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ABSTRACT
We prove a common fixed point theorems intuitionstic fuzzy metric space with integral type for contraction mapping.
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1. INTRODUCTION

El Naschie was Motivated by the potential applicability of fuzzy topology to quantum particle physics particularly in
connection with both string and e, Park introduced and discussed in [21] a notion of intuitionistic fuzzy metric spaces
which is based on the idea of intuitionistic fuzzy sets due to Atanassov [2] and the concept of fuzzy metric space given
by George and Veeramani [11]. Actually, Park's notion is useful in modelling some phenomena where it is necessary to
study the relationship between two probability functions.

Alaca et al. [1] using the idea of intuitionistic fuzzy sets, they defined the notion of intuitionistic fuzzy metric space as
Park [21] with the help of continuous t-norms and continuous t-conorms as a generalization of fuzzy metric space due
to Kramosil and Michalek [15]. Further, they introduced the notion of Cauchy sequences in intuitionistic fuzzy metric
spaces and proved the well known fixed point theorems of Banach [3] and Edelstein [5] extended to intuitionistic fuzzy
metric spaces with the help of Grabiec [10]. Turkoglu et al. [25] introduced the concept of compatible maps and
compatible maps of types (o) and (B) in intuitionistic fuzzy metric spaces and gave some relations between the concepts
of compatible maps and compatible maps of types (o) and (). Sharma and Tilwankar [24] and Kutukcu [18] proved
fixed point theorems for multivalued mappings in intuitionistic fuzzy metric spaces.

Several authors [12], [13], [15], [23] proved some fixed point theorems for various generalizations of contraction
mappings in probabilistic and fuzzy metric space. Branciari [4] obtained a fixed point theorem for a single mapping
satisfying an analogue of Banach's contraction principle for an integral type inequality. Sedghi et al. [22] established a
common fixed point theorem for weakly compatible mappings in intuitionistic fuzzy metric space satisfying a
contractive condition of integral type. Muralisankar et al. [20] proved a common fixed point theorem in an intuitionistic
fuzzy metric space for pointwise R-weakly commuting mappings using contractive condition of integral type and
established a situation in which a collection of maps has

a fixed point which is a point of discontinuity.

2. PRELIMINARIES

Definition: 2.1 ([23]) A binary operation *: [0; 1] x [0, 1]— [0, 1] is continuous t-norm if * is satisfying the following
conditions:

(i) * is commutative and associative,

(ii) * is continuous,

(iija*l=aforalla2]o, 1],

(iv)a*b<c*dwhenevera<candb<d, a,b,c,dE[0,1].
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Definition: 2.2 ([23]) A binary operation *: [0, 1] x [0, 1] — [0, 1] is continuous t-conorm if ¢ is satisfying the
following conditions:

(i) ¢ is commutative and associative,

(ii) ¢ is continuous,

(iiilad¢0=aforalla€|o, 1],

(iv)ad¢b<c¢dwhenevera<candb<d,a,b,c,d €[0, 1].

Definition: 2.3 ([1]) A 5-tuple (X, M, N, *,0) is said to be an intuitionistic fuzzy metric spaces if X is an arbitrary set,
* s a continuous t-norm, ¢ is a continuous t-conorm and M , N are fuzzy sets on X? x [0, 1) satisfying the following
conditions forall x,y,z€ Xandt,s>0,

(i) MXyYyH)+NXyt)<I,

(i) M (x,y,0) =0,

(iii) M(x,y,t)=1forallt>0ifand only if x =y,

(iv) MKy )=M(y,x1),

(v) MXY,)*M(Y,2,5) <M (x, 2 t+5s),

(vi) M (X, Y, .): [0, ©) — [0, 1] is left continuous,

(vii) lim_, M (x,y,t) =1 forall x, y in X,

(viii)  N(xvy,0)=1,

(ix) N (x,y,t)=0forallt>0ifand only if x =y,

(x) N (XY, ) =N(y X1,

(xi) NX Y t)ON(y,2zs)>N(x,zt+s),

(xii) N (X, Y, ") : [0, 0) — [0, 1] is right continuous,

(xiii)  Limt—ooN (X, y,t) =0forall x,y €X.

Then (M, N) is called an intuitionistic fuzzy metric on X. The functions M (x; y; t) and N (X; y; t) denote the degree of
nearness and the degree of non-nearness between x and y with respect to t, respectively.

Remark: 1 Every fuzzy metric space (X, M, *) is an intuitionistic fuzzy metric space of the form (X, M, 1-M, *,0)
such that t-norm * and t-conorm ¢ are associated, i.e., x 0y = 1-((1-x) * (1-y)) for all x, y € X.

Example: 1 Let (X, d) be a metric space. Define t-norm a*b = min {a, b} and t-conorm a¢ b = max{a, b} and for all

X, Y€ Xandt >0,

t d(x,y)
2 M ’ 1t :—1N ’ 1t =
(23) M, (xy.1) t+d(x,y) o (o y:t) t+d(x,y)

Then (X, M, N, *,0) is an intuitionistic fuzzy metric space. We call this intuitionistic fuzzy metric (M, N) induced by
the metric d the standard intuitionistic fuzzy metric. On the other hand, note that there exists no metric on X satisfying
(2a).

Remark: 2 In intuitionistic fuzzy metric space (X, M, N, ®¥), M (x, y, -) is non -decreasing and N (X, y;) is non -
increasing for all x, y € X.

Definition: 2.4 ([1]) Let (X, M, N, *, 0) be an intuitionistic fuzzy metric space. Then
(i) A sequence {x,} in X is said to be convergent to a point x € X (denoted by lim X, = X) if, for all t >0,
n—o0o
limM (X, x,t) =1, limN (%, x,t)=0
(i) A sequence {x,} in X is said to be Cauchy sequence if, forall t >0 and p > 0,
limM (X, %,,t) =1 lIMN(x,,,x,t)=0
n—oo

N n+p! n? n+p? n?

Remark: 3 Since * and ¢ are continuous, the limit is uniquely determined from (v) and (xi), respectively.

Definition: 2.5 ([1]) An intuitionistic fuzzy metric space (X, M, N, ¥) is said to be complete if and only if every
Cauchy sequence in X is convergent.

Lemma: 1 ([1]) Let (X, M, N, *,0) be an intuitionistic fuzzy metric space and {y ,} be sequence in X. If there exists a
number k € (0, 1) such that

M (Yn+2, Ynsts KE) = M (Vo1 Yoo 1), N (Viez, Yoez, KO SN (Yneas Yo, )
forallt>0andn=1,2, ......... , then {y,} is a Cauchy sequence in X.
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Lemma: 2 ([1]) Let (X, M, N, *0) be an intuitionistic fuzzy metric space and for all x, y € X, t> 0 and if for a
number k€ (0, 1),

M (X, y, kt) > M (x, y, t) and N (x, y, kt) <N (X, ¥y, t),

then x = y.

Definition: 6 ([14]) Two self mappings S and T are said to be weakly compatible if they commute at their coincidence
points; i.e., if T u=Su for some u€ X, then T Su = ST u.

3. MAIN RESULTS

Theorem: 3. 1 Let (X.M.N.*9) be an Intuitionistic Fuzzy Metric Space with continuous t-norm * and continuous
t-conorm ¢ defined by t * t>tand (1 —t) ¢ (1 -t) <(1 —t) for all t ¢ [0, 1]. Let A.B.S.T.P and g be mapping from x into
itself such that

(b) There exists a constant k € (0, 1) such that

J.[M(Pu,ov,(Kx))]z¢(t)dt ZIOM(U'V't)¢(t)dt and

0

I[N(pu,ov,(m)f $(t)dt < jON(u'V't)cl’(t)dt

0

where ¢: R* — R" is a Lebesque — Integrable mapping which is summable non-negative and such that

J:¢(t)dt >0 for each &> 0.

foru.vexand x>0 and

(c) If one of P(x). AB(x). ST(x) or Q(x) is a complete subspace of X. Then
(i) P and AB have a coincidence point and (ii) Q and St have coincidence point

The paid {P.AB} is weakly compatible.
(d) AB=BA,QB=BQ, QA=AQ,PT=TP,ST=TSand
(e) The paid {P.ST} is weakly compatible

Then
A.B.S.T.P and Q have a uniqgue common fixed point in X.

Proof: For any point x, in X, there exists a point x; € X, such that Px, = STx;. For this point x;, we can choose a point
Xp in X, such that Qx; = ABx, and so on, in this manner we can define a sequence {y,} in X such that
Yon = PXon = TXonst @Nd Yone1 = QXoney = AXonsp, forn=0, 1, 2,......

Now we shall prove Fyan, Yone1(KX) > Fyan1, Yon(X) for all x > 0, where ke (0, 1). Suppose that Fy,,, Yons1(kX) < Fyoq1,
Yan(X). FYan, Yan+1(KX) < Fyan, Yons1(X), We have

m(u,v,t)=min J'(EMPU’Qk(kX)] é(t)dt

J-[MAu Tvk(x)]?,Mau, PUK(x)

=min

¢(t)dt
J- MTv,Quk(x), MAu,Tvk(x).MAu,PUK(x), MAu,Tvk(x)

. g(t)dt

MTv,Qvk(x),MAu,Tvk(x).MAu,Qvk(2x),MAu,Tvk(x
J-O (%) (%) (2%) ()¢(t)dt

JAOMTV,PUk(x),MAu,ka(Zx).MTv,PUk(x),MAu,PUk(x) ¢ (t) dt
J- MTv,PUK(x),MAU,Quk(2x).MTv,Quk(x)

¢(t)dt

0
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n(u,v,t)=max IO[NPu'Qk(kX)] (t)dt

g
INTV QUK (x), NAU Tuk( X). AU, PUK (x), NAU Tuk(X) (t)dt
LNTV HORTHOI R HEIMTH) 4 4
J,NTV PUK(x),NAU Quk(2X).NTv, PUK(x), NAu'PUk(X)¢(t) dt

0
JuNTv PUK(x),NAu,Quk(2x).NTv,Quk(x)

$(t)dt

o

J'[M(anvYZnﬂ*(kx))] ¢(t)dt :J'O[M(sznyQinAv(kx))J ¢(t)dt
([ M( @t Pron ()
_ L ¢(t)dt

ZJ([:M(XZHAYXZHY(X))] ¢(t)dt 1(&)

J_O[N(yZn,yZml,(kx))J ¢(t)dt :'[()[N(szaninAv(kx))] ¢(t)dt
_ [N(sznwpxzw(kx))}z
_ '[0 ¢(t)dt

Xans1:Xon (X ’
sJ'O[N( ] (1) dt 1(b)

[t (0] = [ (0
_J‘ sz Qg ( t)dt

_j T

zjo[M ke (] $(t)dt

[N Gt ) = [ g
[N(Pgn Qonen ()
- #(t)dt
:J'I:N(QXZnAxPXZn’(kX)ﬂ ¢( )dt

_j t)dt

> m|n J‘Omm {IMY2n1, Yon k(x)1* dt, J’M(yzn'lv Yank(X¥)-M(Y2q 1 Yonse1K(X)

¢(t)dt,

4(t)
¢(t)dt’.[0)’2n(x)v MY3n.1, Yan (X) Myznv)’zn+1(x)¢(t)dt’

J’ MY o1+ Y2nK(X).My .4
0

(t)dt,
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MYanlvyZnJrl(zx)'MyZn vy2n(X)YMy2n—1vy2n(X)MYZn vy2n+1(x)
¢(t)dt,
0
J‘MYZn-l Yot (2%)- MYz Yanaa (X
0

(1)

o M[Yangs Yan 07 MYan1, Yo (0-Myz  Yane (X)
Znunj

é(t)dt,
¢(t)dt,

J‘MYZn 1:Y2n (X MyZn 1Y2n (X )vMy2n'y2n+l(x))!My2n71'y2n(x)
0

J’[MYZn—lvyZn(x)z*My2n—1y2n( )My2n y2n+1 :‘

¢(t)dt

MY 0120 (X):MY24, Y2040 (X )) MY, 10 Yon (X)

(
t(MyZn Yan (X)MYz2n,Yanaa (X )) My, )’Znﬂ(x)}

L (MY 20 Y2 (RO1 Y20 s Vet (KT, IMY 20, Vg (k%)
> mlnj

¢(t)dt,
¢(t)dt,

J'[MyZn »Yons1 (kx)]z ' [MyZn »Yons1 (kx)]z xMYZn 1y2n+l(kx)
0

I[Myzn Va1 (001, [MYa0, Yanen (001 MYz Yania () p(t)dt ={[My,., V... (kK)]*}

0

which is a contradiction. Thus we have

I[M(y2"'y2"+l(kx))]¢(t) dt > J‘O[M(YZn-llYZn(X))]¢(t)dt

0

and

J‘[ (Y2nY2ner(kX) )] dt<J‘ (Yan1:Yan( ))J¢(t)dt

0

Similarly we have I(J[M(yznﬁyyznﬂ(k)())%(t) dt > J.O[M(yzn’yM(X))%(t) dt

and J'O[N(yzn+1vY2n+2(kX))]¢(t)dtSJ‘[N(anvhml(x))]¢(t)dt

0

{y.} is a Cauchy sequence in X. Since {y,} converges to a point z in X, and the subsequences {Pxxn}, {Q@Xon+1}, {AXan}
and {STxXn+1} Of {y2n} also converges to z.

Now suppose that P is continuous, since P and AB are weak compatible of type (a), it follows from
(AB)PX,, — Pz and PPx, — Pz asn — .

Now putting u = Px,, and v = X441 in the given equation, we have

[ MPPX; ,,Qxg 4 (KX) ] P>(2n,Tx2n+1(x)]2
J.O #(t )dt>m|nJ' ¢(t)dt
M (A)PXy ,PPXy (X).MTXy 1, QXp 40 (X
J o(t)et
M (A)PXy TXa 1 (X)-M (A)PXgy , PPXgp (X)
L B(t)dt
'[OM(A)PXZWTXZM( )-MTPXy 1, QX0 (X ¢( )dt
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JOM (A)PXa TXan,a (X)-M (A)PXy, Qg (2X) ¢ (t) dt
J~OM(A)Px2n,QXZM(Zx).MTXZM,Psz”(x)¢(t) dt
M (A)PXy,PPXo (X).MTxy 1, PPXy (X)
[ (t)dt
M (A)PXy . QX041 (2X).MTXy 1, QX5 40 (X
J Ok

(A)Pxon Thgn 1 (X) ]

[NPPX; Qg (6) [N
| $(t)dt <max | (1) dt

J' N (A)PXZn 'PPXZn (X) NTX2n+1 'szn‘Fl(X)

J’N )PXon TXan.a (X)-N(A)PXaq , PPXyn(X)
0

J’N )PXan T (X)-NTPXg0,1,. Q% (X )¢(t)dt

0

N(A)PX;,, TXon,: N(A)PXy, Q5,1 (2X)

IO 2 2 1 2 2n+1 i(t) |t
N Panx e 2x NTXy 4, PPX n( )

|‘0 2 ona 20410 X2 (t) |t
|~N )PXa,PPXap (X).NTXg 41, PPXp (X)
) 2 2 2n+11 2 i(t) |
N(A)PXg QX541 (2X)-NTXo 1 ,Q%g 1 (X)

|‘0 2 2na 2n+1¢%2n41 (t |t

—

Taking the limit n — oo, we have
[MPz,2(ke) | ] {[MPZ,Z(X)]Z,[MPZ,PZ(X)JZ}.MZ,Z(X)
jo gz)(t)dthan‘0 ¢(t)dt
[MPZ,Z(X)].MPZ,Pz(x),MPz,z(x).Mz,z(x)
|, #(t)dt

J-[MPZ,Z(ZX)].MZ,Pz(x),MPz,Pz(x).Mz,Pz(x) y (t) dt

0

[MPz,z(2x)] Mz,z(x) [MPz,2(x)F
[ pltdt= [

0

[NPz,2(kx) | [NPz,2(x) ] [ NPz,Pz(x) " |.Nz,2(x
[ #(t)dt < max jo{ T} g (t

J-[NPZ 2(x)]:NPz,Pz(x),NPz,2(x).Nz,z(x)

dt

)
—— p(t)ct
J-[NPZ,Z(ZX)].Nz,Pz(x),NPz,Pz(x).Nz,Pz(x) p (t) dt

0

e = (PO

0

which is a contradiction. Thus we have Pz = z. Since P(X) & ST (X), there exists a point u € X such that z = Pz = Tp.
Again putting u = Px,, and v = p in, given equation

(A)Pxop Tok(X) ]

[l s

qﬁ(t)dthinL[M
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[M(A)]Pxgq.PPX;n ()
[, #(t)dt
J-MTP,Qp(x),M(A)sz,],Tp(x).M(A)Px2n PPy, (X

. ¢( )dt

J-[M (A) P TP(x).MPP,Qp(X),M (A)Pxy, Tp(x

. ¢( )dt

J-[M (A)]PXan QP(2X),M (A)Pxy, Tp(X),MTp, PPy, (X)

o #(t)dt
[P QBN PPRCIFP P )

(t)dt

J- MTp,PPXy,,,M (A)Px,,,Qp(2x).MTp,Qp(X)
0

J-[NPPXZn Qpk(kx) | (A)Pxyp Tk (x)]°

0

#(t)dt < max [\" $(t)dt
J-[N )|PXan PPXy (x ¢( )dt

J~NTP ,Qp(x APy, TP(X)-N(A)PXy, , PPy, (X

. ¢( )dt

[N(A)]Px;n.TP(x).NPp,Qp(x),N(A)Px,,,Tp(x

J Ok
J-[N (A)]Px2 . QP(2x), A)Px2n,Tp(x),NTp,PPxZn(x)¢(t)dt

é(t)dt

N ]Px2n QP(2x),NTp,PPXy,(X),F( A)PxXy,,PPxy,

0
J-NTp ,PPXy,,N(A)Px,,,Qp(2x).NTp,Qp(x)
0

(t)dt

Taking the limit n — oo, we have

J{MZ'Qp(kX)] >[ Mz,Qp(x)] ¢(t)dt and J-O[Nz,Qp(kX)] <[Nz,Qp(x)] ¢(t)dt

0

which is a contradiction, therefore z = Qp. Since Q and T are weak compatible of type (o) and Tp = Qp = z, (T)Qp =
Q(T)p and hence STz = (T)Qp = Q(T)p = Qz. Again by putting u = X,, and v = z in we have

[ MAX,, Tz(x ] MAX,, Pxop (X

J-[MPX2n ,Qz(kx)]z

0

$(t)dt>min | ()t
¢(t)dt
. '9(1)
J-MAXZn ,Q2(2x),MAX,, Tz(X),MTz,PX,, () ¢(t)dt
IOMAXZH \Qz(2x),MTz,PXy, (X),MAX, sz,](x)¢ t)
J~MTZ ,PXyn , MAX,,,Qz(2X).Mtz,Qz(X)

. ¢(t)dt

MTz,Qz(x),MAX,, Tz(X).MAX, 1 ,PXy, (X)

t)dt

J~MA><Zn T2(X),MTz,Qz(X).MAX,,, , Tz(x

o

[NAX, T2(X)?,NAXyp Py (X)

J‘[NPin Q)"

0

$(t)dt <max | #(t)dt
J-NTz,Qz(x),NAxZn,Tz(x).NszH,PXZH(x)¢(t) dt

0
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J-NAx2n T2(x),NTz,Qz(x).NAX,, , Tz(x) (t) dt
NAX,,,Qz(2X),NAXy, T2(X),NTz,PXy, (X

[ '(t)dt
NAX,,,Qz(2x),NTz, Py, (X),NAX,, , PXy (X)

|, #(t)dt
NTz,Px,,,NAX, ,,Qz(2x).Ntz,Qz(x)

[ (t)dt

Letting n — oo, we have

J-[Mz,Qz(kx)] ¢( )dt _J-[Mz Qz(x) ]’ ¢( dt - J~[Nz ,Qz(kx ¢(t)dt < J'[NZ,QZ(X):' ¢(t)dt

0 0

which is a contradiction, therefore we have Qz = z. Thus Qz = STz = z. Similarly since P and AB are weak compatible

of type (a), we have ABz = Pz = z. Now we prove Az = z. Suppose that Az then by putting u = Az and v =z in
given equation

¢(t)dt > min J-[M(A)AZ,TZ(X)] ,M(A)AZ,PAZ(X)¢(t)dt
M (A)Az,Tz(x).MTz,Qz(x).M (A) Az, Tz(x)
: 7t

M (A)Az,Qz(2x).M (A)Az,Tz(x).MTz,PAz(X) (

I[MPAZ,Qz(kx)]Z

0

dt

'-—‘O

J pod
M (A)Az,Qz(2x).MTz,PAz(x).M (A)Az,PAz(x)

k (1)t
MTz,PAz(x),M (A)Az,Qz(2x).MTz,Qz(x)

[ #(t)dt
MTz,Qz(x),M (A)Az,Tz(x)

[ #(t)dt

[NPAz,Qz(kx) | [N(A)Az,Tz(x) " N(A)Az,PAZ(x)
jo qﬁ(t)dtSmaxJ'0 ¢( )dt

J-N(A)AZ,TZ(X) NTz,Qz(x).N(A)Az,Tz(x) (t) dt

0

N(A)Az,Qz(2x).N(A)Az,Tz(x).NTz,PAz(x)

k (0L

J-ON(A)Az,Qz(Zx).NTz,PAz(x).N(A)Az,PAz X)¢(t) dt
NTz,PAz(x),N(A)Az,Qz(2x).NTz,Qz(x)

[ #(t)dt

NTz,Qz(x),N(A)Az,Tz(x)

—

$(t)dt

0

which yields
[MAz,z(kx)]2 [MAz,z(x)]2 [NAz,z(kx)]2 [NAz,z(x)]2
[ p(t)dt> [ $(t)dt and | p(t)dt<| #(t)dt

which is a contradiction, there fore we have Az = z. Similarly if we put u= Bz and y=z in given equation, we have
[MPz,Qz(kx) |  ([M(A)Z,T2(x) ] M(A)z,PBz(x)
[ $(t)dt>min | (t)dt

.[MTZ,QZ(X),M(A)Z,TZ(X).M (A)z,Pz(x) ¢(t) dt

0
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J- M (A)z,Tz(x).MTz,Qz(x),M(A)z,Tz(x)
0

M (A)z,Qz(2x),M(A)z,Tz(x).MTz,PBz(x)
jo (t)dt

JOM(A)z,oz(2x)vMTZvPZ(X)'M(A)Z'PBZ(X)¢(t)dt
J- MTz,Pz(x),M (A)z,Qz(2x).MTz,Qz(x) y (t) dt

0

A)z,Tz(x :|N )z,PBz(X)

J‘[NPZ'QZ(M)J2

0

p(t)dt <max [ ¢(t)dt
J-NTZ ,Qz(x),N(A)z,Tz(x).N(A)z,Pz(x) ¢(t)dt

g (t)dt

)
4(t)
(t)

J~N )2,T2(x).NTz,Qz(x),N(A)z,Tz(x)

J~N )2,Qz(2x),N(A)z,Tz(x).NTz,PBz(x)

dt

t)dt

J~N zQsz NTszx zPBzx

0
J-NTz Pz(x),N(A)z,Qz(2x).NTz,Qz(x)

0

$(t)dt

which gives

[MBz,z(kx)]2 [MBZ,Z(X)]2 [NBZ z kx [NBZ,Z(X)]Z
I, p(t)dt>| $(t)dt and | (t)dts ) (t)dt

0

which is a contradiction, therefore we have z = z. So Az =z = z. Finally we show that Tz = z. By using given equation

] Mz,z(x),

J.O[W,Qz(kX)J ¢( )dt> mlnf[ " ¢(t)dt
J-o (T).Qz(x),Mz,(T)2(x)Mz,Qz(2) ¢(t)dt
joMzmz(x)-M(T) M) 4 1 it
LM(T)zvz(x)vMZ’Z“)M(T) ¢(t)dt
J,OMZ'QZ(ZX).M(T)ZVQZ(X) B(t)dt

[Nz,Qz(kx)J2 [Nz,(T)z(x)]z,Nz,z(x),Nz,(T)z(x)
I, $(t)dt < max [ #(t)dt

J-N(T) ,Q2(x),Nz,(T)z(x).Nz, Qz(2x)¢(

J- )Nz, Qz(2x)¢(t) dt

J- ).Nz,2(x).N(T)z, Z(X)¢(t) dt

J-NZQZ Zx ZQZX¢(t)dt
which gives
J-[Mz 2( kx] dt > J» ( dt d J-[Nz 2(kx) | ( )dt J-[Nz 2(x ] ¢(t)dt
0 an S

which is a contradiction, therefore we have Sz = z. So Sz = Tz = z. Thus combining the results, we have
Pz=Qz=Az=Tz=z Thus z isa common fixed point of A, B, S, T, P and Q.
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For uniqueness let w (z # w) be another common fixed point of A, T, P and Q, then by, we have

zw(ke) | z,Qw(kx)
" ama=[ " o

[Mz w(x ] Mz, z(x).Mw,w(x)

> min j ¢ (t)dt
J-Mz A(X)-Mz,2(x), Mz, w(x).Mw,w(x)

J~Mzw )-Mz,w(2x),Mz,w(x).Mw,z(x)

)
. ¢(t)dt
)

Mz,(x).Mz,z(x),Mz,w(x).Mw,w(X)

jo (t)dt
Mz,w(2x).Mw,z(x),Mz,z(x).Mw,z(x)

[ (t)dt

Mz, w(2x).Mw,w(x) Mz, w(x) 2
| g¢(t)dt:j0[ Pa(t)at

0

J{Nz,w(kx)] ¢( )d'[ _ J-[NPZ Qw(ke) ] ¢(t)dt

0

[Nz w(x ] Nz, z(x).Nw,w(x)

< max'[ $(t)dt

J‘NZ J(%)-Nz,z(x),Nz,w(x). Nw,w(x) ¢(t) dt

0

J- Nz,w(x).Nz,w(2x),Nz,w(x).Nw,z(x) (

0
Nz,(x).Nz,z(x),Nz,w(x).Nw,w(x)

J (t)d
Nz,w(2x).Nw,z(x),Nz,z(x).Nw,z(x)

J #(t)

0

Nz, w(2x).Nw,w(x) Nz,w(x) 2
| g¢(t)dt=j0[ ()t

0

which is a contradiction, therefore z = w. Hence z is a unique common fixed point of A, T, P and Q.

If we put T = (I is identity mapping on X) in Theorem 4.1., we obtain the following result due to Pathak et al. [17].

Corollary: 3.1 Let (X, F, t) be a complete Menger space with t(x; y) = min{x,y} for all x, y € [0, 1]and P, Q, Aand T

be mappings from X into itself such that

(@) P (X)cT(X)and Q(X) = A(X),

(b) the pairs {P, A} and {Q, S} are weak compatible of type (o)
(c) P is continuous,

I[Mpu (o) ¢(t)dt> mlnf

'[MAu,Tv(x).MAu,Pu( ), MAu,Tv(x

[MAu Tv(x :IZ,MAU,PU(X).MTV,QV(X)

(d)

¢(t)dt
¢( )dt

'[OMTV ,QV(X), MAU,Tv(x).MAU,QV(2x), MAU, Tv(x )¢ (t) dt
IOMTV Pu(x),MAuU,Qv(2x).MTv, Pu(x),MAu,Pu(x)¢(t) dt
MTv,Pu(x),MAu,Qv(2x).MTv,PQu(x)

[, #(t)dt
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[NAu ,Tv(x)]z NAu,Pu(x).NTv,Qv(x)

j[NPquV<kX)T

0

¢(t)dt < max ¢(t)dt

. é(t)dt
J- NTv,Qu(x),NAu,Tv(x).NAu,Qv(2x),NAu, Tv(x)

O #(t)dt
J. NTv,Pu(x),NAu,Qu(2x).NTv,Pu(x), NAu, Pu(x) ¢ (t) dt

. (t)dt

forall u, v € X and x> 0, where k € (0, 1). Then P, Q, A and T have a unique common fixed point.

0
J- NAu,Tv(x).NAu,Pu(x),NAu,Tv(x)

0
J- NTv,Pu(x),NAu,Qv(2x).NTv,PQu(x)

If we put A=B =T =1 (Il is identity mapping on X) in Theorem 4.1, we have the following:

Corollary: 3.2 Let (X, F, t) be a complete Menger space with t(x, y) = min{x, y} for all x, y €[0, 1] and P and Q be
mappings from X into itself such that

(a) P(X )C Q(X )

(b) P is continuous;

© J-O[MPu,Qv(kx)] ¢(t)dt > min J-O[Mu,v(x):' Mu,Pu(x).Mv,Qv(x)¢(t) dt
J~Mu,v(x).Mu,Pu(x),Mu,v(x).Mv,Qv(x)¢(t)dt

0

Mu,v(x)-Mu,Qv(2x),Mu,v(x).Mv,Pu(x)

[, (t)dt
J-Mu,Qv(2x).Mv,Pu(x),Mu,Pu(x).Mv,Pu(x) ¢ (t) dt

0
J-Mu,Qv(Zx),Mv,Qv(x)
0

¢(t)dt
[Nu,v(x)}2 Nu,Pu(x).Nv,Qu(x)
. é(t)dt

J- Nu,v(x).Nu, Pu(x), Nu,v(x).Nv,Qu(x) ¢ (t ) dt

0

Nu,v(x).Nu,Qv(2x),Nu,v(x).Nv,Pu(x)

[, (t)dt
Nu,Qv(2x).Nv,Pu(x),Nu,Pu(x).Nv,Pu(x)

|, (t)dt
J-Nu,Qv(Zx),Nv,Qv(x)

. (t)dt

forall u, v € X and x>0, where k € (0;,1). Then P and Q have a unique common fixed point.

j[NPu,QV(kX)]Z

0

¢(t)dt < max
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