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ABSTRACT

In this work, we investigate a periodic solution for non-linear systems of differential equations with boundary
conditions by using the numerical analytic method, which was introduced by (Samoilenko, A. M.), These
investigations lead us to improving and extending the above method. Also we expand the results obtained by
Samoilenko to change the periodic system of non-linear differential equations with initial condition to periodic a
system of non-linear differential equations with boundary conditions conditions.

Keyword and Phrases: Numerical-analytic methods, existence of periodic solutions, nonlinear system, boundary
conditions.

I. INTRODUCTION

The study of periodic solutions for non-linear system of differential equations with boundary conditions and
boundary integral conditions is a very important branch in the differential equation theory. Many results about the
existence and approximation of periodic solutions for system of non-linear differential equations have been
obtained by the numerical analytic methods that were proposed by Samoilenko [5] which had been later
applied in many studies [2,3,6,7,8,9].

In this paper, we prove the existence and uniqueness of periodic solution for non-linear system of differential
equations with the boundary conditions by using the method of Samoilenko [5].

Consider the following problem:

dx

T Ax + f(t,x,v,2)

Alx(O) + Azx(T) = el

dy

E=By+g(t'x'3/lz) (P)

B1y(0) + B,y(T) = e,

dz _c B
T z+ h(t,x,y,2)

C1Z(O) + C2Z(T) = ée3

where x €D c R",y € D; € R™ and z € D, c R¥.The domains D, D, and D, are closed and bounded.

Let the vector functions f(¢t,x,y,z), g(t,x,v,z) and h(t, x,y, z) are defined and continuous on the domain:
(t,x,y,z) ER' XD x D; X D, (D
and periodic in t of period T. also 4 = (4;;), A1 = (A1), 42 = (Az),

B = (Bl-j ), B, = (Blij): B, = (le-]-), C = (Cl-j), C = (Ch-j), C, = (Czl-j) are n X n non-negative matrices,
also e; = (e11,€12, - ), e = (e31,€22, ... ), €3 = (€31, €3y, ... ) are positive constant vectors.
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Suppose that the functions f (¢, x,y,z), g(t,x,y,z) and h(t, x,y, z) satisfy the following inequalities:

If & x, 3, 2|l < My, llg(&, x, v, 2) || < My, [|h(t,x,y,2) || < M3 (2)
1f (& %1, y1,21) = [ (& %2, ¥2, 22) |l < Killxg — 2|l + Kz llyy — vl + Kzllzy — || (3)
lg(t, 21, ¥1,21) — g(&, %2, ¥2, Z2) || < Lallxy — x|l + Lallys — w2l + L llz; — 2l (4)
I h(trxl’Y1'Z1) = h(t,x2,¥2,22) || < Pillxy — %2l + P2llys — 2l + P llz1 — 2|l (5)

fOra“tERl, x,xl,XZED, y,yl,yZEDl, Z,Zl,ZzeDz,

where My, My, My, Ky, K, K3, Ly, Ly, L3, Py, P;, Pzare positive constants Provided that
_ Y _ Y _ Y
e < i [|eBE9)|| SA_E' [[ece)|| < i ©

where v1,Y2,Y3,A1, A2, A3 are positive conistants ,and ||. || = max,ejg /. |-

We define non-empty sets as follows:

_n_I'n n )
D, =D 27, M; ||6¥||T .
Tl’z
Dy =D; — 27, ——||ﬁ||T ™
TV3 J
Ds =D, — 27, M; /13 SsIT

Furthermore, we suppose that the largest eigen- value of the matrix

nT T Ty

1
Ki—= K,—= K
22 TPy Toa
T T T
N=\1L Z L, %E Ls Z_ZE Does not exceed unity
vsT vsT vsT
P —= P3—=
2.2 a2 a2
W Wy 2w 2w,°
e A ) 1 <1, (8)

3 6 3 3

T
where w; = > <K1 n £ }/3>
3

+ L2+ P
22—2 3

A A
T? Y172 nvs V2Vs
o) :_(/’l/l (KpLy — K1L2)+ (K3P1 K1P3)+ (L3P2 L,P3)),
T3y, Y2V3
w3 = — === (Ky(LyP3 — L3P;) + K;(L3sP; — L1P3) + K3(L P, — L, Py)),
2 2, 1y A3

wy, = 8w;> + 180w; + 36w w, + 12(81ws? + 12w3w,° + 54w  wywz—3w; 2w,? — 12w,%)1/2 )73,
Define a sequence of functions:

{xtm (£, X0, Y0, 20)s Ym (t, X0, Y0, 20D, Zin (£, X0, Y0, Z0) Y=o bY:

t
xm+1(t1x0'y01Z0) = erAt + f eA(t_S) [f(slxm(sle'yO'ZO)' ym(sle'yO'ZO)' Zm(S'xOlyO'ZO)) -—a
0

A T
—mf eAT=) £ (5,33, (5, %0, Y0, 20)s Y (S, X0, Y0, 20), 2 (S, %0, Yo, Z9) )ds]ds 9
0
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with

xo(t, %0, Y0, 20) = erAt

where a = L[A xg + A, x0eT —e;]; det(e’T —E) # 0 and det(A,(e®T —E)) # 0
AZ(eAT_E) 140 240 11 2 .

t

Ym+1(t: X0, Y0, 20) = Yo +J- eBC) [g(s, % (S, X0, Y0, Z0) Y (S, X0, Y0, Z0) » Zm (S'xO'yO'ZO))
0

B T
-p _mf eB(T_S)g(S,Xm (5, %0, Y0, Z0)» Yin (S, X0, Y0, Zo) ,Zm(S,xo,J’o,Zo))dS] ds (10)
0
With

¥o(t, X0, Y0, 20) = Ype®*

where f = B,y + Byy,e5" —e,];det(eBT —E) # 0

B
Bz (eBT - E)

and det(B, (T — E)) # 0.

and
t

Zm+1(t' xO'yO'ZO) = yoeCt + f eC(t_S) [h (S! Xm (Sle'yO'ZO)'Ym (S' xO'yO'ZO) »Zm (S' xO'yO'ZO))
0
C T _
=6 _mfg T h('s, % (5, X0, Y0, 20), Ym (5, %0, 0, 20), Zm (5, X0, Y0, 20))ds]ds  (11)
with
2o (t, %0, Yo, Z0) = 2,€"

where § = ————[C,yy + C,7,e " — e3]; det(eT —E) # 0and det(Cz(eCT - E)) #0.m=0,1,2, ...,
C2(eCT—E)

By using lemma3.1 [5], we can state and proof the following lemma:

Lemma: 1 Suppose that the functions f(¢t,x,vy,z),g(t,x,y,z) and f(t,x,y,z) be vectors which are defined in
the interval [0, T], then the following inequality holds:
14
m@f%\
I1F1 (t, X0, Y0, o)l )/;
15 (¢, x0, Yo, 2l | < az(t)A—Mz ) (12)
2
[1F5(t, x0, Yo, Zo) I Y3
as(t) A_3M3

~

T T
for 0<t<T, al(t)SE, az(t)SE, a3(t)SE,

where

t A T
Fy (t, %0, Yo, Z) =f e =) [f (s, X0, Yo, Z0) T AT E)f eAT=9) £ (s, x9, yo, 29)ds]ds
0 - 0

(

t

Fy(t, x0, Y0, 20) = J-

B T
eB(t—S) [g(s, X0, Yo, ZO) - BT—J- eB(T_S) g(s, X0, yO:ZO)dS]dS
0 (eBT —E) J,

t C T
F5(t, xo, Vo, Zo) = f et [h(s, %o, Vo, 20) — 6 — I E)f eCT=9) h(s,xy, Vo, 2o)ds 1ds
0 0

(
and
a,(6) = t(Ze”AH(T—t) — ellAalT _ ||E||) + T(eIIAIIT _ e”A“(T—t))
1 (el —IEIN
() = £(2e1B1T-0 — QlBIT _ ||E||) + T(elBIT — olIBIT-0))
2 (elBIT —IED
() = t(ZeHCII(T—t) — ellciT — ||E||) + T(e”C”T _ eIICII(T—t))

(el = JIET)
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Proof:
AT _ GllAll =0yt
A(t—s)
|F1 (¢, x0, Yo, 2zo) Il < [ IIEN — T B lle | 11£ s, %0, 0, 20) llds
0
el — ghalr—oy o7
S i — eAlt=s S, %0, Y0, 20) |l ds
( P ) [ et 0,0, 2001
<a M,
A
and similarly
V2
1, (¢, x0, Yo, 20) |l < az(f)A—Mz
2
and

V3
I1F3(t, X0, Y0, Zo) | < a3(t) /'I_M3
3

From (13), (14) and (15) we conclude that the inequality (12) holds .

Il. APPROXIMATION OF PERIODIC SOLUTION FOR (P)

The investigation of approximate solution of ( P) will be introduced by the following theorem:

(13)

(14)

(15)

Theorem: 1 Let the vector functions f(¢,x,v,2z), g(t,x,y,z) and h(t,x,y,z) are defined and continuous on
the domain (1) and periodic in t of period T. Suppose that these functions satisfy the inequalities (2), (3), (4), (5)
and the conditions (6), (7) and (8), then there exist a sequences of functions (9), (10) and (11), converges uniformly

on the domain:
(tle'yOlZO) € [O,T] X Da X Dﬁ X D5

xo(tl X0, yO:ZO)

(16)

to the limit functions | y°(t, xq, yo, Zo) | wich is continuous in the domain (1) periodic in t of period T and

Zo(tl X0, yO:ZO)
satisfies the following vector form:

x(tl X0, YO,ZO)

| _ B (T po—
y(t, %0, ¥0,20) | = | y,e5t + fot eB =9 [g(s,x,y,z) - B - mfo eBT=9) g(s,x,y, z)ds] ds

z(t, x0, Yo, Zo)
\ZOeCt + ft eCt—s) [h(s, X, ¥, Z) -6 - (eCTC——E)foT eC(T—s) h(s, x, y, Z)ds ] ds

0
and it is a unique solution of (BVP) which satisfies the following inequality:
1% (t, X0, 0, 20) — Xm (t, X0, Y0, Zo) |

ly° (t, %0, Y0, 20) = Ym (£, X0, Y0, 2) || | < 2™ (E-Q) 71y
1z° (¢, %0, Y0, 20) — 2z (t, X0, Yo, Z0) I

™n n
(73 M+ 7 elT
1

22,

Ty, V2
where ¥; = EZMZ +Z”'B”T

Tvs; Y3

——M; +—||6||T

73 M+ 31
provided that

T
Sy + Dl
2 A

Il (t, x0, Y0, 20) — Xl Ty, Vs

ly(t, x0,¥0,20) — Yol | < ETMZ +/1—||ﬁ||T
1z(t, x0, Y0, 20) — Zo |l TY?, Yi

——M —|SIIT
73 M+ 52101
forallt€[0,T]and xy € D, , yo € Dg and z, € Ds

© 2014, IIMA. All Rights Reserved

s A T s
/erAt + fot eAlt=s) [f(s, XV, Z) —a — mfo e4T=9) f(s,x,y, z)ds] ds

(17)

(18)
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Proof: Setting m=0 in (9), (10) and (11) and by using Lemma 1, we have

t
eht 4+ f eAt=9) [f (s, x0,¥0,20) — @
X 3

21 (£, x0, V0, 20) — Xoll =

_ML eA(T—s) f(S,xO,yO,Zo)dS]ds — xoeAt
t A ;
< f eA(t—S) [f(S,XOvyO,Zo) _AT—f eA(T_S)f(s,xg,yo,zo)ds]ds
’ (eAT —E) J,
t
* f e’ a ds
0

Y1 V1
< @@ 7 M + 3 el
1

Hence x; (t, xq, o, 29) € D, forall t € [0,T]

Then by mathematical induction we can prove that

V1 Y1
2, (E, X0, Y0, 20) — Xoll < al(t)A_Ml + T llalIT
1 1

Which given x,, (¢, xq, ¥, 29) € D, forallt€[0,T].
Similarly
V2 V2
lly1 (&, x0, ¥0,20) — Yoll < az(£) TMZ + > IBIIT
2 2
Hence y, (t, xo, ¥o,29) € Dy forallt € [0,T]
and
Y Y
13 (&, X0, Y0, 20) = Yol < @2(0) 3 Mz + = I1BIIT
1 1

then y,,, (t, xo, ¥0,20) € Dg forall te [0,T].

and

V3 V3
11 (t, X0, Y0, 20) — Zoll < a5(t) =—M;z +—||8]|IT
A3 A3

Hence
Zl(t,xo,yO,Zo) ED(S forall t E[O,T] y

Also
V3 V3
1z, (t, X0, Yo, Z0) — Zoll < a3(t)TM3 + /1—||5||T
3 3

Then z, (t, x9, Yo, 29) € Ds for all te[0,T].

(19)

(20)

(21

Next, we shall prove that the sequence of functions (9), 10) and (11) converges uniformly on the domain

(16).

When m= 0 and by using Lemma 1 and the inequalities (3), (4) and (5) ,we have

IAIT _ pllAlr-0)

llx2 (¢, X0, Y0, 20) — %1 (t, X0, Yo, 20) Il < (”E” T

© 2014, IIMA. All Rights Reserved

t

) [ et 753165303020,
0

Y108, X0, Yo, 20), 21 (S, X0, Y0, 20)) — f (S, X0, Yo, Zo)|lds
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IANT _ SIANCT=t)\ (T
+ ‘ ‘ J- ”eA(t_s)” I1f (s, x1 (s, %0, Y0, Z0), ¥1 (S, X0, Y0, Z0) »
AT —E] ) ),

!Zl(s' xO'yO'ZO)) - f(S,xo,J’o,Zo)” ds

V1
< a(t) 1 (K1 llx1 (8, %0, Y0, 20) — %ol + K2 |ly1 (£, X0, Y0, Z0) — Yol
1
+K;3|z, (t, X0, Y0, Z0) — Zoll)

Then by mathematical induction we can prove that

Y1
12 1 (E, X0, Y0, Z0) — X (&, X0, Y0, Zo) | < a1(t)z(K1||xm (t, X0, Y0, 20) — Xim—-1(t, X0, Yo, 20)l

+K; ||y (€, X0, Yo, 20) — Yim—1(t, X0, Yo, Z0)l
+K;5 ||z, (¢, X0, Yo, Z0) — Zm—1(t, X0, Y0, Z0) ) (22)
And similarly

Y2
ly2 (t, X0, Y0, 20) — Y1 (t, X0, Yo, Zo) |l < az(t)T(L1||x1 (t, x0, Yo, Z20) — Xoll + Lz |ly1 (£, X0, Y0, 20) — Yol
2

+L3llz, (¢, %9, Y0, 20) — Zll)
and

Y2
Ve 41 (t, X0, Y0, Z0) — Yim (&, X0, Yo, Zo) || < a2 (t) Z (L1l (t, X0, Y0, 20) — Xin—1(t, X0, Yo, Zo) |

+Lo 1Y (t, X0, Y0, Z0) = Yim—1(t, X0, Yo, 20)l

+L3 |2, (t, X0, Y0, 20) — Zm—1(t, X0, Y0, Z0) ) (23)
Also

V3
|1 z2 (¢, %0, Y0, 20) — 21(t, X0, Y0, 20l < a3(t)T(P1||x1(t,xo,YO,Zo) = xoll + P ly1 (t, %0, Y0, Z0) — Yol
3
+P;|z1 (¢, x0, 0, 20) — Zoll)

Also by mathematical induction we can prove that

V3
1Z 41 (&, X0, Vo, Z0) — Zim (E, X0, Yo, Z0) Il < a3(t)E(P1||xm (t, %0, Y0, 20) — X —1(t, X0, Yo, Zo) |l

+P, ||y, (¢, X0, Yo, Z0) — Ym—1(t, X0, Yo, Zo)l
+Ps3 |z, (t, X0, Y0, 20) — Zm—-1(t, X0, Yo, Z0) ) - (24)

Rewrite (22), (23) and (24) by vector formi.e.
Y1 (0) < 2@O)¥, (0) (25)
1%, +1 CE, X0, Y0, Z0) — Xm (, X0, Yo, Z0)l
Vi1 = | 1Ym+1 (6 X0, Y0, 20) — Yim (t, X0, Y0, Z0) ||
”Zm+1 (t, X0, Yo, ZO) —Znm (t' X0,Y0, ZO) ”
1, (¢, X0, Yo, 20) — X —1 (&, X0, Yo, Z0)l
l‘Um = ”ym (t' X0, Yo, ZO) ~Ym-1 (t, X0, yO'ZO)”

1z, (£, X0, Yo, Z0) = Zim—1(t, X0, Y0, Zo) |l
and

V1 V1 V1
(Kl /1—10-’1 ® K /1—10-’1 ) K; /1—1“1 (f)\
Y. Y. Y
2(t) = | Ly ia’z(f) L, ia’z(f) L3ia2(t) |

vV vV vV
\aﬁ%m P as® &ﬁ%m/

Now we take the maximum value for the both sides of the inequalities (25) we get

Yo < 0¥, (26)
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where 2 = maxte[O,T].(Z(t)

T T
k37 foxa m \
|

V2T V2T
L L L
a=|nity Ly big|

vsT ysT 1£ /
P. P. P;——
\ 2,2 a2 a2
and by repetition of (26) we find that ¥,,,; < Q™¥; and also we get
m m

YueSan @)
i=1 i=1

by using (8) then the sequence (27) is uniformly convergent that is

lim > Qi-ly, =Zrzl “ly, = (F - 0)"'y, (28)
i i=1
Let
X (£, X0, Yo, Z0) x°(t, X0, Yo, Zo)
ml_lg} Y (&, X0, Y0, 20) | = | ¥° (&, %0, Yo, Zp) (29)
Zpm (, X0, Yo, Z0) 2°(t, X0, Yo, Zp)

Since the sequence of function (9), (10) and (11) is defined and continuous in the domain (16) then the
x°(t, X0, Yo, Z)
limiting function | y°(¢, xo, ¥, %) | is also defined and continuous in the same domain.

Zo(tl X0, yO:ZO)

x°(t, %o, Yo, Z0)
Moreover, by Lemma 1, the relation (29) and proceeding (9), (10) and (11) to the limit{ y°(t, xo, Yo, Z)
2°(t, X0, Y0, Zo)
when m—oo the equality (28) is satisfied for all m = 0,and this show that the limiting function
x° (¢, %0, Yo, Z0)
yO(t, xo, Vo, Zo) | is the solution of ( P).

2°(t, X9, Yo, Zo)

x(tl in in ZO)
Finally, we have to show that | y(t,xo,¥0,2) | is a unique solution of (BVP).

Z(tl X0, yO:ZO)

x(t, %0, Yo, Z0)
Let | y(t, x9,¥0,20) | be another solution of (P), i.e.

E(t’ xOP y[]ﬁ ZO)
t

E(t:xO'yOlZO) = erAt + f eA(t_S) [f(S,Y(S,XO,yO,Zo),y(S, xo'}/o'Zo)’E(S,xo,J’o,Zo)) -
0

A T _ —_ —_ _
_mfg eAT s)f(S,x(S,xo'J’o'Zo).Y(S,XO.YO,ZO).Z(S,XO,J’O'ZO))dS]dS

t
Tt X0, ¥0 20) = Yoe®t + f €BC=) [ (5,75, X0 Yor 20), T (5, %or Yoo Z0)r Z(5:Xo0r Yo, 20)) — B
0

B r _ _ -
- mj(; eB(T_S) g(sl x(sl X0, YO,ZO); Y(S; X0, Y0, ZO)IZ(S' X0, Yo» ZO)dS]dS

t
E(t' xO'yO'ZO) = ZoeCt +f eC(t_S) [h(S,Y(S, xO'yO'ZO)!?(S'xO:yO:ZO)'E(S:xO:yOvZO)) - ﬁ
0

C T _ _ _
_ oo E)f 2C(T—) h(s,x(s, %0, Y0, 20), Y (S, X0, Yo, Z0), Z(S, X0, Yo, Zo) )ds]ds
0

© 2014, IIMA. All Rights Reserved 301



Raad. N. Butris* and Suham Kh. Shammo / Periodic Solutions for Non-Linear Systems of Differential Equations with
Boundary Conditions / IJMA- 5(3), March-2014

Il (t, %0, Yo, 20) — X (¢, X0, Yo, 20) Il <

t
f eA=s) Lf (s, x(s, X0, Yo, 20), Y (S, X0, Y0, Z0), 2(S, X0, Y0, Z0))

0
—f(S,E(S, xO:_VO'ZO)!?(S'xOﬁyOﬁZO)iE(sﬂxO'yO'ZO))

A T
) E)f e*T=9) f(s,x(s, %0, Y0, 20), ¥ (5, X0, Y0, 20), 2(5, X0, Y0, 20))
0

_f(sly(sl xOP y[]i ZO)!?(SI xO' yO' ZO)'E(S’ xO' yO‘ZO))dS]dS”

ellAlT _ GlANT—0)\ rt
<\ MEN = —pzm =) | Ne* 21 £ (s, xCs, %0, v0, 20)
- elAlT —|E|| 0 » X\S, X0, Yo, Zo s

Y1 (S, X0, Yo, 20), 2(S, X, Yo, 20)) — f(5,%(5, X, Yo, Zo)s

’y(sﬂﬁo'y(ﬁ'ﬁ(())'?(s'xO,yO,ZO))”ds +
AT _ AT -0y 7 3
+ (EIIAHT—_”E”) ft ”eA(t s)”” f(s,x(s, X0, Y0, 20), Y (S, X0, Y0, Z0),

'Z(S' X0, yOlZO) - f(S, E(Sle' yO'ZO)' ?(s, X0, yO'ZO)'E(S' X0, Yo, ZO)”dS

_ Y1 _
wNx(E, x0, Vo, 20) — X(E, X, Vo, Zo) || < a1 () — (K ||x (¢, x0, Yo, 20) — X (¢, X0, Yo, Zo)l
A

+K; |y (¢, x0, Yo, 20) —y(f,xod’o'zo)” +
+Ks|z(t, x0, Y0, 20) — Z(t, X0, Y0, Zo) ) (30)
Now similarly

_ Y _
ly (¢, x0, Y0, 20) — Y (t, X0, Y0, Z0) |l < a3 (f)ﬁ(lq”x(t. X0, Y0, Zo) — X(t, X0, Yo, Zo) |l

+L|ly (¢, x0, Yo, 20) — y_(f. X0, Yo, Zo) |l +
+L3|lz(t, x0, Y0, 20) — Z(t, X0, Yo, Zo) ) 31
Also

_ V3 _
1z (t, x0, Y0, 20) — Z(t, X0, Yo, Zo) || < a3(t) ~ (Pyllx(t, x0, Y0, 20) — %(t, X0, Yo, Zo) |l
3
+P, |y (t, x0, Yo, 20) —_?(t, X0, Y0, Zo)l
+Ps|z(t, x0, Y0, 20) — Z(t, X0, Yo, Zo) ) (32)

Then we can rewrite the inequalities (30), (31) and (32) by the vector form:

Il (t, X0, Yo, 20) — X (¢, X0, Yo, Z0)l Il (t, x0, Y0, 20) — Xx(t, X0, Yo, Zo) |l
ly (t, x0, Y0, 20) — ¥(t, %0, Y0, 20l | < 2| ly (£, %0, Y0, 20) — Y (£, X0, Y0, Z0) |l (33)
1z (t, x0, Y0, 20) — Z(t, X0, Yo, Zo) Il 1z (t, x0, Y0, 20) — Z(t, X0, Yo, Zo) Il

Then by the condition (8),
12 (¢, X0, Yo, 20) — X(t, X0, Yo, Zo)l 0
ly (t, x0, Y0, 20) — ¥(t, X0, Y0, 20Dl | = <0>

1z(t, x0, Yo, 20) — Z(t, X0, Yo, 20)l 0
x(t, X0, Y0, Zo) x(t, X0, Y0, %)
y(t, x0,¥0,20) | = | (& x0, Y0, 20)
Z(t'xO'yO'ZO) E(t, in.VO'ZO)

which proves the solution is a unique and this complete the proof.
11l. EXISTENCE OF PERIODIC SOLUTION FOR (P)

The problem of existence solution of (P) is uniquely connected with existence of zero of the functions
Al(xo,yg,zg), Az (xg,yO,Zo) and A3(X0,y0,20) which has the form:

A T
Ay (x0, ¥0,20) = a + m[ eA(T_S)f(S,xo(S,xo,}’o,Zo),yO(S, xod’o'Zo),ZO(S,xo'YO,Zo))dS (34)
0

AllDa XD,E XD5 - R"

B T
Ay (x0,Y0,20) = B +mf BT g(s,x°(s, %0, Y0, 20), ¥° (S, X0, Yo, Z0), 2° (5, X0, Yo, Z) ) ds (35)
0
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AZ:D(X XDﬁ XD(S — R"
C T
A3(x0,¥0,20) = & +mf eCT=) h(s, x°(s, x0, Y0, 20), ¥° (5, %0, ¥0, 20), 2° (5, X0, Y0, 29) ) ds (36)
0
A3:Da XDﬁ XD(S — R"

The functions A;(xg,¥o,2Zo), Az(x0,¥0,20) and Az(xg,¥o,2Zy) are approximately determined from the
following sequences:

A T
Bym (X0, Y0, 20) = @ + m_{ e £ (s, X (5, X0, 0, Z0), Y (S, X0, Y0, Z0), Zm(S,xo,}’o,Zo))dS (37)
0

Alm:Da XDﬁ XD(S - R"

B T
Dy (X0, Y0,20) = B + m[ BT g (s, %, (5, X0, Y0, 20), Y (S, X0, Yo, Z0)s Z (5, xo'YO'ZO))dS (38)
0

AZm:Da XDﬁ XD(S - R"

C T
As (X0, ¥0,20) = 6 +m_{ eCT=9) h(s, 2, (5, %0, Y0, 20), Y (S, X0, Y0, Z0)> Zm (S, X0, Y0, 20) ) ds 39)
0

A?ym:Da XD,E XDé‘ - R"

Theorem: 2 Let all assumptions and conditions of Theorem 2.1 be satisfied then the following inequality:
V1 V1 V1
NiKi Ni—=Kp Ny ==K
141 Cxo, Yo, o) — B1m (X0, Y0, Z0)l ! ! !

142 (x0, Y0, 20) — Bam (X0, Yo, 20Dl | < | NZ]/{—Z Ly N }/{_ZLZ N, }/{—2L3 | Q™ (E — )7ty (40)
143 (x0, ¥0, 20) = Az (X0, Yo, Z0)l \ Y32P N )/23 . yj , /
s, it NP 37,3
holds
where N, = [IA|T [IB]IT IClIT

(MIT —[IE)’ "2~ (™I —[[E]) "~ (eI — [[E]])

Proof: From the equations (34) and (37) we have

A T
141 (xo0, Y0, 20) — A1 (X0, Y0, 20) Il = |l +mf e £ (s,x°(s, %0, ¥0, 20), ¥° (5, X0, Y0, Z0),
0

A T
2°(s, X0, Y0, 20) )ds — a — mf e f (s, 2, (5, X0, Y0, Z0),
0

s Y (S, X0, Y0, 20, Zin (S, X0, Y0, Z0)) ds |

=N %&”xo(f,xo,%'%) = X (&, %0, Y0, Z0) |l
+N; %KZ ly° (¢, %o, Y0, 20) = Yim (&, X0, Y0, Z0) |

+N; %KEHZO(E X0, Y0, 20) — Zm (t, X0, Y0, Zo)

A

V1 V1 Y1 _
141 (X0, Y0, Z0) — D1 (X0, Yo, 20l < {(N; /1—11(1 N, ) K, N A—1K3), Q™ (E - 2)7') =q, (41)

Similarly from the equation (35) and (38) we have

V2 V2

Y _
142 (X0, Y0, 20) — Bam (X0, Yo, Zo) Il < (V> A_Pl N, A—Pz N, A_2P3) JAME -7 =, (42)
2 2 2
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and

V3 Y3
143 Cxo, Y0, 20) — Az (X0, Yo, o) Il < ((N?, EP1 N

2p, N 2p ) 0n e - )W) = w, (43)
35 s

We rewrite (41), (42) and (43) by the vector form, Then we get (40).

Now, we prove the following theorem taking into account that the inequality (41), (42) and (43) will be satisfied
forallm = 0.

Theorem: 3 Let the (P) be defined in the intervals [a,b], [c,d] and[i,j] on R!and periodic in t of
period T, suppose that for m >0 the sequences of  functions As,,(xg,¥0,20), Ao (x0,¥0,29) and
Az, (X0, Yo, 2) Which are defined in (37), (38) and (39) satisfy the inequalities:

minlq, (X0, Y0, 20) < —qm
X9 €I
Yo €L
ZO € 13 (44)
max Ay, (X0, Y0, Z0) =
X9 €I
Yo €L
ZO € 13

minAZm (x(), Yo, ZO) < —vp
X € 11
Yo €1,

A € 13 (45)
maxA,,, (x(). Yo, ZO) 2 Up
X € 11
Yo €1,

Zy € 13

minlsy, (X0, Yo, Z20) < —Wp,
X9 €
Yo €L
ZO € 13

maxAs,, (X, Y0, Zg) = Wi,
Xg €L
Yo €1l
ZO € 13

(46)

Then the ( P) has periodic solution x = x(t, xo, Yo, Z9), ¥ = y(t, Xo, Vo, 2¢) and z = z(t, x4, Vo, Z9) suchthat:
T T
Xo €L = [a +E;'—11M1 +Z—1||a||T, b —E%Ml —%llallT]

T T
Yo €l =[c+y M+ 2IBIT, d —372M, —2||BIIT] and
., T . T
20 €Iy = [1 457 My + 2NSIT, j =372 My = 21ISIT]

Proof: Let x4, x, be any points in the
interval I;, y;,y,be any points in the interval I,,and z;, z, be any points in the interval I

At (X1, y1,21) = mindy,, (X0, Yo, Zo)
X0 (S 11
Yo €L

At (X2, Y2, 22) = max Ay, (X0, Yo, Zo)
X (S 11
Yo €L
A (S 13
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Az (X1, Y1, 21) = mindy,, (X0, Y0, Z0)

X9 €

Yo €L

ZO € 13 (48)
Apm (X2, ¥2,22) = max Dy, (X0, Vo, Zo)

Xg €L

Yo €L

ZO € 13
Az, (X1, Y1, 21) = minds,, (xo, Yo, Zo)

X0 € 11

Yo €L
A3y (X2, Y2, 2Z3) = max Az, (X0, Yo, Zo)

X € 11

Yo €L

A (S 13
By using the inequalities(41), (42), (43), (44), (45) and (46) we have
A (1, y1,21) = Dy (X1, 91, 21) + (A1(x1,}’1,z1) - Alm(x1'3’1'21)) < 0} (50)
A1 (X2, ¥2,22) = D (X2, Y2, 22) + (81 (X2, Y2, 22) — A1y (X2, Y2, 22)) > 0
Dy (1, ¥1,21) = Do (1, ¥1,21) + (83 Ce1, ¥1,21) = Doy (1, 11, 21)) < 0} (51)
Ay (X2, Y2, 22) = Bom (X2, Y2, 22) + (B2(x2, Y2, 22) — Do (X2, 2,22)) > 0
Ay (x1,¥1,21) = D (1, ¥1,21) + (B3Ce1, ¥1,21) — Dy (1, 11, 21)) < 0} (52)
A3(x2,¥2,22) = D3 (X2, Y2, 22) + (B3(x2, Y2, 22) — A3 (X2, 2,2,)) > 0

And from the continuity of the functions A; (xy, y1,21), A, (X2, ¥2,2;) and Az(x;,¥,,2,) and the inequalities
(50), (51) and (52) then there exist an isolated points (x° y°,z%) = (xq,¥0,2,) and x° € [x;,x,] ,y° €
[y1,y2] and z° € [z;,2,] where A;(xg, Vo, Zo) = Ay (X, Vo, Zo) = A3(xg, Yo, Z9) =0 this means that (P) has a
periodic solution x = x(t, xq, ¥, 20), ¥ = Y(t, X0, Y0, Zo) and z = z(t, xq, Yo, Zo).

V. STABILITY OF SOLUTION FOR (P) [4]

In this section, we study the stability theorems of a periodic solution for (P).

Theorem: 4 Let the vector functions A;(x,Yo,Zo), A2 (Xg, Yo, 20) and Az (xg, ¥o, Zp), be defined by the
following forms:

A T
Ay (X0, ¥0,20) = a + m[ eA(T_S)f(S,xO(S,xo,}’o,Zo),yo(S, xod’o'Zo),ZO(S,xo'YO,Zo))dS (53)
0
AllDa XDE XD5 - R"
B T
Ay (x0,¥0,20) = B +m[ P9 g(s,x°(s, X0, Y0, 20), ¥° (5, X0, Y0, 20), 2° (5, X0, Yo, Zo)ds (54)
0
AZ:D(X XDﬁ XD(S - R"
C T
A3(x0, Y0, 20) = 6 +mj e h(s, x (s, x0, Yo, 20), ¥° (5, Xo, Y0, 20), 2° (5, X0, Yo, 20)ds (55)
0

A3:Da XDE XD5 - R"

where x°(t, xq, ¥, 20), ¥° (£, X0, Yo, Zo) and z° (¢, x¢, Yo, 7o) are the limits of the sequences (9), (10) and (11)
respectively, then the following inequality holds:
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/MlMﬁWﬂ\
1141 (x0, ¥0, 20) yl

18 G, Yo, 20)I1 | < | Moz Ma + 1B (56)
A3 (xo, Yo, Zo)l Y3
1\/3/1 M; + [[6]]

Proof: From the properties of the functions x°(t, xo, Yo, o), ¥° (¢, X0, Yo, 20) and z°(¢, xo, Yo, 2y) are fixative
in Theorem2, then the functions A;(xg,¥q,2g), Ay(x0,V0,20) and As(xg,¥,2) are continuous and
bounded in the domain (1).

By using (53), we get

A ' A(T-s) 0 0 0
181 (xo, Y0, 20) |l = ||a+m e f(s,x° (s, %0, ¥0,20), ¥ (5, X0, Y0, Z0), 2" (S, X0, Yo, Zo) ds||
L AT 1w
(elAIT —IE]]) 4,
"
< Ny 3 My + el (57)

—M; + |la|ll|A; (xo, Yo, Zo)l

By using (54) we get

1820, 0, 2011 < Ny 3 M + 11 (58)
And by using (55) we get

1820 o, )1l < Na 7" M + 6] (59)
then we rewrite (57), (58) and (59) by the vector form, we get (56)

Theorem: 5 Let all assumptions and conditions of Theorems 3, 4 be given, then for all xy,x},x3 € D,,yo,
¥5,¥¢ € Dpand zy, 2§,z € Dy the following inequality holds:

NTE N N TR

”Al(Xé,y&,Zé) _Al(xglyglzg)” 1 y; y; ”xO _x()”

18, (x5, v5, 25) — Ba (x5, ¥, 2D | < | NZA E, NZA—ES Nngs | llys — ¥l |, (60)

|IA3(xé,y3,Zé)_A?,(x(),y[],z[])” )/3 y ]/3 ”ZO _20”

N;—E; N3;—Eg N3-—Eg
7 75 75

where
E; = Ky (Vo + Vi3 + Vi) + Hy, E; = Ky (Vip + Viz + Vi),
E; = K;(Vig + Vi + Vis), Ey = Ky (Vo + Vi3 + Vy7),
Es = K;(Vip + Vi + Vig) + Hy,  Eg = K3 (Viq + Vig + Vi),
E; = K3(Vo + Vi3 + Vy7), Eg = K3(Vip + V12 + Vi),
Eq = K3(V11 + Vi + Vi5) + Hs,
H [MH A, H 18,12 + 12,1

Lo ||A ||T ? 27 BT ?
= i <],

3= ||C i Il 1|| 11l

Ty,
Vi =WWy Q,V, = Wy W50, V3 = EZL1W1W2W4 Q1,
Tys
Vi = KWy WoW,.Q,, Vs = % P,WsW; W; QW5 W5Q3, Ve = WsW;Q3,
Tys

V;=(1—G;Gy) 7 Vg = EA_PZ WeW3 W,Q,, Vo = W,V
3

Vip = Wy (Vg + Gy V), Viy = W;G1V;, Vi, = WV,
Vig = Wg(V3 + G,Vs), Vig = WGV, Vis =W, V;
Vie = Wy (Vg + G4 V), Vi7 = Wy G, V3,

Ty !
W, =(1———K) ,
1 2,

Ty, \" Tys \ '
w, = 1———K , Wy =(1—-—=—K ,
z ( 21, 2) 3 ( 23 3)
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-1 -1
T? Y172 T y; 7
W4=<1— Tn 7, ZLKWW, |, W= 1—TZ p PLKsWsW, ),
Ty, vs - 1
We = 1_71_1 P LsWsW, |, W; = (1= G,Gy)™,
2 '3
WB = ( - GZG?i’) 1'
Al 22T :
Y1 Y1
o = sl s 2 + 2
! ||Az||(e"A"yT—||E||). ! Al Ty
Bl 2T :
Y2 Y2
Q = 2 1B, Il + 1B ||—]+—,
2 ||Bz||(e”B!/T—||E||)- ! ) Y
i :
Y3 Y3
Qs = 3 eyl + e ||—]+—,
3 1C (1™ — JIEI) L ! 20251 7 2
Ty, T2 Y1Y2
G = 2}\1 KsW; W, + T 7t1 7\2 L3 Ko, Wy W, Wy,
Ty, T? Y1 Y2
GZ :EEL3W2W4 4 )\ )\ L1K3W1W2W4_,
Tys T? Y3 V1
Gs3 =EEP2W5W3 T )\ )\ P K, Ws W W; W,
Tys T2 Y23
G4 =EEP1W6W3 + — 4 )\ )\ Ple W6W3W2,

Proof: By using (53) we get
1Al ! _
1A, (xd, vd,28) — Ay (x3, yE, z3)|| < MJ; ”eA(T 5)” Il £(s,x°(s,x3, 8, 28), v° (s, x3, v, 28),

) Z 1010;0_ ’ 2y A0 Y0040 y A0 V0040
2°(s, %0, ¥8,20)) — f(5,x°(5, %8, %5, 26D, ¥° (s, 3, 5, 28)
,2°(s,x3, Y5, 28 ) llds +

lIAl
+ (1Al + N4l llx; — 2l
[l42 11 (M —JIEID) : ° e

<ﬂ K” O(t )_ O(t )”
~ (ellAIT — ||E||),1 (K x4, ¥0,25) — x°(t, x5, ¥§, 7§

+K; ly° (¢, x5, ¥5, 28) — y° (&, x5, v, z5)l
+K;] 2°(¢, xo.}’o'Zo)—ZO(f.xg,)’g'zg)”

lA || + A | llxg — x5l
”A ”T 1 2 0 0 )
Y1
= 1181 (xd, v5,20) = A1 (6, v8, ZDN < Ny o= (K Il (8, x5, 75, 20) = x° (6,5, 36, 2D
1
+K; |ly° (t, x5, ¥5, 25) — ¥° (&, x5, ¥5, 2l
+K3 1 2°(t, x5, ¥5, 25)—2° (6, x§, ¥§, z) || + Hyllxg — %) (61)
Similarly
Y2
||A2(xé,y&,zé) - Az(xg,yg,zg)” <N, Z [L1||x0(f.xé,J’&'Z&) - xo(t,xg,yg,zg)”
+Lo|ly° (t, %9, ¥, 25) — y° (t, x5, ¥, 2l
+L3 |l z°(t, x4, ¥4, 25)—2° (¢, x5, ¥§, z5) | + Hallys — ¥4 1] (62)
Also
V3
||A3(x3,y3,z(}) —A3(x§,y0, )” < N3/1 [P1||x0(t xo,J’O, )—xo(t,xg,yg,zg)ﬂ

+P,|ly° (¢, x5, 5, 25) — ¥° (&, x5, ¥§, z)|l
+P5]| 2°(¢, xé,y&,z&)—zo(t, x¢,¥6, z5)|1+Hzllz§ — 2§11 (63)
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where
t

(e, v, ) = x4 [ A G, b ),y 6 ),
0

z(s, %6, y5,26)) — 4, —F) [A;xf + AyxferT — e]

A T
—mf AT f(s,x(s,x§, v§, 26), y (s, x§, Y6, 28D, 2(s,x§, v§, 2))ds]ds.
0

t
y(t,x§, vE,z8) = yEe™ +f eB) [g(s,x(s, x5, v8, 26), y (s, x§, ¢, 28), 2(s, x§, vE, 28))
0

—m[&y& + Byy§e® —e]

B T
0

t

z(t, x5, Y5, 25) = zpe™ +f e [n(s, x(s, 6, ¥8, 26), ¥ (s, x5, Y6, 28),
0

y(s,x8,¥6,26)) — & —m[cﬂ(lf + CyzkeT — e5]

C T
—mf €T h(s, x(s, x5, 55,26, y(s, %8, ¥6,28), (s, x§, ¥§, 28 ))ds 1ds
0

xo(t' X0, yOlZO)
Since | y°(¢, xo, ¥, 29) | satisfy the equation (16), from(64), (65) and(66), we get

Zo(t' xO'YO'ZO)

(64)

(65)

(66)

t
12000 158,00 = X5 8,800 < W =+ | [ o152, 58,0, ),
0

2°(s,%3,¥0,2) — f (5, x°(5,x3,¥5,26), ¥° (5, %3, ¥6, 28), 2° (5, %8, 5, 28))

A T
e E)J; e £ (s, x°(s,x3, 8, 28),y° (5,8, ¥4, 20,

,ZO(S,Xé,yé,Zé)) - f(s,xo(s,xg,yg,zg),yo(s,xg,yg,zg),
,2°(s, %3, ¥4, 2))ds)ds||
IA|IT

el e gy 4+ 142 i — 1)
e
41
AL
1 V1 V1 1 2
<\ Taremt =gy M + el 3|+ 5 it =1

)4
+ay (6) 31 (K llx® (6, x5, 70, 20) = x° (6, %3, v, 20)

+Kly° (6, %3, v, 28) — y° (¢, x¢, ¥, 2)|
+K3||Z0(tl x(%;)’&'zé) - Zo(t! xg'yg'zg)”)

Tn -
< (131 K1) (@l -

Ty,

+ o KNy (t, x5, ¥5,28) — y° (¢, x5, v, z5)l
1

Ty,

toT K3llz°(t, x5, y5, 25) — 2°(t, x§, 6, z) |l
1

Ty

1
w10t %0, ¥, 20) — x° (&, 28, ¥, 2Dl < Wh Qullxg — 31l + 2= Ko Wally® (&, x5, ¥6, 20) — ¥° (&, x5, v§, z0)

20
Ty

1
57 KaWall 206, v, 20) -2 (6. b, 98, 2
1
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Similarly
Ofs +1 o1 1 Ofs 42 2 2 Ty 0 0
ly°(t, x5, 5, 28) — y° (&, x5, ¥, 2) | < WQ:llys — yill + = 27, L1W2||X (t,x5,¥5,25) — x°(t, x4, v§, z5)
TV 0 0
Z)I_L3W2” 2°(t, x4, ¥4, 25)—2° (t, x5, ¥, z5)l (68)

Also

Tys
| z°(t, x5, v5, 26)—2° (¢, x5, ¥6, 2§) || < W3Q3lz5 — 2§ | +—/1—P1W3||x0(t x5, ¥, 25) — x°(t, x5, ¥§, z)l

Ty
+E/1—P2W3||y (t, x5, 5, 25) — ¥° (&, x5, ¥§, z)l (69)
From(67) and(68) we get
-1
0 1,1 .1 0 2 .2 .2 T v

lx°(t, X0, y0, 20) — x° (&, x5, i, zp)| < 1—7/1— R LiK,WiWy | (Wy Qqllxg — %6l

TV1

ZA K, Wy W,Q,1ly5 — ¥4 ||

Ty T’ yiy
+ (52 KWy + 222 s waw, ) 1 20w, v, 2206 38,38, 2 1)
27, 42,4

Ty,
< WyW; Qqllxg — x4l +§/1— KWy WoaW,Qllys — vl + ( K3W1W4

1
T? nr:
S /1 Ly KWW, W)l 2° (8, x5, ¥4, 25)—2° (t, x5, ¥§, z) |l

1

o ”xo(t,Xé,y&,Z&) - xo(t,xg,yg,zg)” S Vlllx() - xO” + V4”Y0 y(%”

+G, || z°(t, x5, ¥5, 25)—2° (t, x§, 6, zH)l (70)
and

-1
T2y, v,
||y0(t,xé,y3,zé) —yo(t,xg,yg,zg)” < (1 - T/l_ % LiK; Wi W, (WZQZH:V& _3’5”
TV
ZA—L1W2W1Q1||XO x5l + ( L3W2
T? Y1 Y2
4 A l L1K3W1W2)” Zo(t xO'yO' )_Zo(t,xg,yg,zg)”)

T
< Wy W5 Qallyd = Vi1l + X Lawa Wo Wy Qullxh — Bl + G 22 LaWa W

T? Y1 V2
= LiKsWiW, W)l 2° (¢, x5, v5, 26)—2° (t, x5, 6, z) |l
4 1
”yo(t,Xé,yé,Zé) _yo(t,xg,yg,zg)” S VZ”Y[} _Yg” + V3”x0 _‘x(]”

+G, |l 2°(t, x5, ¥5, 26)—2z° (t, x5, 6, z5)| 71)

From (69) and (67) we get

-1
T?y; 11
” Zo(t,x3,y3,Z8)_ZO(t,xg,yg,zg)” < (1 _Tl_ A_ P1K3W3W1 (W3Q3”Z(} _Zg”
TV

2/1_P1W3 Wy Q1llxg — x5l + (——P2W3

T?ys 7
+Tl_ ﬂ. P1K2W3W1)|Iy (t xo,}/O:ZO) y (t xO'yO' )”)

< 1 2 Y3 1 TY3
< WsW3Qsllz — z | +EZP1WSW3 Wy Qlixg — x§1l + 27 —P,WsW5 +

T2y3 1
+T/1_/1 P, WsWaWy ) ly° (t, x5, v6, 2) — y° (&, x5, v, z5)l

= 208, x5, v, 28)—2° (¢, x4, ¥§, 28) | < Visllzg — 2§11 + Vslixg — xG I
+G3lly° (t, x5, 5, 25) — y° (£, x5, 6, z)|| (72)
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Also from (69) and (68) we get

V27V3

-1
ZA P2L3W3W2) (W3Q3||Zo —Zo”

0 0 T’
Il z°(t, x5, v5,25)—2°(t, x5, y§, z) Il < | 1 — —
TV

27P2W3 W,Q:lys — 61l +

Ty; T? Y27¥3
(2/13 pW; + T 1, =P LW Wy ) 1x°(t, x5, v5, 25) — x° (8, x5, ¥§, z) 1)

Tys Tys
< WeWsQsllzg — Z¢ |l +§A_P2 WeWs W,Q;lys — v§ 1l + (2/1 PLWsWs; +
T2
Y215 py Ly wewsWs ) 1x0 (e, 58, v, 28) — X0t 3, v3, 2
4 /12 A3

- ” Zo(t,x(},y&,Z&)_Zo(t,xg,yg,zg)” S V7||Z(} - Zg” + VB”Y& _Yg”
+ Gyllx° (¢, x5, ¥0, 20) — x° (&, x3, 35, z0) (73)

Now we substitute (73) in (70) we get

1x° (¢, x4, 8, 28) — x0(t, %2, ¥8, ) || < Vyllx¢ — x3 || + V4||J’0 y§|l +261V27||223 — 2§l + G Vsllys — véll
+ G Gyllx°(t, x3, 8, 28) — x° (¢, x¢, v§, z3) ||

< (1= 61 G llxg — %611+ (Vi + GV)llyg — w8 Il + Gy V7 llzg — 25 11)

S WoVillxg — x5 11+ Wo (Vy + GiVe)llyg — w6 Il + WGy Vs llzg — Z5 |
lx°(t, x5, ¥5,26) — x°(t, x5, 95, 2|l < Vollxg — x5l + Viollyg — 81l + Virllzg — Z I (74)
Now we substitute (72) in (71) we get

ly°(t, x5, ¥5,28) — y° (&, x5, ¥, 25|l < Vallys — voll + Vsllxg — x0|| + GZV6”ZO — 2§ |l + GoVsllxg — x5 I
+62C3”y0(t,x8,y6,2(}) y (t'x()'y()' )”

< (1= G,G3) ' Mallys — 61l + (Vs + GoVs)llxg — x5 11 + GoVsllzg — 25 11)
< WeVallys — y5 Il + We(Vs + GoVs)llxg — x5 1| + Wy GoVellzg — 2z |
ly° (¢, x5, 8, 26) = ¥° (&, x5, ¥5, 2D < Vizllys — y5 Il + Vazllxg — %51 + Viallzg — 25 || (75)
Substitute (70) in (73)
| 2°(t, x5, ¥6, 20)—2° (&, x§, ¥§, 2|l < V25 — 2§ || + Vgllys — v5l
+G4Villxg = x§ 1| + GaVallys — 5 1G4 Gyl 2°(t, x5, ¥4, 20)—2° (¢, x5, ¥§, z)
S (1 =GG6) ' (Vllzg = z5 Il + (Vg + GaVllys — vl + GaVillxg — x5 1)
S W, Vllzg = 2511 + Wy (Ve + GoV)llys — Y8 Il + Wy GV llxg — x5l
w20t %5, 8, 20)—=2°(t, %8, ¥6, 2l < Visllzg — z§ 1| + Vigllyg — w8 ll+Vazllxg — x5l (76)

Now Substitute (74), (75) and (76) in(61)
181 (x5, ¥4, z5) — Ay (%, ¥§, 29l < N1 (K (Ve + Vig + Vip) + H)llxg — %l
+K; (Vlo +Viz + Viellys — yé Il + Ks(Viq + Vig + Vis)llzg — z511]

Y1
= 1A (x5, ¥6,25) — Ay (%6, ¥6, 29 < Ny — 7 [E1llxg — x5 || + Exllys — v§ Il + Esllzg — z§ 1] 77)
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Now Substitute (74), (75) and (76) in(62)

Y2
18, (x4, 5, 25) — Do (x§, ¥6, 25)|l < N = [Ly (Vo + Vi3 + Vip)llxg — x5l
2
+(Ly(Vig + Vig + Vig) + H)Ilys — véIl + Lz (Vig + Vig + Vis)llzg — Z¢ ]

Y2
18505, ¥8,20) = Do (6§, ¥5, 25l < N, N [E4llxg — x5 1l + Esllys — y5 Il + Egllzg — 25111 (78)
2

Now Substitute (74), (75) and (76) in(63)
V3
183 (x4, 8, 28) — Dz (xd, 6, 25l < N3E [Py (Vo + Viz + Vip)lIxg — x§ I
+P, (Vi + Via + Vi) llys — y§ 114+ (Ps(Viy + Vig + Vis) + Ha)llzg — 25111

V3
143 (x5, ¥6,25) — A3 (x, 8, 28)11 < Na 7 [E7llxg — x11 + Egllys — 51l + Eollzg — Z§I] (79)
Then we rewrite (77), (78) and (79) by the vector form we get (60).
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