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ABSTRACT 

The object of this paper is to generalize the Fixed Point theorems in the partial cone metric spaces given by Sönmez [1] 

using the concept of normality of cone. Results proved in this paper are generalization of Fixed Point results established 

for metric spaces. 
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1. INTRODUCTION: 

 

Huang and Zhang [3] initiate the concept of cone metric space and generalized the concept of metric spaces. In this space 

they replace the set of real numbers by the ordered Banach space. Recently many papers on cone metric spaces have been 

appeared e.g. see [4], [6], and main topological properties of such spaces have been obtained. The usual metric which is 

defined on cone metric spaces suggest that the self-distance for any point is zero but in partial cone metric space this 

distance need not zero. Specially, from the point of sequence, a convergent sequence need not have unique limit. The 

concept of partial cone metric play a very important role not only in topology but also in other branches of science and 

applied science involving mathematics especially in computer science, information science, and biological science. 

 

In this paper we extend the results proved by Sönmez [1] and established fixed point results which have been proved in 

cone metric space e.g. see [2]. 

 

2.  PRELIMINARIES: 

 

Definition 2.1 [1]:  Let E  be a real Banach space and P  be a subset of  E  . The set P  is called a cone if  

 

(C1)   P  is closed, nonempty and }0{≠P , here 0  is the zero vector of E ; 

 

(C2)   PbyaxPyxbaba ∈+�∈≥ℜ∈ ,,0,,, ; 

 

(C3)   0=�∈−∈ xPxandPx .  

 

Given a cone EP ⊂ , we define a partial ordering ≤  with respect to P  by yx ≤  if and only if Pxy ∈− . We write 

yx <  to indicate that yx ≤  but yx ≠ . While yx <<  if and only if
0

Pxy ∈− , where 
0

P  denotes the interior of 

P . 
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Proposition 2.2:  Let P  be a cone in a real Banach space E . If for Pa ∈  and kaa ≤ , for some )1,0[∈k  then 0=a . 

  

Definition 2.3 [1]:  Let P  be a cone in a real Banach space E then P  is called normal, if there exists a constant 0>K  

such that for all Eyx ∈,   

 

    yx ≤≤0  implies  yKx ≤ . 

 

The least positive number K  satisfying the above inequality is called the normal constant of P . 

 

Definition 2.4 [1]:  Let X  be a nonempty set, E  be a real Banach space. Suppose that the mapping EXXd →×:  

satisfies: 

 

(CM1)   ),(0 yxd≤ , for all Xyx ∈,  and 0),( =yxd  if and only if yx = ; 

 

(CM 2)  ),(),( xydyxd =  for all Xyx ∈, ; 

 

(CM 3) ),(),(),( yzdzxdyxd +≤ , for all Xzyx ∈,, . 

 

Then d  is called a cone metric on X , and ),( dX   is called a cone metric space. 

We note that any cone metric space is a topological Hausdorff space without the assumption of normality on E . 

 

In this paper, we always suppose that E  is a Banach space, P  is a cone in E  with φ≠0
P  and “ ≤ ” is partial ordering 

with respect to P . 

 

Definition 2.5 [1]:  A partial cone metric on a nonempty set X  is a function EXXp →×:  such that for all 

Xzyx ∈,, ; 

 

(p1)  yx =  if and only if ),(),(),( yypyxpxxp == ; 

 

(p2) ),(),(0 yxpxxp ≤≤ ; 

 

(p3)   ),(),( xypyxp = ; 

 

(p4)   ),(),(),(),( zzpyzpzxpyxp −+≤ . 

 

A partial cone metric space is a pair ),( pX  such that X  is a nonempty set and p  is a partial cone metric on X . 

 

Remark: 2.6 It is clear that, if 0),( =yxp , then from (p1) and (p2) yx =  but converse may not be true. 

 

A cone metric space is a partial cone metric space. But there are partial cone metric spaces which are not cone metric 

spaces. The following examples will illustrate it better  

 

Example: 2.7 Let
2ℜ=E , }0,:),{( ≥∈= yxEyxP , 

+ℜ=X and EXXp →×:  defined as 

}),max{},,(max{),( yxyxyxp α=  where 1≥α  is a constant. Then ),( pX  is a partial cone metric space which is 

not a cone metric space. 

 

Example 2.8:   Let 1�=E , }0:}{{ 1 ≥∈= nn xxP � , }:,)(}{:}{{ ∞<�ℜ∈= +
nnn xxxX

ω
where 

ω)( +ℜ  

is the set of all infinite sequence over
+ℜ , and EXXp →×:  defined by,  
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...)},,max{...,},,max{},,(max{),( 2211 nn yxyxyxyxp = . 

Then  ),( pX   is a partial cone metric space, but not cone metric space. 

 

Let ),( dX  be a partial cone metric space, Xx ∈  and A   be a non-empty subset of X . The distance between the set A  

and the singleton set }{x , and that between two subsets A  and B  of X  given as  

 

 }:),({inf),( AaaxpAxp ∈= ,    },:),({inf),( BbAabapBAp ∈∈=  

 

Throughout this paper ),( pX  will denote a partial cone metric space with respect to cone P . 

 

Theorem: 2.9 [1] Any partial cone metric space ),( pX  is a topological space. 

 

Proof:   For  
0

Pc ∈   let  )},(),(:{),( xxpcyxpXycxBp +<<∈=   and },:),({ 0
PcXxcxBp ∈∈=β . 

Then },,:{ UBxBUxXUp ⊂∈∈∃∈∀⊂= βτ  is a topology on X . 

 

Definition: 2.10 [1] Let ),( pX  be a partial cone metric space. Let }{ nx  be a sequence in X  and Xx ∈ . If for every 

0
Pc ∈  there is ∈0n  N such that for all 0nn >  ),(),( xxpcxxp n +<<  then }{ nx  is said to be convergent, and 

}{ nx  converges to x . We denote this by    xxn
n

=
∞→

lim   or  xxn →  as ∞→n . 

 

Theorem 2.11 [1]:   Let ),( pX  be a partial cone metric space, P  be a normal cone with normal constant K . Let }{ nx  

be a sequence in X . Then }{ nx  converges to x  if and only if )(),,(),( ∞→→ nxxpxxp n . 

 

We note that if ),( pX  be a partial cone metric space, P  be a normal cone with normal constant K , if 

)(),(),( ∞→→ nxxpxxp n  then )(),(),( ∞→→ nxxpxxp nn . 

 

Lemma: 2.12 [1] Let }{ nx  be a sequence in a partial cone metric space ),( pX . If a point x  is the limit of  }{ nx  

and ),(),( yxpyyp = , then y  is the limit of }{ nx . 

 

Definition 2.13 [1]:   Let ),( pX  be a partial cone metric space. }{ nx  be a sequence in X . }{ nx  is Cauchy sequence if 

there is Pa ∈  such that for every 0>ε  there is ∈0n  N such that for all 0, nmn >   

 

     ε<− axxp mn ),( . 

 

We call a partial cone metric space complete if every Cauchy sequence in space is convergent in space.  

 

For more basic results we refer [1]. 

 

3. MAIN RESULTS: 

 

Theorem: 3.1 Let ),( pX  be a complete partial cone metric space, P  be a normal cone with normal constant K . 

Suppose that the mapping XXT →:  satisfying the contractive 

condition, ),(),(),(),(),(),( xTyepyTxdpyTycpxTxbpyxapTyTxp ++++≤  …(3.1.1) Where edcba ,,,,  all 

are nonnegative constant such that 1<++++ edcba . Then T  has unique Fixed Point in X . 

 

Proof:  

Existence of Fixed point:    Let Xx ∈0 be arbitrary point of X . We define iterative sequence     }{ nx  by 1+= nn xTx . 
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First we shall show that this sequence is a Cauchy sequence. 

Taking 1, −== nn xyxx  in (3.1.1) we get  

 

),(),(),(),(),(),( 111111 nnnnnnnnnnnn xTxepxTxdpxTxcpxTxbpxxapTxTxp −−−−−− ++++≤  

 

� ),(),(),(),(),(),( 111111 nnnnnnnnnnnn xxepxxdpxxcpxxbpxxapxxp ++++≤ −+−+−+  

 

� ),(),([),(),(),(),( 111111 −+−+−+ ++++≤ nnnnnnnnnnnn xxpxxpdxxcpxxbpxxapxxp         

                                             ),()],( nnnn xxepxxp +−  

 

Writing nnn pxxp =+ ),( 1  we get  

  

),()(][ 111 nnnnnnnn xxpdeppdcpbpapp −+++++≤ −−−   

            

�  ),()()()( 1 nnnnn xxpdepdbPdcap −+++++≤ −                                                (3.1.2) 

 

Again using (3.1.1) with  nn xyxx == − ,1  and using symmetry of inequality we get 

 

 ),()()()( 1 nnnnn xxpedpecpebap −+++++≤ −                                                (3.1.3) 

 

adding (3.1.2) and (3.1.3) we get 

 

           nnn pedcbpedcbap )()2(2 1 ++++++++≤ −  

�  1
)(2

)2(
−

+++−

++++
≤ nn p

edcb

edcba
p  

�  1−≤ nn pp λ , where  1
1

1

)(2

)2(
=

+

+
<

+++−

++++
=

a

a

edcb

edcba
λ , hence 1<λ . 

Thus 1−≤ nn pp λ  implies that      

0pp
n

n λ≤                                                             (3.1.4) 

 

Now let ∈nm, N and  nm > , then 

 

        ),(),([),(...),(),(),( 22111211 ++++−+++ +−+++≤ nnnnmmnnnnmn xxpxxpxxpxxpxxpxxp                                                                                                                                      

)],( 11 −−+ mm xxp                   

                                   

� 11 ...),( −+ +++≤ mnnmn pppxxp  

 

� ...),( 0

2

0

1

0 +++≤ ++
pppxxp

nnn

mn λλλ  

 

� 0

2 ...][),( pxxp
n

mn +++≤ λλλ  

 

�
λ

λ

−
≤

1
),( 0p

xxp
n

mn   

                                                                                              (3.1.5) 
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Hence by normality we have 

 

 0
1

),( p
K

xxp
n

mn
λ

λ

−
≤ , here K  is the normal constant of cone. 

 

Now since 1<λ  hence  ,0
1

),( 0 →
−

≤ p
K

xxp
n

mn
λ

λ
as  ∞→n . 

 

Therefore }{ nx  is a Cauchy sequence, and X  is complete hence it must be convergent in X , let Xuxn
n

∈=
∞→

lim , and 

therefore  

 

 0),(lim),(),(lim ===
∞→∞→

nn
n

n
n

xxpuupuxp                                                 (3.1.6) 

 

Now consider 

 ),(),(),(),( nnnn TxTxpuTxpTxTupuTup −+≤ , and using (3.1.1) we get 

 

 ),(),(),(),(),(),(),( uTxpuTxepxTudpxTxcpuTubpxuapuTup nnnnnn +++++≤  

        ),( nn TxTxp−  

 

                ),(),(),(),(),(),( 111 uxpuxepxTudpxxcpuTubpxuap nnnnnn +++ +++++≤  

 

                            ),()1(),(),(),(),( 11 uxpexTudpxxcpuTubpxuap nnnnn ++ +++++≤  

 

                            )],(),(),([),(),(),( 1 uupxupuTupdxxcpuTubpxuap nnnn −++++≤ +
  

                                ),()1( 1 uxpe n+++  

 

So using (3.1.4) we have  

 

 ),(
1

)1(

)1)(1(
),(

1
),( 1

0 uxp
db

e

db

pc
xup

db

da
uTup n

n

n +
−−

+
+

−−−
+

−−

+
≤

λ

λ
 

 

Hence 

 0),(
1

)1(

)1)(1(
),(

1

)(
),( 1

0
→

−−

+
+

−−−
+

−−

+
≤ + uxp

db

Ke

db

pKc
xup

db

Kda
uTup n

n

n
λ

λ
 as ∞→n . 

 

So we have 0),( =uTup  therefore 0),( =uTup  or uTu = . 

 

Thus u  is a Fixed Point of T . 

 

UNIQUENESS:  

 

If v  is another Fixed Point of T  then vTv = . 

 

Using (3.1.1) with vyux == ,  we get 

 

�  ),(),(),(),(),(),( uTvepvTudpvTvcpuTubpvuapTvTup ++++≤  

 

�  ),(),(),(),(),(),( uvepvudpvvcpuubpvuapvup ++++≤  
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�  ),(),()(),( vvcpvupedavup +++≤                                                  (3.1.7) 

 

Again Using (3.1.1) with uyvx == ,  we get 

 

 ),(),()(),( vvbpvupedavup +++≤                                                 (3.1.8) 

 

Adding (3.1.7) and (3.1.8) we get 

 

 ),()(),()(2),(2 vvpcbvupedavup ++++≤  

 

�  ),(),(
)1(2

)(
),( vvpvvp

eda

cb
vup µ=

−−−

+
≤  

 

Where 
2

1

)(2

)(

)1(2

)(
=

+

+
<

−−−

+
=

cb

cb

eda

cb
µ  

Thus      
2

1
<µ  

 

Therefore   )],(),(),([),(),( uupvupuvpvvpvup −+≤≤ µµ  

 

Or      ),(2),( vupvup µ≤ , but 
2

1
<µ  so 12 <µ , hence by Proposition 2.2 we have    0),( =vup  hence 

vu = , Thus Fixed Point is unique. 

 

Now we prove some consequences of above theorem, 

  

If we take ed =  in theorem 3.1 we get the following theorem 

 

Theorem: 3.2 Let ),( pX  be a complete partial cone metric space, P  be a normal cone with normal constant K . 

Suppose that the mapping XXT →:  satisfying the contractive 

condition, )],(),([),(),(),(),( xTypyTxpdyTycpxTxbpyxapTyTxp ++++≤                          Where 

dcba ,,,  all are nonnegative constant such that 12 <+++ dcba . Then T  has unique Fixed Point in X . 

     

If we take edcb == ,  in theorem 3.1 we get the following theorem 

 

Theorem 3.3:    Let ),( pX  be a complete partial cone metric space, P  be a normal cone with normal constant K . 

Suppose that the mapping XXT →:  satisfying the contractive condition, 

)],(),([)],(),([),(),( xTypyTxpdyTypxTxpbyxapTyTxp ++++≤                          Where dba ,,  all 

are nonnegative constant such that 122 <++ dba . Then T  has unique Fixed Point in X . 

 

All above theorems are the extension of theorems proved in [1]. 

 

If we take 10,0 <<==== aedcb  in theorem 3.1 we get the following theorem 

  

Theorem: 3.4 [1, Theorem 6] Let ),( pX  be a complete partial cone metric space, P  be a normal cone with normal 

constant K . Suppose that the mapping XXT →:  satisfying the contractive condition, ),(),( yxapTyTxp ≤  for all 

Xyx ∈, , Where )1,0(∈a . Then T  has unique Fixed Point in X . 
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Remark: 3.5 If we take 10,0 <<==== aedcb  then there is no harm in the argument as we use in the proof of 

uniqueness in theorem 3.1.  

 

If we take 
2

1
0,0, <<==== baedcb  in theorem 3.1 we get the following theorem. 

 

Theorem: 3.6 [1, Theorem 7] Let ),( pX  be a complete partial cone metric space, P  be a normal cone with normal 

constant K . Suppose that the mapping XXT →:  satisfying the contractive 

condition, )],(),([),( yTypxTxpbTyTxp +≤  where )
2

1
,0(∈b . Then T  has unique Fixed Point in X . 
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