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ABSTRACT
We define l4 -Closed sets in an ideal topological space and discuss their properties.
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1. INTRODUCTION AND PRELIMINARIES

A nonempty collection | of subsets of a given set X is said to be an ideal on X if (i). A € I and BcA implies Bel
(heredity) and (ii). A€l and B € | implies AUB € | (finite additivity). If (X, t) is a topological space and | is an ideal
on X, then (X, 1, ) is called an ideal topological space [4]. For each subset A of X, A*(l, 1) = {x€ X: Uy, NA ¢ I, for
every open set U, containing x}, is called the local function of A [4] with respect to | and t. We simply write A*
instead of A* (I, 7) in case there is no chance for confusion. We often use the properties of the local function stated in
Theorem 2.3 of [3] without mentioning it. Moreover, cl* (A) = AUA* [6] defines a Kuratowski closure operator for a
topology 1 on X which is finer than 7. A subset A of an ideal topological space (X, 1) is said to be g-closed [5], if
cl(A) c U whenever Ac U and U is open. The complement of a g-closed set is called a g-open set [5]. A subset A of an
ideal space (X, T, I) is said to be Is-closed [2], if cI* (A)cU whenever Ac U and U is open. The complement of a
I-closed set is called a I-open set [2]. The collection of all g -open sets in a topological space (X, ) is denoted by .
The g-closure of A denoted by cly(A)[1] is the intersection of all g-closed sets containing A and the the g-interior of A
denoted by inty(A)[1] is the union of all g-open sets contained in A.

For each subset A of X, Ag* (I, 1) = {x € X: Uy NA & I, for every g-open set U, containing x}, is called the g-local
function of A [1] with respect to I and t4 and is denoted by Ag*. Also, clg* (A) = A U Ay [1] is a Kurotowski closure
operator for a topology t 4*= {X - A: clg* (A) = A}[1] on X which is finer than 4

2. 1y -CLOSED SETS

Definition: 2.1 A subset A of an ideal topological space (X, t, I) is said to be an Iy -closed set if A ;* cU whenever
AcU where U is a g-open set in X, equivalently, clg*(A)cU whenever AcU where U is a g-open set in X. A is said
to be an lgg-open set if X—A is an 1g-closed set.

Theorem: 2.2 Let (X, 1, I) be an ideal topological space and AcX. Then the following are equivalent.
(@ Ais lgg-closed.

(b) Forall x € clg*(A), clg({xHNA+0

(c) clg* (A) -A contains no nonempty g-closed set.

(d) Ay —A contains no nonempty g-closed set.

Proof:

(a) =(b). Suppose that x € clg* (A). If clg({x})NA= @, then AcX—cly({x}). Since A is lg-closed, clg(A)cX—cly({x})
which is a contradiction to the fact that x€ clg*(A).

This proves (b).
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(b) =(c): Suppose Fcclg*(A)-A, Fisa g-closed setand x€ F. Since Fc X-A and F is g-closed,
cly XPNAc clg(F) NA= FNA = @. Since xeclg*(A), by (b), cly({x})NA # @, a contradiction which proves (c).

(c) =(a): Let U be a g-open set containing A. Since clg*(A) is closed, X-U is g-closed, clg*(A) N (X-U) is g-closed
and clg*(A)N (X-U) c clg(A)N(X-A)=cls*(A)-A. By hypothesis, clg*(A)N(X-U) =@, and so clg*(A)cU. Thus, A is
lgg-Closed.

The equivalence of (c) and (d) follows from the fact that clg* (A)-A = Ay~ A.

Theorem: 2.3 Let (X, 1, I) be a topological space and AcX. Then the following are equivalent.
(@) Ais lg-closed.

(b) AU (X—=clg(A)) is lg-closed.
(c) clg*(A) -Ais lg-open.
(d) Ag—Ais lg-open.

Proof:

(@) =(b): Suppose that A is lg,-closed. Let AU(X—clg* (A)) = U where U is g-open. Then X-Uc(X-A) N clg* (A) =
clg(A)-A where X-U is g-closed. By Theorem 2.2(c), clg*(A) —A contains no nonempty g-closed set, X-U = @ implies
that X=U. Since X is the only g-open set containing A, A U (X—clg*(A)) is l4-closed.

(b) =(a): Suppose that Au(X—cly* (A)) is Ig-closed. If F is any g-closed set contained in clg*(A)-A, then
A U (X-clg*(A))cX- F where X—F is g-open. Therefore, clg*(A)ucl(X—clg*(A))cX-F and so X c X-F, it follows that
F =@. Hence A is Ig-closed.

The equivalence of (b) and (c) follows from the fact that X—(clg* (A)-A) =AuU(X-clg*(A)). The equivalence of (c) and
(d) follows from the fact that clg*(A) -A = Ag—A.

Theorem: 2.4 For a subset A of an ideal topological space (X, 1, I), A is Igg-open if and only if Fcintg*(A) whenever
FcA, where F is a g-closed set in (X, 1, I).

Proof: Suppose that A is Igg-open. If F is g-closed and FCA, then X — A ¢ X —F, and so clg*(X-A) c X-F. Therefore,
Fcintg* (A).

Conversely, suppose the condition holds. Let U be a g-open set such that X-AcU. Then X-UcA and so X-Ucintg*(A)
which implies that clg*(X—A) cU. Thus X-A is lg-closed and so A is 1g-open.

Theorem: 2.5 Let (X, 1, 1) be an ideal topological space. Then every g-open subset of (X, t, I) is t4*-closed if and only
if every subset of (X, 1, 1) is l4g-Closed.

Proof: Suppose that every g-open subset of (X, 1, I) is t4*-closed. Let AcU where AcX and U is g-open. Since U is g-
open, Ay cUg*cU and so A is lg-closed. Conversely, suppose that every subset of (X, 1, I) is Igg-closed. Let AcX be a
g-open set. Since AcA, Ay cA, A is a1y -closed set. Hence, every g-open subset of (X, t, I) is t4*-closed if and only if
every subset of (X, 1, 1) is lg-closed.

Theorem: 2.6 Let (X, 7, 1) be an ideal topological space. If A and B are subsets of X such that AcBcclg*(A) and A is
an lg-closed subset of X, then B is also an Igg-closed set.

Proof: Since cly*(B)-Bcclg*(A)-A and clg*(A)-A contains no nonempty g-closed set, clg*(B)-B contains no nonempty
g-closed set. This implies that B is I4-closed.

Theorem: 2.7 Let (X, 1, I) be an ideal topological space. If A and B are subsets of X such that int ;*(A)c BcAand A is
an lgg-open set, then B is also an 1g-open set.

Theorem: 2.8 Let (X, 1, I) be an ideal topological space. If A and B are subsets of X such that Ac B cAg* and A is
lgg-closed, then A and B are g-closed sets.

Proof: Since AcBcAy*, Ay* = By =A* = B* by [1, Theorem 3.10]. Let AcU and U€ 1. Since A is lg-closed,
A*=B*= Bg*= Ag*cU which implies that A and B are g-closed sets.
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Theorem: 2.9 Let (X, 1, I) be an ideal topological space and AcX. Then A is Ig-closed if and only if A = F-N,
where F is 1 4*-closed and N contains no nonempty g-closed set.

Proof: If Ais Ig-closed, then by Theorem 2.2(c), N= Ag*—A contains no nonempty g-closed set. If F=clg*(A), then F is

14*-closed such that F-N = (A U Ag*) — (Ag—A) = (AU Ag") N ((X— Ag-)UA)=A. Conversely, suppose that A = F-N

where F is t4*-closed and N contains no nonempty g-closed set. Let U be a g-open set such that AcU. Then F-N c U

which implies that FN(X-U) cN. Now, AcF and Fg* c F implies that Ag*N(X-U) c F@N(X-U) c FN(X-U) c N. By

hypothesis, since Ag*N(X-U) is g-closed, Ag*N(X-U) = @, and so Ag*cU which implies that A is l4-Closed.

Theorem: 2.10 Let (X, 1, I) be an ideal topological space and A c X. Then the following hold.

(a) Every g-closed set is 1g5-closed.

(b) The union of two ly-closed sets is I4-closed.

(c) The intersection of a closed set with an I4g-closed set is 1g,-Closed.

(d) The union of a g-closed set with an I4g-closed is I4-closed.

Proof:

(@) If Aisg-closed in (X, 1, I), then Ais T4 -closed. Therefore, A € Ac U whenever A c U and U € 14 implies that
A is lgg-closed.

b) Let A and be B be Iy -closed sets and U be a g-open set such that AUBc U. Since A* cU, B, < U and by
99 9 9
[1, Theorem 3.7(h)], (AUB)g*=Ag*U Bg*cU which implies that AUB is an lgg-closed set.

(c) Let A be an lg-closed set and B be a closed set in (X, 1, I). Suppose that A N BcU and U is g-open in X. Then
A c Uu(X- B). Now X-B is open and hence U U (X-B) is g-open. Since A is Ig-closed, clg* (A) cU U (X - B).
Therefore, clg*(A)NBcU which implies that clg*(A N B) € U. So AN B is an Iy, -closed set.

(d) The proof follows from (a) and (b).

The following example shows that the converse of Theorem 2.10(a) is not true.

Example: 2.11 Let X = {a, b, c}, t = {&, X,{a}.{a, b}} and I={C. {a}}. If A = {a} and A cU where U = {a} is open,
then cl(A) = X< U but Ay*=0 < U which implies that A is g-closed.

The following example shows that the concept of I-closed sets and 44 -closed sets are independent.

Example: 2.12 In Example 2.11, if A ={a} and U={a}€r, then cl*(A) = X © U but Ay*= @ c U which implies that A
is lgg-closed but not I4-closed.

Theorem: 2.13 Let (X, 1, 1) be an ideal topological space and Ac X. If A c Agand A is Ig-closed, then A is I
closed.

Proof: Let Ac U where AcX and U€r. Since U is g-open, Ag*cU by hypothesis. Since AcAg* and by [1, Theorem
3.10], A= Ag* < U which implies that A is 1-closed.
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