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ABSTRACT

The Odd-Even graceful labeling of a graph G with g edges means that there is an injection f : V(G) to {1,3,5,...,29+1}
such that, when each edge uv is assigned the label |f(u) — f (v)], the resulting edge labels are {2,4,6,...,2q }.A
graph which admits an Odd-Even graceful labeling is called an Odd-Even graceful graph. In this paper, we prove that

some graphs namely <B,, ,,: w>, (B, , S, ), (H, @mKl), <k® k® -1K1(,7::)> are Odd-Even graceful.
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1. INTRODUCTION

By a graph, we mean a finite undirected graph without loops or multiple edges. A path on n vertices is denoted by B, .
G is a graph obtained from the graph G by attaching a pendant vertex at each vertex of G. Graph labeling, where
the vertices are assigned certain values subject to some conditions, have often motivated by practical problems. In the
last five decades enormous work has been done on this subject [1]. The concept of graceful labeling was introduced by
Rosa[3] in 1967.

A function f is a graceful labeling of a graph G with g edges if f isan injection from the vertices of G to the set
{0,1,2,...,q} such that, when each edge uv is assigned the label |f(u) — f(v)|, the resulting edge labels are
distinct. Golomb[2] subsequently called such labeling are graceful and this is now the popular term. A graph G with g
edges to be odd-graceful if there is an injection f from V(G) to {0,1,2,...,29—1} such that, when each edge uv is
assigned the label |f(w) — f(v)|the resulting edge labels are {1,3,...,2q—1}. Sridevi R, Navaneethakrishnan S
defined the Odd-Even graceful labeling [4]. The Odd-Even graceful labeling of a graph G with g edges is an injection
f: V(G) to {1,3,5,...,2g+1} such that, when each edge uv is assigned the label |f(u) — f(v)], the resulting edge
labels are {2,4,6,...,2q }. A graph which admits an Odd-Even graceful labeling is called an Odd-Even graceful
graph. In this paper, we prove that some graphs namely <B,, ,,: w>, (P, , S, ) , (H,, ®Omk,), <K1(}l) ,Kl(fl),, ---'K1(,7:)> are
Odd-Even graceful.

2. MAIN RESULTS

Definition: 2.1 A (p, g)-graph G = (V,E) is said to be an Odd-Even graceful if there exists an injection f from V into
{1,35,...,29+1} such that f*(E)={2,4,6,...,29 } where f*(uv) = [f(u) — f(v)| for any edge uveE.

Theorem: 2.2 <B,, ,: w> is an Odd-Even graceful graph.
Proof: LetG =<B,, ,: w>.
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Let

E(G) = {(wu)V (upuz) U (uguy;: 1 < j < m) U(ugus; i1 < j <m)}and [V(G)| =m+n+3 and |E(G)| = m+n+2.

Define f: V(G) »{1,3,5,...,(2m+2n+5)} as

f(uy) = 1, f(uy) = 2n+5 , f(uz) =3

f(uy)) =2(mM+tn—-) + 7,1<i<m

f(us;) =2i+3,1<i<n.

The induced edge labels are given in the set E as follows:
Ey ={If(w) — f(w)|: 1<si<m}

={2(m+n+3)—-2i: 1< i < m}

Ep={If(u3) — f(uz)| : 1< i<n}
={2i:1<i<n}

E3={lf (w) = f(u)], If (uz) = fus)l }
={(2n+4), (2n+2)} .

Thus, E =E; UE, U E;
={2,4,6,..., (2m+2n+4)} .

It shows the edge labels are distinct.

Hence, <B,, , : w> is an Odd-Even graceful graph.

For example, the Odd-Even graceful labeling of < Bg 4 : w> is shown in figure 2.3.

22
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Figure 2.3: <Bgg:W>

Theorem: 2.4 (B, , S,, ) is an Odd-Even graceful graph.

Proof: Let G = (B,, S, )-

LetV(G)={(vi:1<i<n), W :1<i<n1<j<m)}.

Let

EG)={(vivi;1):1<i<n-1D}u{lv uf) :1<i<n1<j<m)}and|V(G)|=n(m+l)and |E(G)| =n(m+1)—1.

Case (i): When n is odd.
Define f: V(G) — {1,3,5,...,(2mn+2n—1)} as
f(vy) =1

f(vyi11) = (@M+3)+(2m+2)(i-1),1 < i < nz;l
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f(vy) = (@mn+2n—-2m —1) - Cm +2)(i —1),1 < i < nT—l

fu?) = 3+2(—-1) + @m+ 2)(i—1); 1< j<m1<i <™=

n+1

fu® ™) = 2q+1)-2(-1)-@m+2)(i-1); 1 < j < m, 1 < i <=
The induced edge labeling are given in the set E as follows:

Ey={lf(ns1-i) — f(vn-)l: 1<i<n-—1}
—{emi2)i 1<i<n—1}

Ey ={|f(ni1-i)-fuptii)] s 1<isn1<j<m}
={@m+2)(i-1)+2j:1<i<n1<j<m}

Therefore, E= E; UE,
={2,4,6,..., 2mn+4m—-4)}.

It shows the edge labels are distinct.
Hence, (B, , S, ) is an Odd-Even graceful graph.

For example, the Odd-Even graceful labeling of (Ps, Sg) is shown in figure 2.5.
57 42

11

Figure 2.5. (Ps, S¢)
Case (i): When n is even.
Define f: V(G) -{1,3,5,...,(2mn+2n—1)} as
f(v)) =1
f(vai41) = @ME3)+HEMH2)(I-1) 1 < i< T~ 1
f(v2;) = @mn+2n—2m — 1) = 2m +2)(( -1, 1< i<
f(u?) =3+2(-1) + @m+2)(i—1); 1<j<m1<i<Z
fu™ ™) = 2q+1)-2(-1)-@m+2)(i-1); 1< j<m1<i<Z
The edge labels are same as in case (i).
It shows the edge labels are distinct.

Hence, (B, , S, ) is an Odd-Even graceful graph.

For example, the Odd-Even graceful labeling of (P, Ss) is shown in figure 2.6.
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1 60 61 48 13 36 49 24 12 37

70 62 5 S0 46, 4 10 2
68 64 5 52 44 6 4
6 5 4
71 63 3 11 59 39 27 35
69 65 5 9 57 41 29 33
67 7 55 31

Figure 2.6: (P;, Ss)
Theorem: 2.7 (H,®mK,) is an Odd-Even graceful graph
Proof: Let G = (H,®mK).
Let V(G) = {(u,vi:1<i<n),(u,v:1<i<nl1<j<m}.
Let
E (G) ={(Wui) U (Wvis): 1 < i < n=DYU{(w] )U (vv] ):1 < i< n,1 <) <myU{(Wnsnyy Vonrnyy2)}
and [V(G)| =2n (m+1) and |E(G)| = 2n (m+1)—1.
Case (i): When n is odd.
Define f: V(G) -{1,3,5,...,(4mn+4n—1)}as

n+1

flugig) = @m+2) (-1 +1 1< i< ==

f(uy;) = (20+1) — 2m — @m + 2)(i = 1),1 < i <™=

f(v01) = 3n(m+1)—m —(2m+2)(i-1), 1 < i <22

f(r) =n(m+1) + (m+2) + @m+2)(i - 1),1<i<™—.
For1<i< nTH

f(vly_1y) = N(MHD)—(M =2)+2(-1) + @m +2)(i - 1),1<j<m
f(uly;_1) = (20+1)—2(—1)—(2m+2)(i-1), 1 < j < m
For1<i< nT_l

f(u),) = 3+2(-1) + @m+2)(i—-1),1<j<m

f(v),) = 3n(m+1)—(m + 2) —2(j—1)—(2m+2)(i-1), 1 <j < m.
The induced edge labeling are given in the set E as follows:

Ey ={lf (up41-) — fup-p|: 1<i<n—-1}
={2n(m+1)+2m+2)i: 1 <i<n-—1}

Ey ={|f Wosi)-fup D] 1<i<n1<j<m}
={2n(m+1) + 2m+2) (i-1) —2j:1<i<n,1<j<m}

Es ={|f (um+1y/2)- f Wens1yy2) |}

= {2n(m+1)}
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Ey ={lfWps1-i) = fop D] 1<i<n-—-1}
—{em+i1<i<n—1}

Es ={|f Wpsr—)-fopiiD] s 1<i<n1<j<m}

n+1-—i

={em+2)(i-1) +2j:1<i<ni1<j<m}.

Therefore, E= E; UE, UE; UE, U Es
={2,4,6,..., (4mn+4n—-2)}.

It shows the edge labels are distinct.
Hence, (H,®mK;) is an Odd-Even graceful graph.

For example, the Odd-Even graceful labeling of (Hs ®@4K;) is shown in figure 2.8.

67 65 35 37 57 55 45 47
29 69 63 33 39 59 53 43 49
2 14 14
22 1 12
L J L4
61 20 41 10 51
50
11 70 81 60 21
72 6 62 58 52
74 66/ |64 54 |54
83 1 19 7 73
97 95 87 85 15 17 77 75

. . Figure 2.8: (Hs® 4K,)
Case (i): Whenniseven.

EG)={(wus) U(vivig):1<i<n—DIu{(wu) )u(vv) ):1<i<n,1<j<m}U Wiy Yt}

Define f: V(G) »{1,3,5,...,(4mn+4n—1)} as

fluzi1) = @m+2)(i-D +1,1<i<3

f(uz) = (29+1) —2m - 2m+2)(i- 1), 1<i <>

f(v2ii1) = n(ML)+1 +@m+2)(i-1), 1< i<

f(vp) =3n(m+1) - 2m+ 1D - Cm+2)( -1, 1<i<7.
Fori<i<>,

f(vly_yy) = 3n(M+1)~1 —2(~1) — @m + 2)(i = 1),1 < j <m
f(ufy ) = Qo+D)-2(-D-@m+2)(i-1), 1 < j < m
For1<i< % ,

f(u),) = 3+2(—1) + @m +2)(i-1),1<j <m
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f(v),) = n(m+1)+3 +2(j—1)+(2m+2)(i-1), 1 < j < m .
The induced edge labeling are given in the set E as follows:

Ey={If (Un41-:) = fup-)l s 1 <i<n—1}
={2n(m+1)+2m+2)i: 1 <i<n-—1}

Ey = {|f o)~ fupii)| s 1Si<mi1<j<m}
={2n(m+1)+(2m+2)(i-1) - 2j:1<i<n,1<j<m}

Es ={|f (ugns2y/2)- f (uns2) |}
={2n(m+1)}

E,={lf(vp11-) — f(rp DI 1<i<n-1}
={@m+2)i:1<i<n-1}

Es ={|f W)~ fopi ) 1<i<mi<j<m}
={@m+2)(i-1)+2j:1<i<nl<j<m}.

Therefore, E=E; UE, UE; UE, U E5
={2,4,6,..., (4mn+4n—2)}.

It shows the edge labels are distinct.
Hence, (H,®mK;) is an 0dd — Even graceful graph.

For example, the Odd-Even graceful labeling of (Hs @ 3K;) is shown in figure 2.9

69 29 61 37 53 45
71 67 27 31 63 59 35 39 55 51 43 47
4 36 2 2 12 4
4 2 3 3 3 26 A | is 1 10 )
25 40 65 32 33 24 57 16 41 8 49

48
1 8 8 8 9 72 81 64 17 56 73
9a/ | \eo 8 82 7 74 70 66 62/ | \s8 54/ | \s0
92 84 76 68 60 52
95 91 3 7 87 83 11 15 79 75 1 23
93 5 85 13 77 21

Figure.2.9: (Hs®3K,)

Definition: 2.10[5] Consider two stars K&) and Kl(i). Then G =< K&)' Kl(i) > is the graph obtained by joining apex
(central) vertices of stars to a new vertex Xx.

Note that G has (2n+3) vertices and (2n+2) edges.

Definition: 2.11[5] Consider t copies of stars namely kW k&

In "*n’:

obtained by joining apex vertices of each Kl(f:_l) and Kl(f,f) to a new vertex x(, ;) where 2<m<t.

K" Then G =< k) k2

In "n-

Kl(2> is the graph

Note that G has t(n+2)-1 vertices and t(n+2)-2 edges.
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- K1(:11)> is an Odd-Even graceful graph.

In "*n’:

(m)
In **1n” ""Kl,n >

Let V(G) = {w 1< i<m1<j<m)wil<i<m—1),(v:1<i<m)}.

Let

E(G) = {(vju{): 1<i<niI<jis mu{wv,))U(wW):1<i<m-—1}and |V(G)|= m(n+2) -1 and |E(G)|=
m(n+2) —2 .

Define f: V(G) »{ 1,3,5,...,(2mn+4m—3)} as

f(u{) = 2m+1)+2(n+1)(j—1)+2(i-1), 1 < i <n;1<j<m

f(w) = @m+1)+2(n+1)(j—1)+2(n—1)+2, 1< j< m—1

f(vm_(j_l)) = 2]-1,1S] <m.

The induced edge labeling are given in the set E as follows:
E ={|f(u])—f(v)|:1<i<n1<j<m}
={2i+2(n+2)(j-1):1 <i<n;1<j< m}

E, ={|f(w;) — f(vj)| : 1<j< my U {|f(w;) — £(vj11)| - 1<i< m}
={2n+2)i-2: 1 <i<n}u{2(n+2)i: 1 <i<n}.

Therefore, E=E; UE,

={2,4,6,..., 2mn+4m—4)}.

It shows the edge labels are distinct.

Hence, <K(1) K(Z)

o Kl(f;‘) > is an Odd-Even graceful graph.

In *"*n’

For example, the Odd-Even graceful labeling of <K1(,18) s Kl(;) > is shown in figure 2.13.

25 43 6
18 0 38 40 58 60
7 5 3 1
2 16 22 36 42 56 62 76
4 14 ©23 2 24 34 41 45 44 54 @59 63 64 4
6 12 26 32 46 2 66 2
8 \10 21 29 28\ 30 39 4 48150 57 6 68\70
11 19 3 37 49 55 6 73
13 15 17 33 35 51 53 69 71

Figure 2.13: <Ky ..., K{§ >
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