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ABSTRACT

In this paper, we study the oscillatory behavior for a certain class of second order delay difference equation of the
form

A(aiAunj+qnu0(n) =0 (1.2)

n

Where {an} : {qn} are real sequence and {an} > (0. Examples are inserted to illustrate the results.

Keywords: Oscillatory, Second order, Double Sequence, Delay Difference equations.

AMS Classification: 39A21.

INTRODUCTION

We consider the second order delay difference equation of the form

A[iAun}rqnua(n) =0 (1.2)
a

n
Where Alis the forward difference operator is defined by Au, =u,,, —U, and {an},{qn} are real sequence. With
respected to the difference equations (1.1) throughout we shall assume that the following conditions holds.
(C1): {an},{qn} are real sequence and {an} >0

(C2): o(n) > 0 is an integer such that lim o (n) =
n—oo

n-1
(C3): R, =Y a,—>® asN—ow

s=n,

By a solution of equation (1.1) we mean a real sequence {un} satisfying (1.1) for n=n,. A solution {un} is said to

be oscillatory if it is neither eventually positive nor eventually negative. Otherwise it is called non-oscillatory. For
more details on oscillatory behavior difference equation we refer [1-23].
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MAIN RESULT

In this section, we present some sufficient conditions for the oscillation of all the solutions of equations (1.1)

Theorem: 1 Assume the (C3) hold Ac(n) >0

2
n-1 AR
- o (S)
limsup D IR, P +H =0 (1.2)
§=Ngy s+1" ‘o (n)

Then every solution of equations (1.1) is oscillatory.

Proof: Let {un}be non-oscillatory solution of equation (1.1) without loss of generality, we suppose that

u,>0,u

o(n)

1 1
>0 and for n>n, from the equation A(—Aunj <0 for n>n,. Since A[—AunJ is non-
a a

n n

. . . . 1
increasing there exist a non-negative constant K and n, >n, —Au, <-k for n>n,,k >0
a

n

Au, <—ka,,n>n, k>0

Summing the inequality for n, ton-1
n-1
u,<u, —k> a

s=n,

Letting N — oo we have U, — o0, which is contradiction to the fact that U, is positive.

Then A[iAunj>0 and iAun >0

an an
Define
R_..,Au
w, = _em™"n (A)
anuo-(n)
R 1 AU R
Aw, =—"A| = Au, [+—2 A =0
uo—(n) an an+1 L ua(n)
R 1 Au_, [ AR U . —Au_ R
Aa)n — a(n) A —Aun + n+l o(n)~o(n) a(n)” ‘o(n)
l’Ia(n) a'n a‘n+l L ua(n)uo-(n+1)
Aa)n :.RO'(”) A iAun + Aun+l ARU(“) _ Aun+1 Auff“(n)RO“(n)
uo—(n) an an+1 uo—(n+l) an+l uo—(n)ua(n+1)
AR R_ . AU .Au
_ o(n) a(n) n+1=Yo(n)
Aa)n - _Ro—(n)qn t——a; —
o(n+l) an+1ucr(n)ucr(n+1)

In the view of (C2) and (1.1)

2
Aw, =-R, 0, + ARon _ R (Aly,,)
R

n+1 2
o (n+1) an-¢—1 (uo-(n+l))
2
AR a_.R w .
Aa)n — _Ro_(n)qn + o(n) a)n+l _ n+l" ‘o (n) ( n+l) That is
R (R, )’
o (n+1) o(n+l)
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(ARo-(n))2 _ an+1Ro'(ﬂ) ARo-(n)

4 R R W1~
a o(n) B o(n+1) 2\/ an+1RO'(n)

n

Aw. = —Ra(n)qn +

n+1

This implies that

AR, )?
Aa)n < — Ra(n) n_w
4a .R

n+l" ‘o (n)

(1.3)

Summing the inequality for N, to N —1 we have

n-1 (QR )2

C(n)
a)n < a)n - E R (n)qn _——
' $=n, Ian+l| ta-(n)

Letting N —> %0 \ve have, in view of (1.2) that @, —> % aS N —> 00, which contradicts «, > Oand the proof is
complete.

Theorem: 2 Let all the assumption of Theorem 1 holds except the condition (1.2) which changed to

. 1 ot (AR )2
limsup— n=s)Y|aqR . .———<oM? |_ 1.4
Neson p nr S_Zno( ) qn o(n) 4an+lRo_(n) ( )

Then every solutions {un} of equation (1.1) is oscillatory.

Proof: Proceeding as in the proof of Theorem 1, we assume that equations (1.1) non-oscillatory solution, say
u, >0,u,,, >0 and for n > n, from the equation (1.3) we have N >n,.

n-1 (ARa )2 n-1
D(n=5)| Ryl ——2— |<=>.(n-s) Ao, (L5)
s=n, 4 s+ch(s) S=m
Since
L r -t r-1 r
d.(n-s)Awo,=r) (n-s) o,-a, (n-n) (1.6)
s=n, s=n,
We get
(= n—n r r ot ~
—>(n-s)M, <o, Ll ——>"(n-s) o, (L.7)
n <o ! n n <
Where
v (AR,

s cr(s)qs _W

s+1" Yo (s)

Letting N — o0
we have

n-1 n-n r
=Y (n-s) M, <0, ( ! (1.8)
n" & "L n
Then
. 1 r
Lmsupﬁg(n—s) M, > o,

Which contradicts the condition (1.4)

This completes the proof.
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Next, we present some new oscillation results for equation (1.1) we introduce a double sequence
{H(m,n)/m>nx0}

Such that

(i) H(m,n)=0 for m>o0

@il) H(m,n)>0 for m>n>o0 and

(i) —L,H(m,n)=h(m,n)y/H(m,n); for m>n>o0

Theorem: 3 Assume that (C1)-(C3) holds and let {un} be a positive sequence and assume that there exist a double

sequence {H (m, n)/ m>n> O} such that

. 1 (AR )
limsup————> H(n,8)| q,R ) ——22° =00 (1.9)
o H ( L} S—zng " 4'a'n+lRo—(n)

h(n,s) AR,
H(n,s) R,my

where M(n,s) = (1.10)

Then every solutions {un} of equation (1.1) is oscillatory

Proof: Let {un} be non-oscillatory solution of equation (1.1). Let us first assume the {un} is eventually positive and

that u, >0,u_,,, >0 andfor n>n,

a(n)

In the view of (A) and (B)

AR a_,R

Letus denote 7, =—=" and B, =—12%

o (n+1) Ro(n+l)

2

ARcr(n) an+lRO'(n) (wnJrl)
Aa)n = _Ra(n)qn + @Dy — 2

R (R

o (n+1) o(n+l)

2
R, . q =-Aw _l_ARcr(n)w _an+1Ra(n)(wn+1)
o(n)™in

" Ra(n+1) " (Ro—(n+1))2
n-1 n-1 2
z H (n’ S) Ra(s)qs < Z H (n,S) |:_Aa)s +7/sa)s+l - Bs (a)s) :|
s=n, S=n

ni H (n! S) Ra(s)qs < [H (n’s)a)s]gznl - ni { LZH (n S)a)s+l + H (n! S) |:7/sa)s+l - Bs (CUS )2 :|}

= H (o, - 3 [VH0 ) (00,9 D57 o, + H 098, (o,.) |

n-t 1 M(n, ? n-1 \2 SYH(n,
:H(n,nl)a)nl—S_ZHIH(n,S)l:\/Bisa)Hl_FE%] +s_znl (n:és (n S)

2
(AR, () J <o

It follows that

. l n-1
limsup——— » H(n,s R . —
n—oo p H(n n z ( )(qn o(n)

1111) s=n,

4a R

n+l" ‘o (n)
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Which clearly contradicts (1.9). This contradiction completes our proof

Remarks: By choosing various specific double sequences{H (m, n)} we can derive several oscillation criteria for
(1.1)

Let us consider the double sequence {H (m, n)} defined by
H(m,n)=(m-n)*, m>n>0, Where #£>1 isa constant.

Then H(m,n)=0 for m>0, H(m,n)>0 fo m>n>0 and L,H(m,n)<0 0 mM>n=0

Hence, we have the following corollary

Corollary: 1 If Iimsupinz_l:(m—n)” q.R —M =oo for some g >1, Then every solutions
Y: n—o mﬂ n"to(n) 4a R ﬂ_ ! y

$=Ny n+l" ‘o (n)

{un} of equation (1.1) is oscillatory

Example: 1 Consider the delay difference equations

1

A(LAUJJF n u,,=0 (ED)
n-1 (n-1)

where 1>0 u=2 R, =1 theequation (E1) is Oscillatory.

uin)
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