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ABSTRACT 
In this paper, we study the relationship between a meromorphic function and its k-th  order derivative which share a 
small function with weight(multiplicities) l(a positive integer)ignoring multiplicity.  
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INTRODUCTION AND RESULTS 
 
In this paper we shall use the standard notations of Nevanlinna theory such as ( ) ( )frNfrT ,,, , ),( frm and so on 
(see[3]), where f is a meromorphic function defined on the whole complex plane. The quantity S(r,f) is defined by 
S(r,f)=0(T(r,f)) as ∞→r possibly outside a set of finite linear measure. A meromorphic function a(z) is called a small 
function with respect to f provided T(r,a)= S(r,f) holds. 

 
Suppose that f and g are two non-constant meromorphic functions,  is a small function with respect to f and g and k be 
a positive integer. Now f and g share ‘a’ ignoring multiplicities or IM (counting multiplicities or CM) if f - a  and g - a 

have the same zeros ignoring(counting) multiplicities. We denote by 







− af

rNk
1,) , the counting function for zeros 

of f - a with multiplicity k≤  (counting multiplicity), and by ,1,) 







− af

rN k the corresponding one for which the 

multiplicity is not counted. Similarly by 







− af

rN k
1,( , we mean the counting function for zeros of f – a with 

multiplicity at least (counting multiplicity) and by ,1,( 







− af

rN k we mean the corresponding one for which the 

multiplicity is not counted. 

We denote 
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−
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af
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1,......1,1,1, (2(   

where 







−

=







− af

rN
af

rN 1,1,1( and ( ) ( )frT
af

rN
fa

p

rp ,

1,
suplim1,









−

−= ∞→δ , where p is a positive 

integer; then clearly ( ) ( ) ( ) ,1,,,0 ≤Θ≤≤≤ fafafa kδδ   
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where ( ) ( ) ( ) ( )frT
af

rN
faand

frT
af

rN
fa rr ,

1,
suplim1,

,

1,
suplim1,









−

−=Θ








−

−= ∞→∞→δ   

 
In [6], Q.C. Zhang proved the following theorem about a meromorphic function and its k-th order derivative. 
 
Theorem: A Let f be a non-constant meromorphic function and let k be a positive integer. Suppose that f and f(k) share 

1 CM and ( ) ( ) ( )( ) ( ) IrforfrTo
f

rN
f

rNfrN k
k ∈+≤







+







+ ,11,1,,2 / λ , where I is a set of infinite linear 

measure and λ  satisfies 10 << λ  then 
( )

c
f

f k

≡
−
−
1
1

 for some constant { }.0−∈Cc  

 
In 2003, Kit-wing [5] discussed the problem of a meromorphic function and its - th derivative sharing one small 
function and proved the following result. 
 
Theorem: B Let 1.k ≥  Let f be a non-constant non-entire meromorphic function, ( )fsa∈  and ( )∞≠ ,0a and f do 

not have any common pole. If f,f(k) share a CM and ( ) ( ) ( ) ( )kffthenkfkf =+>∞Θ++ ,219,82,04δ .  
 
Two years latter, in 2005, Q.C.Zhang [2] proved the following theorem. 
 
Theorem: C Let f be a non-constant meromorphic function and ( ) ( )0,1 ≥≥ lk be integers. Also let 

( ) ( )∞≡≡ ,0notzaa be a meromorphic function such that T(r,a) = S(r,f). Suppose that f – a and f(k)-a share ),0( l . 

If 2≥l  and ( ) ( ) ( ) 4,02,3 2 +>+∞Θ+ + kffk kδ or, if l =1 and ( ) ( ) ( ) 6,03,4 2 +>+∞Θ+ + kffk kδ , or, 

if l = 0, i.e., f - a  and f(k)-a share the value 0 IM and ( ) ( ) ( ) ( )k
k ffthenkffk ≡+>+∞Θ+ + 102,05,6 2δ .  

 
Recently, in 2010, A.Chen, X.Wang and G.Zhang [7] proved the following results. 
 
Theorem: D Let ( ) ( )1,1 ≥≥ nk  be integers and f be a non-constant meromorphic function. Also let ( )( )∞≡ ,0notza   
be a small function with respect to f. If f and [fn](k)  share a(z) IM and 

( )
( ) ( )

( )( ) ( )( )( )2, ( ) ( )
1 1 14 , 2 , 2 , , 1 , ,

kn
k kn n

N r f N r N r N r o T r f
f f f
a

λ

 
     
     + + + ≤ +
            

  

or, if f and 

(fn)(k) share a(z) CM and ( )
( )

( )( ) ( )( )( )2' ( )
1 12 , , , 1 , ,

kn
kn

N r f N r N r o T r f
f f
a

λ

 
   
   + + ≤ +
        

  

for 0 1,λ< <  

where Ir ∈ and I is a set of infinite linear measure, then ( )( ) ,c
af

af
kn

=
−

−
 for some constant }.0{−∈Cc  

 
Theorem: E Let ( ) ( )1,1 ≥≥ nk  be integers and let f be a non-constant meromorphic function. Also let ( ) ( )∞≡ ,0notza  

be a small function with respect to f. If f and (fn)(K) share a(z) IM and ( ) ( ) ( ) ( ) 102,02,03,62 2 +>+Θ+∞Θ+ + kfffk kδ , 

or, if f and (fn)(K) share a(z) CM and ( ) ( ) ( ) ( ) 4,0,0,3 22 +>++∞Θ+ + kfffk kδδ then ( )( )knff ≡ . 
 
In this paper, we will prove the following two theorems which will include the behavior of a meromorphic function and 
its k th derivative sharing a small function with multiplicity not greater than l, a positive integer. 
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Theorem: 1 Let k, m and n are three positive integers with nm≤  and let f be a non-constant meromorphic function. 

Also let ( ) ( )∞≡ ,0notza be a small function with respect to f. If ( )( ) ( )( ) ,,, ))
kn

l
m

l faEzfaE =  where l is a 
positive integer and 

( )
( )( ) ( )( ) ( )( ) ( )( )( ) ,10,,101,1,21,2, 22 <<+≤










+









+







+ λλ forfrT

f
rN

f
rN

f
rNfrN kn

knkn
  

where Ir ∈ and I is a set of infinite linear measure, then 
( )( )

c
af

af
m

kn

=
−
−

for some constant }0{−∈Ca  where C is 

the set of complex numbers. 
 
Theorem: 2 Let  be a non-constant meromorphic function and let k and n be two positive integers. If 

( ) ( )( ) ,),(, ))
kn

ll faEfaE ≡ where l  is a positive integer and ( ) ( )∞≡ ,0notza  be a small function  of  f  and 

( ) ( ) ( ) ( ) 102,02,02),0(,62 22 +>++Θ+∞Θ+ + kffffk kδδ then 

( )( )knf f= . 

 
2. LEMMAS 
 
Here we mention some existing lemmas of the literature which will be frequently used to prove the aforementioned 
theorems. 
 
Lemma 2.1 (see[7]): Let  be a non-constant meromorphic function and k,p be two positive integers. Then 

( ) ( )frSfrNk
f

rN
f

rN kpkp ,,1,1, )( ++







≤







+ . 

 
Lemma: 2.2 (see[4]) Let  be a non-constant meromorphic function and let n be a positive integer. 
( ) fafafafP n

n
n

n 1
1

1 ........+++= −
−  

where ai is a meromorphic function such that ( ) ).,........,2,1(),(, nifrSarT i ==  Then  

( )( ) .),(),(, frSfrnTfPrT +=  
 
3. PROOF OF THE THEOREMS 

Proof of Theorem: 1 Let 
( )

a
fGand

a
fF

knm )(

== . Therefore, 
a

afF
m −

=−1  and 
( )( )

.1
a

cfG
kn −

=−   

Now, ( ) ( )( )( )kn
l

m
l faEfaE ,, )) = except the zeros and poles of a(z). Define, 
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1
"2

'
"

1
"2

'
"









−
−−








−
−=

G
G

G
G

F
F

F
FH   

 
We now consider two cases: 
 
Case: I Suppose 0≡notH . Then m(r,H) = S(r,f). Now if z0 is a common simple zero of F-1 and G-1 (except the  

zeros and poles of a(z)), then after simple calculation, we get 0)( 0 =zH . 

So, ( ) ( ) ( ) ( ) ( )frSHrNfrSHrTfrS
H

rN
G

rN E ,,,,,1,
1

1, +≤+≤+





≤








−
 

Again by analysis, we can deduce that, 

( ) ( )

( )

(2 (2

0 0

1 1 1 1 1, , , , , , ,
1 1 1

1 1 1, , , , .
1 ' '

L LN r H N r f N r N r N r N r N r
F G F G F

N r N r N r S r f
G F G

∗
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         ≤ + + + + +         − − −         
     + + + +     −     
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From (1), we have, 
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We also have,   
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Now by the second fundamental theorem we get, 

( ) ( ) ( )GrS
G

rN
G

rN
G

rNGrNGrT ,
'
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1,1,,, 0 +





−








−
+





+≤                                                           (4) 

 
From (4) using (2) and (3) we get, 

( ) ( ) ( )frS
G

rN
G

rN
F

rNfrNGrT ,1,
'

1,2
'

1,2,2, +





+






+






+≤                                                           (5) 

 
By lemma(2.1) we have, 

( ) ( ) ( )( ) ( )( ) ( )frS
f

rN
f

rN
f

rNfrNfrT knkn

kn ,1,1,21,2,6, 22
)(

+









+
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+≤  

which contradicts the given conditions of the theorem. 
 

Case: II Suppose ( ) .
1
"2

'
"

1
'2

'
".,.0

−
−=

−
−≡

G
G

G
G

F
F

F
FeizH  Integrating we get,  

 

( ) ( )log ' 2 log 1 log ' log 1 log .F F G G A− − = − − +   where A is a constant ≠0. 
 

That is, 
( ) ( )

.
1
'log

1
'log 22 −

=
− G

AG
F

F
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Again integrating we get, 

B
G

A
F

+
−

=
− 11
1

                                                                                                                                   (6) 

 
Now if z0 is a pole of f with multiplicity p which is not the poles and the zeros of a(z), then z0 is the pole of F with 
multiplicity mp and the pole of G with multiplicity np+k(≠mp). This contradicts (6). This implies f has no pole, that is f 
is an entire function. 

So, ),().(
__

frSFrN =  and ),().(
__

frSGrN = . Now we prove that B = 0. 

We first assume that B ≠ 0, then 
1

1
1 1

AB G
B

F G

 − + 
 =

− −
 . 

Therefore, ),(),(
1

1,
____

frSFrN

B
AG

rN ==
















+−
  

Now we assume  .1≠
B
A

 

 
By the second fundamental theorem, 

__1 1( , ) ( , ) , , ( , )
1

T r G N r G N r N r S r GAG G
B

 
  ≤ + + +  

   − +
 

 

              
__ 1, ( , )N r S r f

G
 ≤ + 
 

 

              ),(),( frSGrT +≤  
 

 Hence 
__ 1( , ) , ( , )T r G N r S r f

G
 = + 
 

 i.e.,   
__

( )
( )

1( , ( ) ) , ( , )
( )

n k
n kT r f N r S r f

f
 

= + 
 

 

 
This contradicts the given condition of the theorem. 
 

Next, we assume 1=
B
A

. Then, (AF – A – 1) G = - 1.  

So, n

kn

mn f
f

AAaAff
a )(2 )(

)(
−=

−−
   

 
Now by lemma (2.1) and (2.2), we get, 

( )( )( ) ( , ) , ( , )
n k

n

fn m T r f T r S r f
f

 
+ = + 

 
 

                            
___1, ( , ) ( , )n Nr k N r f S r f

f
 

≤ + + 
 

 

             ),(),( frSfrnT +≤  
 
i.e., ).,(),( frSfrT =  This is not true. 

Hence our assumption is not true and therefore B =0. So, A
F
G

=
−
−

1
1

 

This proves the theorem. 
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Proof of the theorem: 2  

Let 
)(
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zfF =  and 
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)( )(
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fG
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= . So, ))(,(),( )(
)
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)

__
kn
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G
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F
F

F
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Now we consider two cases: 
 
Case: I  Suppose H not ≡ 0. 
 
Then (5) of the proof in theorem1 still holds. Writing (5) for the function F, we get, 

___ ___ ___ ___1 1 1( , ) 2 ( , ) 2 , 2 , , ( , )
'

T r F N r f N r N r N r S r f
G F G

     ≤ + + + +     
     

 

i.e. 
___ ___ ___ ___

2 2( )

1 1( , ) 2 ( , ) 2 , 2 ( , ) ,
( )n kT r f N r f N r N r f N r

f f
   

≤ + + +   
   

___ ___ 12 ( , ) , ( , )N r f N r S r f
f

 
+ + + 

 
 

                    
___ ___ ___

22
1 1 1(2 6 ) ( , ) 2 , 2 , , ( , )Kk N r f N r N r N r S r f
f f f+

     
≤ + + + + +     

     
 

i.e., 102),0(2),0(2),0(),()62( 22 +≤++Θ+Θ+ + kffffak kδδ  
 
This contradicts the given condition of the theorem. 
 
Case: II Suppose H ≡ 0. 
 

So ,
11

1 B
G

A
F

+
−

=
−

where A ≠ 0, B are constant. By the same argument of the proof of theorem 1, we get,       

     ),(),(
___

frSFrN =  and ),(),(
___

frSGrN = . 
 
So, ( ) .1, =∞Θ f  

Assume that, B ≠ 0, then 

11

1 1

B F
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F G

 − − 
  = −

− −
 

So, ),(),(11
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B
F
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+−
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If B ≠ -1, then by the second fundamental theorem for F, we have 

___ ___ ___1 1( , ) ( , ) ( , ) , ( , )
1

T r F N r F N r N r S r fAF F
B

 
 

≤ + + + 
 − +
 

 

              
___ 1, ( , )N r S r f

F
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So 
___ 1( , ) , ( , )T r F N r S r f

F
 ≤ + 
 

 i.e., 
___ 1( , ) , .T r f N r

f
 

≤  
 

 Hence, .0),0( =Θ f  
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Putting ( ) 0),0(;1, =Θ=∞Θ ff  and also ( ) 0),0(,0 =Θ≤ ffδ in the given condition of the theorem we have, 

( ) ,2,02 >+ fkδ which is not true. Hence B = - 1.  
 

So 
___ 1, ( , )N r S r f

F
  = 
 

, i.e., 
___ 1, ( , )N r S r f

f
 

= 
 

. Therefore, ,
11 −

=
− G

A
F

F
  

i.e., F(G-1-A) = - A that is .
)1( AG

AF
++−

=   

So, .
)1()( )( Af

Af kn ++−
=  Therefore, 

___ __

( )

1, ( , ) ( , ).
( ) (1 )n kN r N r f S r f

f A
 

= = + + 
  

 
Hence ),())(,(),( )( frSfrTfrT kn == . which is also not true. Thus B = 0. 
 

So 
1 ,

1 1
A

F G
=

− −
i.e., G – 1 = A (F – 1).  

If A ≠ 1 then .11 





 +−=

A
FAG  So, 

1 1, , .11
N r N r

G F
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By the second fundamental theorem, we have, 
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f f
   

+ +   
   

 

              
__ __

1
1 1, , ( , ) ( , )kN r N r k N r f S r f
f f+

   
≤ + + +   

   
 

              
__

1
1 1, , ( , )kN r N r S r f
f f+

   
= + +   

   
 

So, 
1),0(),0( 1 ≤+Θ + ff kδ                                                                                                                                              (7) 

  
Now by the given condition of the theorem and by (7) we have, .2),0( >Θ f  This is not possible. 
 
So, A = 1 and hence F = G i.e., )()( knff = . 
 
This proves the theorem. 
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