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ABSTRACT
In this paper, we introduced and study the notions of g*-z-closed sets and study some of their properties.

1. INTRODUCTION

In 1970, Levine [8] first introduced the concept of generalized closed (briefly, g-closed) sets were defined and
investigated. The idea of grill on a topological space was first introduced by Choquet [4] in 1947. It is observed from
literature that the concept of grills is a powerful supporting tool, like nets and filters, in dealing with many topological
concept quite effectively. In [15], Roy and Mukherjee defined and studied a typical topology associated rather naturally
to the existing topology and a grill on a given topological space. The aim of this paper is to introduce g -g-closed sets
and investigate the relations of g"-g-closed sets between such sets.

2. PRELIMINARIES

Throughout this paper, (X, 1) (or X) represent a topological space on which no separation axioms are assumed unless
otherwise mentioned. For a subset A of a space X, cl(A) and int(A) denote the closure of A and the interior of A,
respectively. The power set of X will be denoted by g(X). A collection g of a nonempty subsets of a space X is called
agrill [1] on X if

(1) AegandAcB=Beg.

(2) ABcXandAUBeg=AegorBeg.

For any point x of a topological space (X, t), 1(x) denote the collection of all open neighbourhoods of x. We recall the
following results which are useful in the sequel.

Definition: 2.1 [15] Let (X, 1) be a topological space and g be a grill on X. The mapping ¢: g(X) — g(X), denoted by
da(A, 1) for A € g(X) or simply ¢(A) called the operator associated with the grill g and the topology t and is defined
by ¢ps (A)={x e X AN U e g, VU e 1(x)}. Let g be a grill on a space X. Then a map ¥: g(X) — g(X) is defined by
Y(A)= A U ¢(A), for all A e (X). The map ¥ satisfies Kuratowski closure axioms. Corresponding to a grill g on a
topological space (X, 1), there exits a unique topology 1 on X given by 1 = {U c X/ ¥ (X-U) = X-U}, where for any
Ac X,¥Y(A) =AU d(A) =15 - cl(A). For any grill g on a topological space by (X, t, g).

Definition: 2.2 A subset A of a topological space (X, 1) is called

1) apre-openset [12] if A < int (cl(A)) and a pre-closed set if cl(int(A)) € A.

2) asemi-open set [7] if A < cl (int(A)) and a semi-closed set if int(Cl(A)) € A.

3) asemi-preopen set [1] if A < cl(int(cl(A))) and a semi-pre-closed set [2] if (int(cl(A))) € A.

Definition: 2.3 A subset A of a topological space (X, 1) is called

1) ageneralized closed set (briefly g-closed) [8] if cl(A) € U whenever A € U and U is open in (X, 7).

2) ageneralized semi-closed set (briefly gs-closed) [2] if scl(A) € U whenever A € U and U is open in (X, 1).

3) an a-generalized closed set (briefly ag-closed) [9] if acl(A) € U whenever A € U and U is open in (X, 1).

4) ageneralized semi-preclosed set (briefly gsp-closed) [5] if spcl(A) < U whenever A € U and U is open in (X, 1).
5) ageneralized preclosed set (briefly gp-closed) [11] if pcl(A) € U whenever A € U and U is open in (X, 1).

6) ageneralized grill closed set (briefly g-g-closed) [6] if ¥(A) € U whenever A € U and U is open in X.

7) ageneralized closed set (briefly g"-closed) [17] if cl(A) € U whenever A € U and U is g-open in (X, 1).
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Theorem: 2.4 [15]

1) If g, and g, are two grills on a space X with g,C g, then 14,C 14,

2) If g isagrill on aspace X and B ¢ g, then B is closed in (X, 1, ).

3) For any subset A of a space X and any grill g on X, ¢(A) is t4-closed.

Theorem: 2.5 [15] Let (X, 1) be a topological space and g be any grill on X. Then
1) AcSB(cX)= ¢(A) S $(B);

2) AcXandA¢g= ¢o(A)=d;

3) d(P(A)) € d(A) = cl(Pp(A)) < cl(A), forany A € X;

4) ¢(AUB) = ¢(A) U ¢(B) forany A,B € X;

5) ACSP(A) = cl(A) =14-cl(A) = cl(P(A) = d(A);

6) Uetandt\{d}cSg=UCc d(V);

7) IfUetthenUN $(A)=UN $(UNA), for any A € X.

Theorem: 2.6 Let (X, 1) be a topological space and g be any grill on X. Then, for any A, B € X.
1) AcW¥(A)I15];

2) W(¢)=¢ [15];

3) W(AUB)=¥(A) U ¥(B)[15];

4) Y (¥(A))=Y(A)[15];

5) int(A) c int (Y(A));

6) int (Y(ANB)) C int (¥(A));

7) int (¥(ANB)) C int (¥(B));

8) int (¥(A)) C Y(A);

9) ASB= Y¥Y(A) S ¥®B).

Theorem: 2.7 [16] Let (X, t) be a topological space and g be any grill on X. Then, for any A, B € X,

(1) d(A) € Y(A) =14-cl(A) S cl(A);

(2) AU YP(int(A)) < cl(A);

(3) A S d(A)and B S $(B) = Y(ANB) € ¥(A) N ¥(B).

3.9"-g-CLOSED SETS

Definition: 3.1 A subset A of (X, 1) is called a g -g-closed set if ¥(A) € U whenever A € U and U is g-open in (X, 1).

Theorem: 3.2 Every closed set is a g"-g-closed. But not conversely.

Proof: Let A be a closed set. Then cl(A)=A. Let U be any g-open set such that A < U. Then cl(A) € U. We know that
Y(A)= AU $(A) =14- Cl(A) S cl(A). Therefore Y(A) S U whenever A < U and U is g-open.

Example: 3.3 Let X = {a, b, ¢}, 1= {{$}, {b}, {X}} and g = {{a}, {a, b}, {X}}. Let A = {c}. Ais a g"-g-closed set
but not closed set.

Theorem: 3.4 Every g-closed set is a g"-g-closed. But not conversely.

Proof: Let A be a g-closed set. Then cl(A) € U whenever A € U and U is g-open. We know that ¥(A) = A U W(A) =
14- CI(A) € cl(A). Therefore ¥(A) S U whenever A < U and U is g-open.

Example: 3.5 Let X = {a, b, ¢}, 1 = {{d}.{a}.{b}{a, b},{X}} and ¢ = {{a}{a, b}.{X}}. Let A= {c} Alisa
g -g-closed set but not g-closed set of (X, ).

Theorem: 3.6 Every g -g-closed set is a gsp closed. But not conversely.
Proof: Let A be a g"-g-closed set in (X, 7). Then ¥(A) € U. Whenever ACU and U is g-open. From the above theorem
cl(A) < U. But every closed set is a semi-pre-closed set, we have spcl(A) < U and also every open set is g-open.

Therefore spcl(A) € U whenever A € U and U is open.

Example: 3.7 Let X = {a, b, ¢}, T = {{d}, {b}, {X}} and g = {{a}, {a, b}, {X}}. Let A = {b}. Aiis a g"-g-closed set
but not gsp-closed set of (X, 1).

Theorem: 3.8 Every g -g-closed set is a gp-closed. But not conversely.
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Proof: Let A be a g"-g-closed set in (X, 7). Then ¥(A)SU whenever AcU and U is g-open. From the above cl(A) € U.
But every closed set is a pre-closed set, we have pcl(A) € U and also every open set is g-open. Therefore pcl(A) € U
whenever A € U and U is open.

Example: 3.9 Let X = {a, b, ¢}, T = {{$p}.{b}.{X}} and g = {{a}.{a, b}.{X}}. Let A = {b}. Then A is gp-closed set
but not g"-g-closed set of (X, 7).

Remark: 3.10 If A and B are g"-g-closed set, then AUB is also a g"-g-closed set.
Theorem: 3.11 Every g'-g-closed set is a og-closed set. But not conversely.

Proof: Let A be a g'-g-closed set in (X, 7). Then ¥(A) € U whenever A € U and U is g-open. We know cl(A) € U.
From the above and every closed set is a-closed set. We have acl(A) € U and also every open set is g-open. Therefore
acl(A) € U whenever A < U and U is open.

Example: 3.12 Let X = {a, b, ¢}, t= {{d}, {b}, {X}} and g = {{a}, {a, b}, {X}}. Let A = {b}. Then A is a ag-closed
set but not g"-g-closed set of (X, 1).

Theorem: 3.13 Every g"-g-closed set is a gs-closed set. But not conversely.
Proof: Let A be g™-g-closed set in (X, ). Then W(A) S U whenever A € U and U is g-open. We know cl(A) € U from
the above and every closed set is semi-closed set. We have scl(A) € U and also every open set is g-open. Therefore

scl(A) € U whenever A € U and U is open.

Example: 3.14 Let X = {a, b, ¢}, T = {{d}, {b}, {X}} and g = {{a}.{a, b},{X}}. Let A ={b, c}. Then A is a gs-closed
set but not a g"-g-closed set of (X, 7).

Theorem: 3.15 A subset A of (X, 1) if a g'-g-closed set if and only if W(A) — A does not contain any non-empty
g-g-closed set.

Proof: Necessity: Let F be a g-g-closed set of (X, 1) such that F € W(A) — A. Then A € X-F.

Since A is g"-g-closed and X-F is g-g-open, ¥(A) € X - F. This implies F € X - ¥(A).

SoF S (X -¥(A) N (Y(A)-A) S (X -W¥(A) N Y(A) = . Therefore F = ¢.

Sufficiency: Suppose A is a subset of (X, 1) such that W(A) — A does not contain any non-empty g-g-closed set. Let U
be a g-g-closed set of (X, 1) such that A € U. If ¥(A) € U, then ¥(A) N ¥(U) # ¢. Since P(A) is a closed set. Then
we have ¢ # P(A) N P(U) is a g- g-closed set of (X, 7). Then ¢ # ¥(A) N ¥(U) € Y(A) — A. So ¥(A) — A contains a
non-empty g-g-closed set. This contradicts the hypothesis. Therefore A is a g™-g-closed set.

Theorem: 3.16 If A is a g"-g-closed set of (X, 1) such that A € B € W(A), then B is also a g -g-closed set of (X, 7).

Proof: Let U be a g-g-closed set of (X, 1) such that B € U. Then A € U. Since A is g"-g-closed, ¥(A) S U. Now
¥(B) € Y(¥(A)) = ¥(A) € U. Therefore B is also a g"-g-closed set of (X, 1).

Theorem: 3.17 Every g'-g-closed set is a g"-closed. But not conversely.

Example: 3.18 Let X = {a, b, ¢}, 1= {{d}, {a}, {c}, {a, c}, {X}} and g = {{a}, {a, b}, {X}}. Let A={a, c}. Then A
is a g"-closed but not g*-g-closed set of (X, 1).

Theorem: 3.19 Every g'-g-closed set is a g-g-closed set. But not conversely.

Example: 3.20 Let X ={a, b, ¢}, 1= { {d}.{a}.{c}.{a c},{X} } and g = {{a}.{a, b}.{X}}. Let A={c} Then Aisa
g-g-closed set but not g~ g-closed set of (X, 7).
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Remark: 3.21

closed =——pppclosed =——i pp-closed
E-closed ey g -E-e t:sedi g-g-closed
g's-::lﬂsedfg ~closed H ezp-closed

4.9 -g-CONTINUOUS

Definition: 4.1 A function f : (X, 1, ¢) — (Y, o) is called g"-g-continuous if f'(V) is a g"-g-closed set of (X, 1, g) for
every closed set V of (Y, o).

Theorem: 4.2 Every continuous map is g -g-continuous. But not conversely.

Proof: Let f: (X, 1, ¢) — (Y, o) be a continuous map. Let V be a closed set in Y. Then £1(V) is closed. Since every
closed set is g"-g-closed set. We have f1(V) is a g"-g-closed set. Therefore f is g"-g-continuous.

Example: 43 Let X =Y = {a, b, ¢}, 1= {{¢},{b}.{X}} and 6 = {{d}, {a}.{a, b}, {Y}} and ¢ = {{a}.{a, b},{X}}.
Define f: (X, 1, ¢) — (Y, o) by f(a) = a, f(b) = b and f(c) = c. fis not continuous since {c} is a closed set of (Y, o). But
1(c) = {c} is not closed set of (X, 1, ¢). However f is g"-g-continuous.

Theorem: 4.4 Every g-continuous map is g -g-continuous map. But not conversely.

Proof: Letf: (X, 1, ¢) — (Y, o) be a g-continuous map. Let V be a g-closed set in Y. Then (V) is g-closed. Since
every g-closed is g-g-closed set. We have f(V) is a g"-g-closed set. Therefore f is g"-g-continuous.

Example: 45 Let X =Y ={a, b, ¢}, 1 =0 = {{$}, {a}.{a b}.{x} } and g = {{a}.{a, c},{x}}. Define f: (X, 1, g¢) —
(Y, 6) by f(a) = a, f(b) =b and f(c) = c. fis not g-continuous. Since {c} is a closed set in (Y, o). But f*(c) = {c} is not a
g-closed set of (X, 1, ¢). However f is g"-g-continuous.

Theorem: 4.6 Every g -g-continuous map is gsp continuous and hence an ag-continuous, gp-continuous and
gs-continuous. But not conversely.

Proof: Letf: (X, 1,¢)— (Y, o) be a g -g-continuous map. Let V be a closed set of (Y, o). Since fis g -g-continuous,

(V) is a g'- g-closed set of (X, 1, g). By the theorems 3.6, 3.8, 3.11 and 3.13, f'(V) is gsp-closed, gp-closed,
ag-closed and gs-closed set of (X, 7).

Example: 4.7 Let X =Y ={a, b, ¢}, 1= {{d}, {a}, {a, b} {X}}, 6 = {{d}.{c}.{x}} and ¢ = {{a}.{a, c}.{x}}. Define
g: (X 1, ¢) — (Y, o) by g(a) =a, g(b) = b and g(c) = c. fis not is g -continuous. Since {a, b} is a closed set in (Y, o),

but f'(a, b) = {a, b} is not g"- g-closed. However f is gsp continuous, gp-continuous, ag-continuous and gs-continuous.
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