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ABSTRACT

In this paper, we have investigated the synchronization and anti-synchronization behaviour of two identical planar
oscillation of a satellite in circular orbit under air drag evolving from different initial conditions using the active
control technique based on the Lyapunov stability theory and the Routh-Hurwitz criteria. The designed controllers,
with our own choice of the coefficient matrix of the error dynamics are found to be effective to achieve synchronization
and anti-synchronization between the states variables of two nonlinear dynamical systems under consideration. The
results are validated by numerical simulations using mathematica.
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1. INTRODUCTION

In the last two decades, considerable research has been done on chaotic systems. One of the most important aspects of
chaotic systems is synchronization that represents the entrainment of frequency of oscillators due to weak interactions
[1-5]. It is basically the design of control law for full chaotic slave system using the known information of the master
system so as to ensure that the controlled receiver synchronizes with the slave system. Hence, the slave chaotic system
completely traces the dynamics of the master in the course of time. On the other hand, a similar phenomenon, anti-
synchronization (AS), which is the vanishing of the sum of the relevant state variables of synchronized systems, has
been investigated both experimentally and theoretically in many physical systems [6-14]. Various techniques have
been proposed and implemented successfully for achieving stable synchronization between identical and non-identical
systems. Notable among these methods, the active control scheme proposed by Bai and Lonngren [15] has received and
successfully implemented in almost all the field of nonlinear sciences for synchronization as well as AS phenomenon
[16-28].

Motivated by the aforementioned we aim to study the synchronization as well as AS for the two identical planar
oscillation of a chaotic satellite in circular orbit under air drag using active control technique based on the lyapunov
stability theory & Routh—Hurwitz criteria. The designed controller of our own choice of the coefficient matrix of the
error dynamics that satisfy the lyapunov stability & the Routh—Hurwitz criteria, are found to be effective to achieve the
synchronization & AS between the two identical systems chosen for our study. Numerical simulations are shown to
verify the analytical results using mathematica.

2. DESCRIPTION OF THE MODEL
The determination and prediction of the orbit of a satellite in the near-earth environment is complicated by the fact that

the satellite is influenced by the dissipative effects of the earth’s atmosphere. For many artificial satellites, this
fluctuation in the drag is one of the fundamental source of error in the orbital predictions.
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Let the attitude motion of a satellite in a circular orbit under the influence of central body of mass M and its moon of
mass m, whose orbit is assumed to be circular and coplanar with the orbit of the satellite. The body is assumed to be tri-

axial body with principal moments of inertia A< B < C at its centre of mass, C is the moment of inertia about the
spin axis which is perpendicular to the orbital plane and T be the instantaneous radius vector of the centre of mass of
the satellite, & be the angle that the long axis of the satellite makes with a fixed line lying in the orbital plane and %

the angle between the radius vector T and the long axis. Euler’s equation of motion of the considered satellite’s

dynamics [29] about z-axis given below:
2

d*n

2 +a)zsin77—g(v2—bv—d)sinv=0 (2.1)
- 2 Q(2v, -1 QV, (V, —I
where @? = 3(B-A) &= ’OSC"? , b= ( L a)) and d :M are all constants and Vv is
C CcQ a a

true anomaly taken as independent variable.
3. SYNCHRONIZATION VIA ACTIVE CONTROL

In order to formulate the active controllers, we write the system (2.1) in two first order differential equations as shown
below:

d d?
Let —L= X, and —Z = X, , then we have
dv v
X =%,
' 2 a3 2 H
X, = -’ sinx, +&(v? —bv—d)sinv (3.1)

Let us define another identical system
i =Y, +u(v),
Y, =—@*siny, +&(v: —bv—d)sinv+u, (v) (3.2)

where (3.1) and (3.2) are called the master and the slave system respectively and in slave system, U, (v) and u, (v)are
control functions to be determined. Let € (v) =y,(v) — X, (v) and €,(v) =Y, (V) —X,(v) be the synchronization
errors such that lime; (v) — 0 for i =1,2. From (3.1) and (3.2), we have
V—>0
e(v)=6,(v)+u(v)

e, (v) =—a’(siny, —sin x, )+, (v) (3.3)

In order to express (3.3) as only linear terms in €, (V') and €, (v), we redefine the control functions as follows:

u,(v) =v,(v),

U,(v) = @*(siny, —sinx, )+ v, (v) (3.4)
From (3.3) and (3.4), we have

e(v) =e,(v)+v,(v),

&, (v) =V,(v) (35)
Equation (3.5) is the error dynamics, which can be interpreted as a control problem where the system, to be controlled
is a linear system with control inputs V,(v) = Vl(el(v),e2 (V)) and Vv, (v) =V, (el(v),e2 (V)) As long as these
feedbacks stabilize the system, lime,(v) — O for i =1,2. This simply implies that the two systems (3.1) and (3.2)

V—>0

evolving from different initial conditions are synchronized. As functions of € (1) and €,(v), we choose V,(v) and

v, (v) as follows:
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V, (v (SA%
( A >sz( X )) o5
v, (v) &, (v)
where D = (ai 21 ,isa 2x2 constant feedback matrix to be determined. Hence the error system (3.5) can be
G q
written as:
(v 1%
[%( )]:C[ex )] o
e (v) e,(v)
1+
where C = % bl , is the coefficient matrix.
Cl dl
According to the Lyapunov stability theory and the Routh-Hurwitz criteria, if
a +d, <0,
c,(l+b)-ad, <0 (3.8)

then the eigen values of the coefficient matrix of error system (3.5) must be real or complex with negative real parts
and, hence, stable synchronized dynamics between systems (3.1) and (3.2) is guaranteed. Let

a+d =c(+b)-ad =-E, (3.9)

where E >0 is a real number which is usually set equal to 1. There are several ways of choosing the constant
elements a, , b1 Gy dl of matrix D in order to satisfy the Lyapunov stability theory and the Routh-Hurwitz criteria
(3.8).

4. NUMERICAL SIMULATION FOR SYNCHRONIZATION

For the constant elements of feedback matrix, choosing a, = d1 =-0.5 and for the parameters involved in system
under investigation, b=0.2, d =0.3, ¢ =0.1 and @, = 0.3 with the initial conditions [Xl(O), X, (0)] = [0,0]

and [y1 0), v, (O)] = [20, 30], we have simulated the identical systems under consideration using mathematica. The
results obtained show that the system under consideration achieved synchronization. Time series of states variables
(x&y) have been plotted in figures 1 & 2. Where as in figure 3, the time series of the errors (el &ez) is the

witness of achieving synchronization between master and slave system. Further, it also has been confirmed by the
convergence of the synchronization quality defined by

e(v) = /e’ (v)+ei(v) (41)

Figure (7) confirms the convergence of the synchronization quality defined by (4.1).

In order to discuss the stability, Let us consider the lyapunov function (positive definite also):
1. 1.,
V(v)=Ze&'(v)+5e (V) (42)

In figure 8, the plot of the V'(V) confirm that the synchronization is globally stable for the two identical systems
under consideration.
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5. ANTI-SYNCHRONIZATION VIA ACTIVE CONTROL

Anti-synchronization of two coupled systems X = f (X,y) (master system) and Y = g(X, Y) (slave system) means
Iim|x(t)+ y(t)|—>0. This phenomenon has been investigated both experimentally and theoretically in many
t—w

physical systems [6-9, 11-14, 30-35].

© 2013, IJMA. All Rights Reserved 280



Mohammad Shahzad & Mohammad Raziuddin*/ Synchronization & Anti-Synchronization Of A Satellite’s Motion Under Air Drag
Via Active Control / IIMA- 4(12), Dec.-2013.

In order to formulate the active controllers for Anti-synchronization, we need to redefine the error functions as
e()=y,(v)+x () and e,(v)=Y,(v)+X,(v), where & (v) and e,(v) are called the anti-synchronization

errors such that lime; (v) — O for i =1,2. From (2.1) and (2.2), error dynamics can be written as:
V—>0

e (v)=¢,(v)+u,(v),
&) (v) =—a*(siny, +sinx )+ 2<9(v2 ~bv—d )sin v+u,(v) (5.1)

In order to express (5.1) as only linear terms in € (1) and e, (V) , we redefine the control functions as follows:
Uy (v) =V, (v),
U, (v) = @ (sin y, +sin x, ) —2&(v: —bv —d )sinv +v, (v) (5.2)

From (5.1) and (5.2), we have

e(v)=e,(V)+v(v),

&, () =V, (v) (5.3)
Equation (5.3) is the error dynamics, which can be interpreted as a control problem where the system, to be controlled
is a linear system with control inputs V,(v) = Vl(el(v),e2 (V)) and Vv, (v) =V, (el(v),e2 (V)) As long as these
feedbacks stabilize the system, ‘I/m e, (v) > 0 for i =1,2. This simply implies that the two systems (2.1) and (2.2)

evolving from different initial conditions are synchronized. As functions of € (1) and e,(v), we choose V,(v) and

v, (v) as follows:

v, (v e (v
(1( )jZD( A )J 50
v, (v) &, (v)
a
where D =[ 2 2 ] isa 2x2 constant feedback matrix to be determined. Hence the error system (4.3) can be
C2 2
written as:
(v e (v
(3( >]:C( X )J o
& (v) e, (v)
a, 1+b,
where C = , Is the coefficient matrix.
C, d,
According to the Lyapunov stability theory and the Routh-Hurwitz criteria, if
a,+d, <0,
c,(1+b,)-a,d, <0 (5.5)

then the eigen values of the coefficient matrix of error system (5.3) must be real or complex with negative real parts
and, hence, stable synchronized dynamics between systems (3.1) and (3.2) is guaranteed. Let

a,+d,=c,(1+b,)-a,d,=-E, (5.6)
Where E >0 is a real number which is usually set equal to 1. There are several ways of choosing the constant

elements az,bz,cz,d2 of matrix D in order to satisfy the Lyapunov stability theory and the Routh-Hurwitz criteria
(5.3).
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6. NUMERICAL SIMULATION FOR ANTI-SYNCHRONIZATION

For the constant elements of feedback matrix, choosing &, =—0.75, d, =—0.25 and for the parameters involved in
system under investigation, b=0.2, d=0.3, £=01 and ®,=0.3 with the initial conditions
[Xi(O),X2 (0)] :[0,0] and [yl(O), Y, (O)] = [20,30], we have simulated the system under consideration using

mathematica. The results obtained show that the system under consideration achieved AS. Time series analysis of state
variables and errors are the witness of achieving AS between master and slave system (figure 4-6).

Furthermore, the convergence of the errors towards zero is shown in figure 7 for anti-synchronization for the error
function in (4.1). Figure 8 is the witness of global stability of the AS through a Lyapunov function defined by (4.2).
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7. CONCLUSION

In this paper, we have investigated the synchronization and anti-synchronization behaviour of the two identical planar
oscillation of a satellite in circular orbit under air drag evolving from different initial conditions via the active control
technique based on the Lyapunov stability theory and the Routh-Hurwitz criteria. The results were validated by
numerical simulations using mathematica. For the errors in synchronization and anti-synchronization behavior of the
system under study, we have observed that both synchronization and AS can be achieved fastly and are found globally
stable. Our computational results validate all this.

REFERENCES

1. L. M. Pecora, T .L. Carroll, Synchronization in chaotic systems, Physical Review Letters, 64 (1990) 821-824.

2. M. Lakshmanan, K. Murali, Chaos in Nonlinear Oscillators: Controlling and Synchronizing, World Scientific,
Singapore, 1996.

3. A. Pikovsky, M. Rosenblum, J. Kurths, Synchronization: A Unified Approach to Nonlinear Science, Cambridge
University Press, Cambridge, 2001.

4. C. M. Ticos, E. Rosa Jr., W. B. Pardo, J. A. Walkenstein, M. Monti, Experimental real-time phase
synchronization of paced chaotic plasma discharge, Physical Review Letters 85 (2000) 2929-2932.

5. H. Nimeijer, M. Y. Mareels Ivan, An observer looks at synchronization, IEEE Transactions on Circuits and
Systems | 44 (1997) 882-890.

6. C. M. Kim, S. Rim, W. H. Kye, J. W. Ryu, Y. J. Park, Anti-synchronization of chaotic oscillators, Physics
Letters A 320 (2003)39-49.

7. Y. Zhang, J. Sun, Chaotic synchronization and anti-synchronization based on suitable separation, Physics Letters
A 330 (2004) 442-447.

8. A. A. Emadzadeh, H. Mohammed, Anti-synchronization of two different chaotic systems via active control,
Transactions on Engineering, Computing and Technology 6 (2005)62—-65.

9. C. Li, X. Liao, Anti-synchronization of a class of coupled chaotic systems via linear feedback control,

International Journal of Bifurcation and Chaos 16 (2006)1041-1047.

© 2013, IJMA. All Rights Reserved 283



Mohammad Shahzad & Mohammad Raziuddin*/ Synchronization & Anti-Synchronization Of A Satellite’s Motion Under Air Drag

10.

11.

12.

13.

14.

15.

16.

17.

18.

19.

20.

21.

22.

23.

24.

25.

26.

217.

28.

29.

30.

3L

32.

33.

34.

35.

Via Active Control / IIMA- 4(12), Dec.-2013.

S. Nakata, T. Miyata, N. Ojima, K. Yoshikawa, Self-synchronization in coupled salt-water oscillators, Physica
D 115 (1998) 313-320.

B. A. Idowu, U. E. Vincent, A. N. Njah, Anti-synchronization of chaos in nonlinear gyros via active control,
Journal of Mathematical Control Science and Applications 1 (2007)191-200.

B. A. Idowu, U. E. Vincent, A. O. Obawole, Anti-synchronization between two new different chaotic systems
via active control, Journal of the Nigerian Association of Mathematical Physics 11 (2007)15-20.

U. E. Vincent, A. Ucar, Synchronization and anti-synchronization of chaos in permanent magnet reluctance
machine, Far East Journal of Dynamical Systems 9 (2007)211-221.

U. E. Vincent, J. A. Laoye, Synchronization, anti-synchronization and current transport in non-identical chaotic
ratchets, Physica A 384 (2007)230-240.

E. W. Bai, K. E. Lonngren, Synchronization of two Lorenz systems using active control, Chaos, Solitons and
Fractals 8 (1997)51-58.

E. W. Bai, K. E. Lonngren, J. C. Sprott, On the synchronization of a class of electronic circuits that exhibit
chaos, Chaos, Solitons and Fractals 13 (2002)1515-1521.

H. K. Chen, Synchronization of two different chaotic systems: a new system and each of the dynamical systems
Lorenz, Chen and Lu, Chaos, Solitons and Fractals 25 (2005)1049-1056.

U. E. Vincent, Synchronization of Rikitake chaotic attractor via active control, Physics Letters A 343 (2005)133-
138.

U. E. Vincent, Synchronization of identical and non-identical 4-D chaotic systems via active control, Chaos,
Solitons and Fractals 37 (2008) 1065-1075.

Y. Lei, W. Xu, W. Xie, Synchronization of two chaotic four-dimensional systems using active control, Chaos,
Solitons and Fractals 32 (2007) 1823-1829.

A. N. Njah, U. E. Vincent, Chaos synchronization between single and double wells Duffing Van-der Pol
oscillators using active control, Chaos, Solitons and Fractals 37 (2008)1356-1361.

A. N. Njah, Synchronization of forced damped pendulum via active control, Journal of the Nigerian Association
of Mathematical Physics 10 (2006)143-148.

A. Ucar, E. W. Bai, K. E. Lonngren, Synchronization of chaotic behavior in nonlinear Bloch equations, Physics
Letters A 314 (2003) 96-101.

Y. Lei, W. Xu, J. Shen, F. Fang, Global synchronization of two parametrically excited systems using active
control, Chaos, Solitons and Fractals 28 (2006)428-436.

A. Ucar, K. E. Lonngren, E. W. Bai, Synchronization of the unified chaotic systems via active control, Chaos,
Solitons and Solitons 27 (2006) 1292-1297.

A. Ucar, K. E. Lonngren, E. W. Bai, Chaos synchronization in RCL-shunted Josephson junction via active
control, Chaos, Solitons and Fractals 31 (2007)105-111.

U. E. Vincent, J. A. Laoye, Synchronization and control of directed transport in inertia ratchets via active
control, Physics Letters A 363 (2007) 91-95.

A. Khan, M. Shahzad. Synchronization of a circular restricted three body problem with Lorenz hyper chaotic
system using robust adaptive sliding mode controller. Complexity, 18(6), 58-64, 2013.

Bhardwaj, M. Sethi. Resonance in satellite’s Motion Under air drag. American Journal of Applied Sciences.
2006. 3(12), 2184-21809.

G. Cai, S. Zheng. Anti-synchronization in different hyperchaotic systems, Journal of Information and
Computing Science, 2008, 3:181-188.

M. Shahzad, Synchronization and anti-synchronization of planar oscillation of a satellite in an elliptic orbit via
active control. Journal of Control Science & Engineering, volume 2011, article id: 816432.

A. Khan, M. Shahzad. Computational study of synchronization & anti-synchronization in Mimas-Tethys system.
i' manager’s Journal of mathematics, 2012, 1(2),26-33.

M. Shahzad. Synchronization & Anti-synchronization of charged particle in the field of three plane waves.
International Journal of Mathematical Archive. 2012, 3(11), 3935-3940.

M. Shahzad, I. Ahmed. Experimental study of synchronization & Anti-synchronization for spin orbit problem of
Enceladus. International Journal of control science & Engineering, 2013, 2(3), 41-47.

M. Shahzad, M. Raziuddin. Numerical study of Synchronization & Anti-Synchronization of a Rotating satellite.
International Journal of Mathematical Archive, 4 (7), 2013, 266-273.

Source of support: Nil, Conflict of interest: None Declared

© 2013, IJMA. All Rights Reserved 284



	E-mail: razi2k1@rediffmail.com

