relationship with other types of functions.
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1. INTRODUCTION

In 2007, Csxzar [3] defined a nonempty class of subsets of a nonempty set, called hereditary class and studied
modification of generalized topology via hereditary classes. Also it is studied in [8]. The aim of the paper is to
extend the study of the properties of the generalized topologies via hereditary classes. A subfamily p of #(X) is called

a generalized topology (GT) [2] if Qe and p is closed under arbitrary union. The pair (X, ) is called a generalized

topological space (GTS). Members of p are called p-open sets and its complement is called a p-closed set. The
largest | - open set contained in a subset A of Xis denoted by iy (A) [1] and is called the p - interior of A. The

smallest pi- closed set containing A is called the - closure of A and is denoted by cp (A) [1].

A generalized topology u is said to be a quasi-topology if p is closed under finite intersection. Let X be a nonempty
set. A hereditary class H of X is a nonempty collection of subset of X such that AcB, BeH implies AeH [3].

A hereditary class of X is an ideal [8] if AUB € H whenever A e Hand B € H.

An ideal 1 in a topological space (X,1) is said to be codense if TN 1={@}. With respect to the generalized topology

pof all p- open sets and a hereditary class H, for each subset A of X, a subset A* (H) or simply A of X is
defined by A*:{xeX\M NA £H for every Mep such that xeM } [3].

In this paper, we introduce the notions of § —H-open sets and 6§ —H-continuous functions in GTS with hereditary
classes. We obtain several characterizations and some properties of § — H-continuous functions. Also, we investigate
the relationships with other related functions.
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2.8 —H-sets

In this section, we introduce 3-H-open sets and the & —H-closure of a set in a GTS with hereditary class and
investigate their basic properties. It turns out that they have similar properties with & — open and the & — closure
[11].

A subset A of a GTS (X, ) with hereditary class H is said to be an R-H-open set (resp. regular open set) if
i (cp *(A)) = A (resp. iy (cu* (A)) = A. We call a subset A of X is R-H-closed if its complement is R-H - open.
Let A be a subset of a GTS (X ) with a hereditary class H. A point x of X is called a §—H-cluster point of A if

AN iu(c*(U)) # 0 for each p— open neighborhood U of x. The family of all 5 —H-cluster points of A is called the
dH-closure of A and is denoted by [A] §—H and a subset A of X is said to be dH-closed if [A] 5—H = A. The
complement of a 5-H-closed set of X is said to be 6-H-open.

Lemma: 2.1 Let A and B be subsets of a quasi topological space (X, ) with a hereditary class H. Then, the
following properties hold,

(@) iu(ch (A)) is R-H-open,

(b) If A and B are R—H -open, then ANB is R —H-open,

(c) If A'is regular open, then A is R—H- open,

(d) If Ais R—H-open, then A is delta- H-open,

(e) Every delta—H-open set is the union of a family of R —H- open sets.

Proof:
(@) Let A beasubsetof XandV = iH(C*H (A)). Then, we have

i (C p (V) = ip e (p A € ip e u A) = i 1 (A) = Vandalso V = ig (V) € ip (e p (V).
Therefore, iu(c*u W) =V.

(b) Let A and B be R-H open. Then,
ANB=ip(c w(A) N u(B) = ipn(c u(A) N u(B) 2ipE y (ANB)) = ANB.

Therefore ANB is R —H- open.

(c) Let A be regular open. Since u: D, we have A =iy (A) cip (C*(A)) C ip (cp (A)) = A and hence
iu((h* (A)) = A. Therefore, A is R—H- open.

(d) Let A beany R—H- open set. For each xe A, (X —A) NA=¢and A is R-H- open. Hence x ¢ [X —A] §—H for
each x € A. Therefore x ¢ (X —A) implies x¢[X —A] §—H. Therefore, [ X —A] §—H < (X —A). Since, Sc [S] §—H for
any subset S of X, [X-A]l§—H = (X —A) and hence A is delta—H-open.

(e) Let A be a 5—H-open set. Then X-A is 6—H-closed and hence [ X-AJs—H = (X—A). For each xeA,x & [X-A] §—H
and there exists an p-open neighborhood Vx such that iu(c*p Vx)Nn(X —A)= 0.

Therefore, xeVxcip (€ (Vx)) € A, hence A = Ui (¢ i (Vx)) | x € A} By (a),
iu(c“* (Vx)) is R—H- open for each x € A.

Lemma: 2.2 Let A and B be subsets of a quasi topological space (X, ) with a hereditary class H. Then, the
following properties hold:

@) A c[A]5—H;

(b) If AcB,then [A]§—H <[B] §—H;

(©) [Als—H =N{F cX |AcF and F is 6—H —closed};

(d) If Ais a & —H-closed set of X for each a€A, then N{Ag| €A} is & — H-closed;

(e) [A] §—H is 6— H-closed.
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Proof:
(@) Forany xeAand any p-open neighbgrhood V of x, we have # # ANV cAN iU(CH* (V)) and hence x € [A] 5-H

Therefore, A c[A] §—H.

(b) Suppose that x ¢ [B] 5—H. There exists a - open neighborhood V of x such ¢ = iu(cu* (WV)nB,
Hence ip (e (V)N A =0, Therefore, X ¢ [A] 5—H.

(c) Suppose that x € [Als—H. For any p- open neighborhood V of x and any § - H-closed set F containing A,
Q)#Aﬂiu(cu*(V))cFﬂiu(cu* (V)) and hence xe[F]s—H =F. Therefore xen {F ¢ X|[AcF and F is § —H — closed}.
Conversely, suppose that x ¢ [Als—H. There exists a yu- open neighborhood V of x such that iu(cp*(V)) NA= §. By

Lemma 2.1, X —iu(Cp*(V)) is a d—H-closed set which contains A and does not contain Xx. Therefore, x¢ N{F c X |A
cF and F is 8—H —closed}.

(d) For each a €A [NaeAAq]s—H S [Aals—H = Aq and hence [NgeAAx]ls—HCS[NaeAAg]- By (3) [NaecAAq
16—H = [NaeAAq ] Therefore Ngie AAq is —H- closed.

(e) This follows immediately from (c) and (d).

A pointx of a quasi topological space (X,p) with a hereditary class H is called a §-cluster point of a subset A of X if

incu (V) NA # @ for every p— open set V containing x. The set of all &-cluster points of A is called the § - closure
of A and is denoted by cg (A). If c§(A) = A, then A is said to be 56— closed [6]. The complementof a &— closed set is

said to be 6— open. It is well-known that the family of all regular open sets of (X,p) with a hereditary class H is
a basis for a quasi topological space which is weaker than p. This is called the semi-regularization of p and is
denoted by pg is the same as the family of 5 - open sets of (X,u) with a hereditary class H.

Theorem: 2.3 Let (X,1) be a quasi topological space with a hereditary class H and pg—H={AcX| A is a § —H-
open set of (X,W)} Then ug—H is a topology such that puScug—Hc .

Proof: By Lemma 2.1, uS c ug—H < M. Next we show that pg—H is a topology.
(1) It is obvious that ¢, Xe yg—H-.

(2) Let Vo epg—H for each aeA. Then X—V¢ is 6-H-closed for each aeA. By Lemma 2.2, NgeA (X —V¢q) is a
d-H-closed and NgeA (X—Vq) = X —UgeAVq. Hence UgeAVq is d— H-open.

(3) Let A,BEps—H. By Lemma 2.1, A=UgeA1 Aq and B=UBeA,, BB, where A and Bp, are R-H-open sets for each
0€A, and BEA,. Thus ANB = U{Aq NBR |a€A,,BEA,}. Since Ag NBp is R-H-open, ANB is §— H-open set by
Lemma 2.1.

The following Example 2.4 shows that the i-H-open set need not be a R-H-open set.

Example: 2.4 Let X = {a,bc,d},u= {#,{d},{b,c.d}} and H = {6,{c}}. If A= {b, d}. Then ip.Cp*(A) = {b, ¢, d} and so
cu*(iu(A))z{b, ¢, d} which implies that A is 5-H-open. But A is not R—H- open, since iucu*(A) = {b,c,d}.

Proposition: 2.5 Let (X,u) be a quasi topological space with a hereditary class H.
(@) If H = {0} or the hereditary class N of nowhere dense set of (X 1), then ug—H = pS.
(b) If H=P(X), then ps—H =K.

Proof: Let H = {0}, then S* = cu(S) for every subset S of X. Let A be R-H -open. Then A = iu(cy. (A)) = iu(A UA” ) =
ip(cpu(A)) and hence A is regular open. Therefore, every §— H-open set is § -open and we obtain U3—H cHS, By Theorem
2.1, u—H = US. Next, letH = N.Itis well know that s™= Cp (i (cu (S))) for every subset S of X. Let A be any
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R—H-open set. Then A'is l-open A = ip(c*(A) =ip(A UA*) = ip(Aucp(ip(cp(A) = ip(cp (ip(cp (A)) =
ip(cp (A)). Hence A is regular open. Similarly to the case of H = {}, hence ug—H = US.

(b) LetH = P(X). Then S =9 for every subset S of X. Now, let A be any p-open set of X.
Then A = ip(A) = ip(AUA )=iu(cy (A) and hence A is R —H-open. By Theorem 2.1, thus ps—H = .
3.8 —H- continuous functions

A function f: (X,p;,H)—(Y,l,,1) is said to be § —H-continuous if for each x € X and each p—open neighborhood
V of f(x),there exists a p-open neighborhood U of x such that f(iu(c*u V)) c iu(c*u(V)).

Theorem: 3.1 For a function f: (X,pu;,H) — (Yl 1), the following properties are equivalent:
(@) fis 86— H- continuous,

(b) For each xeX and each R—H-open set V containing f(x), there exists an R—H-open set containing x such that
f(U) cV,

(c) f([Als—H) c[f(A)]s—H for every A c X,

(@ [F L (B)ls-He F L ([Bls-p) for every B Y,

(e) Forevery &-H- closed set F of Y, £l (F) is 8— H-closed in X,

(f) For every 6— H-open set V of Y, 1 (V) is 86— H-openin X;

(g) For every R—H-open set V of Y, 1 (V) is R—H-open in X;

(h) For every R—H-closed set F of Y, 1 (F) is R—H-closed in X.

Proof:
(a) = (b): The proof is obvious.

(b) = (¢): Letx € X and AcX such that f(x) € f([A] 5—H). Suppose that f(x) ¢ [f(A)] 5—H. Then, there exists an
R—H-open neighborhood V of f(x) such that f(A) NV =@. By (b), there exists an R—H-open neighborhood U of x such
that f(U) c V. Since f(A) Nf(U) cf(A) NV =0, f(A) NfU) =@.

Hence UN A c 1 (f(U)) N1 (f(A)) =F1 (f(U) N f(A)) = @. Hence U NA = @ and X & [A] 5-H.

Therefore f(x) € f([A] —H). This is a contradiction.

Therefore f(x) € [f(A)] §—H-

(©)= (d): Let B Y such that A = 1 (B). By (¢), f([f™! (B)] 5-H)<If(F (B)] 5-H)  [B] 5-H. Therefore [ (B)]
5-H c LR )] 5-H < £ 1 ([B] 5-H).Thus [ ! (B)] 5-H < T 1 (1B] 5-H).

(d) = (e): Let F cY be 6H-closed. BY (d), [f_1 (P s-H cfl (IF] 5-H = 1 (F).
Therefore 1 (F) is 6 — H-closed.

(e) = (f): Let V c Y be 8~ H-open. Then Y —V is § — H—closed. By (e) f~1 (Y —Vv) =X —f~1 (V) is —H -closed.
Therefore, £~ (V) is 8—H— open.

(f) = (9): Let V c Y be R—H-open. Since every R—H— open set is 3—H—open, V is § — H- open, by (f), 1 (V) is
d— H— open.
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(@) = (h): Let F cY be R—H-closed. ThenY —F is R—H- open. By (g) 1 (Y -F) =X —f1 (F) is R—H -open.
Therefore X —f 1 (F) is 8 —H -open. Therefore, i1 (F) is 8 — H— closed.

(h) = (a): Let x € X and V be a p-open set containing f(x). Now, Vo = iu(c*(V)),then by Lemma 2.1Y -VQ
is an R-H-closed set. By (8), 1l (Y-Vo) =X —-f1 (Vo) is §—H -closed set. Therefore, 1 (Vo) is 8 —H- open.
Since x € f1 (V0o), by Lemma 2.1 there exists a p-open neighborhood U of x such that xeU c iu(c* () cfl
(Vo). Hence f(iu(c*u(U))) c iu(c*u(V)). Hence fis a §— H— continuous function.

Corollary: 3.2 A function f: (X p,H) — (Y,H, 1) is dH-continuous if and only if f: Xy H) = (Y, 1) s
continuous.

Proof: This is an immediate consequence of Theorem 2.3.

Theorem: 3.3 If f: (X,u,H) — (Y, 1) and g: (Y,u,,1) — (Z,14;,d) are §- H— continuous, then so is
9ot (XU, H) — (Z,15,d).

Proof: It follows immediately from Corollary 3.1.

A function f: (X, H) — (Y, 1, 1) from one GTS (X, 1) with a hereditary class H to another (Y, Hz) with a

hereditary class | is said to be strongly 6-H-continuous (resp. 6-H- continuous, almost-H-continuous) if for each
x€X and each p-open neighborhood V of f(x), there exists a L—open neighborhood U of x such that f(c,* (U))cVv

(resp. f(c*u ) c C*H (V), f(U) cip(c,*(V)))- A function f: (X,u;,H) — (Y,l,,1) is said to be almost-H-open if
for each R-H-open set U of X, f(U) is p—open in Y.

Theorem: 3.4

(@ If f: (X u,H) — (Y,l,,1) is strongly 6-H-continuous and g : (Y,u,,1) — (Z,1;,J) almost-H-continuous, then
g'f: (X,u1,H) — (Z,u3,3) is s-H-continuous.

(b) The following implications hold:

strongly 6-H-continuous = 6-H-continuous = almost- H-continuous.

Proof:
(@) Letx € X and W be any pu—open set of Z containing (g° )(x).

Since g is almost-H-continuous, there exists a u—open neighborhood VY of f(x) such that g(V)CiU(C: (W)). Since f

is strongly 6-H-continuous, there exists a p-open neighborhood UcX of x such that f(c*u (U)) cV. Hence

g(F(C W (U) co(V) and g(F(ip(© wU)) < (e (U) co(V) < ip (€ (W), Hence, g°f : (X, u1 ,H) —
(Z,u3,J) is 8-H-continuous.

(b) Let f be strongly 6-H-continuous. Let x € X and V be any p-open neighborhood of f(x). Then, there existsa p-
open neighborhood UcX of x such that f(c*u (U)) c V. Also f(ip (C*H ) c f(c*u (U)) cV. Since V is H-open,
(i (C p(U)) € ip(c (V). Thus Fis &-H-continuous. Let fbe &-H-continuous.

Now we prove that f is almost H-continuous. Then, for each xeX and each p-open neighborhood VcY of f(x),

there exists a p-open neighborhood Uc X of x such that f(iu(c*u(U))) c iu(c*u(v )). Since Uciu(c*u(U)),
. *

fU)cipc p(v).

Hence fis almost H-continuous. A GTS (X,) with a hereditary class H is said to be SI-R space if for each x
€ X and each p-open neighborhood V of x, there exists a p-open neighborhood U of xsuch that xeU cipy

© ) V.
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Theorem: 3.5 For a function f; (X,u1,H) — (Y,u2,1), the following are trye:

(@ If Y is an SH-R space and fis &-H-continuous, then f is continuous.
(b) If X is an SH-R space and f is almost H-continuous, then f is &-H-continuous.

Proof:

(@) Let Y be an SH-R space. Then, for each p-open neighborhood V of f(x), there exists a p-open neighborhood V. of
f(x) such that f(x)chiu(c*u(V)) c V. Since f is 8-H-continuous, there exists a p-open neighborhood Us of x such that
Fip (™ (U=))) C ip(C™y (Vo). Thus f(Ue) €V, hence f is continuous.

(b) Let x € X and V be a p-open neighborhood of f(x). Since f is almost- H continuous, there exists a p-open
neighborhood U of x such that f(U) c iu(c* (V)).Since X is an SH-R space, there exists a p-open neighborhood U,

of x such that iu(cu*(ul))c U. Thus f(ip(c,*(Uy)) = f(U) cip(c,*(V)). Therefore fis - H— continuous.

Corollary: 3.6 If (X,u1) with hereditary class H and (Y,u2) with hereditary class | are SH-R spaces, then the
following concepts on'a function f : (X, p1, H)— (Y, p2,1): &H-continuity, continuity, almost-H-continuity are
equivalent.

Proof: The proof follows from Theorem 3.7. A quasi topological space (X,p) with a hereditary class H is said to

be an AH-R space if for each R-H-closed set F X and each x ¢ F, there exist disjoint p—open sets U and V in X
such that xeU and F cV.

Theorem: 3.7 A quasi topological space (X,u) with a hereditary class H is an AH-R space, if and only if each X € X

and each RH- open neighborhood V of X, there exists an R-H- open neighborhood U of x such that xeU cc ((9)]
cCu (U) cV.

Proof: Suppose (X,u) with a hereditary class H is an Al-R space. Let x€V and V be R-H- open. Then {x}n(X-V)
= 0. Since X is an Al-R space, there exist p-open sets U, and U, containing x and X-Vrespectively, such that U, N

U, = 0. Then ¢y (U1) NU2 = ¢.and hence c,*(U,) ccpy (Uy) (X -U,) cV.Thus x € U, c* (V1) cep(U) cV
and we have U, cip (c,* (U)))c c,* (U,).

Let ify (c,* (U1)) = U. Thus cu(U1) = cu(ip(en” (U1))) < ep(ep” (UD) Cen(en(UD) = cu(Uy) & ep(U)and Uy € U €
cu*(U) CCM*(Ul) ccp(U1) cV. Therefore, there exists an R-H-open set Usuch that x € U c ¢ (U) cep) c
V. Conversely, let x e X and an R-H- closed set F such that x 6e F. Then, X-F is an R-H-open neighborhood of x.

By hypothesis, there exists an R -H-open neighborhood V of x such that x &V cc* (V)cep (V) € X=F.Thus Fc X -
cu(V) e(X —c* (V)) <, where X—cyy (V) is a p—open set.
Also, we have V N(X —cpu(V)) =@ andV is u—-open. Therefore, X is an AH-R space.

Theorem: 3.8 For a function f: (X,u1,H) — (Y,u,, 1), the following are hold:

(@) If Y is an Al-R space and f is 6-H-continuous, then f is §-H-continuous.
(b) If X is an AI-R space, Y is an SH-R space and f is 6—H-continuous, then fis strongly 6-H-continuous.

Proof:
(@) Let Y be an AH-R space. Then for each x € X and each R-H- open neighborhood V of f(x), there exists an R-

H-open neighborhood Vo of f(x) such that f(x)eV c c*(V)cV. Since f is 6-H-continuous, there exists a p—open

neighborhood U of x such that fcp U))Scp (Vo). Hence g (cu” (U))) € flew (U))Sen (Vo) € V and thus f(i,(cn (U))
c V. By Theorem 3.1, fis §— H~— continuous.
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(b) Let X be an AHR space, Y an SH-R space. For each x € X and each p-open neighborhood V of f(x), there exists
a p-open set Vo such that f(x)eVo C ip(cu*(Vo)CV’, since Y is an SH —R space. Since f is —H— continuous, there

exists a p—open set U of x such that f(iu(cu* (U)))ciu(cu* (V.)). By Lemma 2.1, iy (c H*(U)) is R-H-open and
since X is an Al-Rspace, by Theorem 3.7. there exists an R-H-open set Uo such that x Vo © cu*(Uo) cip (cu*(U)) .

But every R-H-open set is u—open, hence U is p—open. Also, f(c* (U)) cV Hence fis strongly 6-H— continuous.

Theorem: 3.9 If a function f: (X,p1,H) = (Y,u2,1) is 6 - H—continuous and almost- H—open, then f is §- H—
continuous.

Proof: Let xe X and V be a p— open neighborhood of f(x). Since f is 6 — H—continuous, there exists a pu—open
neighborhood U of x such that f(cu* (U))cc p*(V). Hence f(ip (c* (V) cc p* (V). Since f is almost- H—open,
f(iu(cu*(U)))Ciu(Cu*(V)). This shows f'is strongly 6 — H—continuous.
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