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ABSTRACT

This manuscript is a classification on Pre-A*-algebra A in sight of it is like a partially ordered set. Using a binary
operation in Pre-A*-algebra, an observation is made on Pre A*-Algebra as a partially ordered set with respect to
binary operation A and obtained consequent results. It is also grant access to an equivalent condition for a Pre A*-
algebra become a Boolean algebra.
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INTRODUCTION

In a draft manuscript entitled “The Equational theory of Disjoint Alternatives”, E. G. Manes (1989) introduced the
concept of Ada Error! Bookmark not defined.(Algebra of disjoint alternatives) (A, A, V, (=)', (<), 0, 1,2) which is
however differs from the definition of the Ada of E. G. Manes (1993) later paper entitled “Adas and the equational
theory of if-then-else”. While the Ada of the earlier draft seems to be based on extending the If-Then-Else concept
more on the basis of Boolean algebras and the later concept is based on C-algebras (A, A, V,(—)7) introduced by
Fernando Guzman and Craig C. Squir (1990) . P. Koteswara Rao (1994) first introduced the concept of A*-algebra (A,
AV, o# ()7, () 0,1,2) not only studied the equivalence with Ada, C-algebra, Ada’s connection with 3-Ring,
Stone type representation but also introduced the concept of A*-clone, the If-Then-Else structure over A*-algebra and
Ideal of A*-algebra.

J.Venkateswara Rao (2000) introduced the concept Pre A*-algebra (A, A, v, (—)™) analogous to C-algebra as a reduct
of A*- algebra. Venkateswara Rao.J, Praroopa.Y (2006) made a structural study on Boolean algebras and Pre A*-
Algebras.

Boolean algebra depends on two element logic. C-algebra, Ada, A*- algebra and our Pre A*-algebra are regular
extensions of Boolean logic to 3 truth values, where the third truth value stands for an undefined truth value. The Pre
A*- algebra structure is denoted by (A, A, V, (—)™) where A is non-empty set A, V, are binary operations and (=)~ is a
unary operation.

In this paper we define a relation < on Pre A*-algebra with respect to the binary operation v and we discuss the
properties of a Pre A*-algebra like a poset. We find the necessary conditions for a poset to become a lattice. We also

present a equivalent condition for a Pre A*-algebra become a Boolean algebra. For any a € A define A ={xeAlav
x=x}and X*=av x then (A, A,Vv,?*)isaPre A*-algebra. We also define a mapping Qqpfrom Ajto Ay by

Xap (x) =bwvx forall xe A, is a homomorphism of Pre A*-algebras.
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1. PRELIMINARIES

1.1. Definition: The relation R on a set A is called a partial order on A when R(<) is reflexive, anti-symmetric, and
transitive. Under these conditions, the set A is called a partially ordered set or a poset. Frequently we write (A, R) or
(A, <) to denote that A is partially ordered by the relation R(<). Since the relation < on the set of real numbers is the
prototype of a partial order it is common to write < to represent an arbitrary partial order can be described as follows:

1. Forallae A a<a(symmetry)

2. Foralla,b e A a<bh,b<a, thena="b (anti symmetry)

3. Foralla, b,ce A a<bandb<c, thena<c (transitivity)

Two elements a and b in A are said to be comparable under < if either a < b or b < a; otherwise they are incomparable.
If every pair of elements of A are comparable, then we say that the poset is totally ordered.

1.2. Definition: An algebra (A, A, Vv, (—) ~) where A is a non-empty set with 1, A,V are binary operations and

(=) ~ is a unary operation satisfying

(@ X" =X ¥Yxe A

(b) XAX=X,VXxe A

€) XAYy=YAX,VX,yeA

d (XAY) =X"vy VX,yeA
E@XA(YAZ)=(XAY)AZ VX, Y, Z2€ A

M xA(yvz)=(xAy)v(Xaz),VXx,y,ze A

@ XAY=XA(X"VY), VX, y€ A iscalled a Pre A*-algebra.

1.1. Example: 3 = {0, 1, 2} with operations A,V (—) " defined below is a Pre A*-algebra.

Al0]1]2 v| 0|12 X | x~

0(0|0]2 o(oj112| 01| 1

1{0(1]2 1|1(1|2| |1] O

212)2]|2 212|122 |2 2

1.1. Note: The elements 0, 1, 2 in the above example satisfy the following laws:
@2 =2 (b)Lax=xforallx e 3
(c)0vx=xforallx € 3 (d2Ax=2vx=2forall x € 3.

1.2. Example: 2 = {0, 1} with operations A, v, (-)” defined below is a Pre A*-algebra.

A 0 1 v |0 |1 X | X
0 0 0 [0 |1 0 |1
1 0 1 111 |1 11]0

1.2. Note:
M (2, V, A, (—5) is a Boolean algebra. So every Boolean algebra is a Pre A* algebra.

(if) The identities 1.2(a) and 1.2(d) imply that the varieties of Pre A*-algebras satisfies all the dual statements of 1.2(b)
to 1.2(g).

1.3. Definition: Let A be a Pre A*-algebra. An element x A is called a central element of A if XV X =1 and the set
{x € A/ XV X"=1} of all central elements of A is called the centre of A and it is denoted by B (A).

1.1. Theorem:[ Satyanarayana.A, (2012)] Let A be a Pre A*-algebra with 1, then B (A) is a Boolean algebra with the
induced operations A,V , (<)~
© 2013, IIMA. All Rights Reserved 288



D. Kalyanil *, B. Rami Reddyz, J. Venkateswara Rao’ and A. Satyanarayana"/ Characterization of a Partial order relation on Pre
A* -Algebra / IIMA- 4(11), Nov.-2013.

1.1. Lemma: [Satyanarayana.A, (2012),] Every Pre A*-algebra with 1 satisfies the following laws
(@ Xvl=xvx (b) XAO0=XAX
1.2. Lemma: [7] Every Pre A*-algebra with 1 satisfies the following laws.

@ XAMXTVvX) XE(XTAX) =X

B) (XvX)Ay=(XAYy)v (X AY)
©XvY)AZ=(XAZ)V (X AYAZ)

1.4. Definition: Let (A,V,A,(=)7) and (A,,Vv,A,(=)") be a two Pre A*- algebras. A mapping f:A — A, is
called a Pre A*-homomorphism if

(i) f(anb)=~f(@)A f(b) (i)f(avb)="f(a)v f(b) (i) f(@)=(f@))
The homomorphism f : A — A, isonto, then f is called epimorphism.

The homomorphism f : A — A, is one-one then f is called monomorphism

The homomorphisn f : A — A, is one-one and onto then f is called an isomorphism, and A, A, are isomorphic,
denoted in symbol A = A, .

2. Pre A*-algebra as a poset with respect to Binary Operation v
2.1 Definition: Let A be a Pre A*-algebra. Define <on A by x <y if and only if yvx = xvy = .
2.1 Lemma: If A is a Pre A*-algebra, then (A, <) is a poset.

Proof: Since xvx = x, x<x for all xeA.

Therefore < is reflexive.

Suppose that X, y,z €e A, x<yandy <z

Thenwe havey vx=xvy=yandzvy=yvz=y.
Nowz=yvz=Xvyvz=XvZ
Thereforexvz=zvx=zi.e,x<z.

This shows that < is transitive.

Suppose that X,y € A, x<yandy <Xx.

Thenwe havey v x=xvy=yandXvy=yvXx=y.

This shows that x = .

Therefore < is antisymmetric.

Therefore (A, <) is poset.

2.1. Note: If Ais a Pre A*-algebrawith 1,0,2then0<x (0vx=xv0=Xx),forallx e Aandx<2 (2vXx=xv2=
2). This shows that 2 is the greatest element and 0 is the least element of the poset.
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The Hasse diagram of the poset (A, <) is given by

1
Diagram: 2.1

We know that A x A is a Pre A*-algebra under point wise operation. The Hasse diagram is given below
AxA={a=(1,1),a=(1,0),a=(1,2),a=(0,1),a=(0,0),a =(0,2),a;=(2,1),a3=(2,0), a0 = (2, 2)}

Diagram: 2.2

Observe that, X < ag, i.e., (X v ag = ag v X = ag) and a5 < X (xvas = asvx=x) for all x € A x A. This shows that ag is the
greatest element and as is the least element of A x A.

We have 2 x 3 = {a; = (1,1), a, = (0,0), a3 = (1,0), a4 = (0,1), a5 = (0,2), ag = (1,2)} is Pre A*-algebra under point wise
operation having four central elements two non-central elements and no element is satisfying the property thata™ = a.

The Hasse diagram for (2 x 3, <) as given below

Diagram: 2.3

Observe that, x < ag, i.6., X vag=agvX=agand a, < X (X va, =a,Vv x =Xx) for all xe 2 x 3. This shows that ag is the
greatest element and a, is the least element of 2 x 3.

2.1. Theorem: In the poset (A, <), for any x € A, Supremum {x, X } =x v X_ infimum {X, X } = x A X".
Proof: Wehave (x vX) vx=xvXx andX v(XvX)=xvXx

Therefore, x<xvXx and X <xv X

Hence x v X" is an upper bound of {x, X}
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Suppose n is an upper bound of {x. X'}
Thatis,x<n, X <n=nvx=nandnvx =n
Nownv(XvXx)=(hvx)vx =nvx =n

This shows that x v X™ <n

Therefore x v X is a least upper bound of {x, x'}
This shows that supremum of {x, X } =x v x~

Again we have (X A X ) vx=xand (X AX) v X =X~
Therefore x AX" < xand X A X" <X

Hence x A X" is a lower bound of {x, X}

Suppose m is a lower bound of {x, x'}

Thatis, m<x, m<xX =>mvx=xandmvXx =x
Nowmv XAX)=(MvX)A(MVX)=XAX
This shows that m < x A X

Therefore x A X is greatest lower bound of {x, x}.
This shows that infimum of {X, X } = x A X".

2.2. Theorem: In a poset (A, <) with 1, forany x, y € A, sup{X, y} =x v .
Proof: We have (x vy)vx=xvyand (Xvy)vy=Xvy
Therefore, x<xvyandy<xvy.

Hence x v y us an upper bound of {x, y}

Suppose m is an upper bound of {x, y}
Thatis,x<m,y<m=mvx=mandmvy=m
Nowmv (Xvy)=(mvx)vy=mvy=m.

This shows that x vy <m

Therefore x v y is a least upper bound of {x, y}

This shows that supremum of {X, y} =x v V.

In general for a Pre A*-algebra with 1, X Ay need not be the greatest lower bound of {x, y} in (A, <). For example
2vX=2AX=2,VXx e Aisnota greatest lower bound. However we have the following.

2.3. Theorem: In a poset (A, <) with 1, for any X, y € B(A), Inf(x, y) = XAy
Proof: If X, y € B(A), thenwe have x v (X Ay)andy v (X A Y) =Y
This shows that, x Ay <xand x Ay <.

Hence x A y is a lower bound of {x, y}
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Suppose m is a lower bound of {x, y}, thenmvx=x,mvy=y.
Nowmv (Xay)=(MvX)A(MVY)=XAY
Therefore m<x Ay.
Hence Inf{x, y}=x A Y.
2.4. Theorem: In the poset (A, <), if X,y € B(A), then XAy <X A X
Proof: X AX) v (XAY) ={(XAX)VvXIA{XAX)VY)
=xA(0vy)
=XAY
Therefore X Ay <X A X~
2.5. Theorem: In the poset (A, <), if x <y, then forany z € A,
@zAx<zAay
(b)zvx<zvy
Proof: If x<y,thenxvy=y
@ @ZAX)VEZAY)=ZAXVY)=ZAY.
ThereforezAx<z Ay
M) @zv)vEzvy)=zvXvy)=zvy.
Thereforezvx<zvy
Now we are giving the following equivalent conditions for x <.
2.2. Lemma: In a Pre A*-algebra
I xsyexvX AY) =X Ay)vX=y
(i) xsyesyvy Ax)=( Ax)vy=y

Proof:

(i) Ifx <y, SXVYy=y
SXVXAY)=(X AY)VX=Y

(i) Ifx<y SYVvX=yY
SYV AX)=( AX)vy=y

Now we prove modular type results in the following

2.3. Lemma: In the poset (A, <), ifxX<y=xv(yAz)=yA(Xv2)
Proof: Suppose x <y, thenxvy=y.
NOWXV(YAZ)=(XVY)AXVZ)=YA(XVZ)

If X, y € B (A) then by theorem 2.3 Inf{Xx, y} = X A y. In general X A y need not be an upper bound of {x, y} in poset
(A, ). If x Ay isan upper bound of {x, y} in poset (A, <), then A becomes Boolean algebra.

Now we have the following theorem.
2.6. Theorem: If Aisa Pre A*-algebraand x A (x vy) =x forall x, y € A then (A, <) is a lattice.
Proof: By theorem 2.2, we have every pair of elements have L.ub and if x v (x A y) = x for all x, y €A, then by

theorem 2.3 we have every pair of elements have g.l.b. Hence (A, <) is a lattice.
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Now we present a equivalent condition for a Pre A*-algebra become a Boolean algebra.
2.7. Theorem: The following conditions are equivalent for any Pre A*-algebra (A,A, v, (-) 7).
(1) Aisa Boolean Algebra
(2) xAy < xforallx,yeA
) xAny<Zyforallx,y eA
(4) xA yisalowerbound of {x,y}in (A, <)forallx,y €A
(5) x A yisainfimumof {x,y}in (A, <)forallx,y €A
(6) x v x isthe least elementin (A, <) foreveryx € A
Proof: (1) = (2) Suppose A be a Boolean algebra
Now X Vv (X A'y) = X (by absorption law)
Therefore x Ay < x.
(2) = (3) Suppose x Ay < xthenx v (X A y)=Xx
Nowy Vv (X A y) =Y.
Hence x Ay <.
(3) > (@) supposethat x Ay <y = yV (XA Y=Yy
Since x A y <y thenx Ay is lower bound of y
Now X V (X A y) = x (by supposition)
Thereforex Ay < X
= XAYyisa lower bound of x

X Ay is a lower bound of {x, y}.
(4) = (5) suppose x Ay is a lower bound of {Xx, y}
Suppose z is a lower bound of {X, Y} thenz< x,z< y that is
XVZ=X,yVZI=y
Now zv (XAY)=(zVvX) A (ZVY)=XAY
Therefore z< X AYy.
X Ay is the greatest lower bound of {x, y}
Hence Inf {X, y} =X AY.
(5) = (6) Suppose Inf {X, y}=x A ythen X,y € B(A)
Now Inf{X A X7, y}=X A X " Ay=X A X~
S XAX LY
Therefore x A x is the least element in (A, <).

(6) = (1) suppose x A X" isthe least elementin Athenx A x™ <y,

fory e A
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= XAX)Vy=y
Nowy A X VY)=[(X A X))V y]l v(xvVvy)
=[x A X))V X]Vvy
=(X A X)) Vv y=y (by supposition)

Therefore absorption law holds hence A is a Boolean algebra.

2.8. Theorem: Let A be a pre A*-algebra x v x ™ is the greatest element in (A, <) for every x € A then A is a Boolean
algebra.

Proof: Suppose x Vv x is the greatest element in (A, <) then
y <xVv x foranyy €A
= XVX)VYy=XVvXx
Nowx V(X A Y)=[XA(X"VvX)] V(xAY)
=X A [(X Vv X))V Y]
=X A (X v x7) (by supposition)
=X
Therefore x v (X A y) =X, absorption law holds.

Hence A is a Boolean algebra.

2.9. Theorem: Let A be a Pre A*-algebra and a € A. Let A ={xeA/avx=x}Then A is closed under the

operations A and Vv . Also for any xe A, define, x* =avx.Then (A,, A,V ) isaPre A*-algebra with 1(here

a’

a is itself is the identity for v in A ;thatis1in A ).
Proof: LetX,y € A .Thenavx=xandavy=y.
Nowav (XAY)=(@VvX) A @VY)=XAY = XA YyeE A
Alsoav (xVvy)=(@VvX)Vy=xVv y= xvye A

Therefore A, is closed under the operation A and v/ .

av X’=zav (av xX)=av x =X* = x" € A
Thus A, is closed under ®.

Now forany x,y,ze A,
D x®=@v xX)P=av (av X) =av @ A X)=avx=X

Q) xAx=@VX)A(@VX)=XAX=X
B)xAy=(@VvXx) A (avy)=@aVvy) A (aVvX)=yAX
(4) XAy =av (XAY) =av (X Vvy)

=(@avx)v (avy’)
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- Xa v yb

BG)YxAaiynan)=@v)A{@vy A(@avz}
av{xA(yAz}
av{(xAy)Az}(sincex,y, zeA)
=(XAY)AZ

B)yxA(yvz)=(@vx)an{@vy) v(avz}
={@av)a@vy)rv{lavx)a(avz)}

={av xay}v{@v (xAz)}
=(XAY)V (XAZ)

(M xA(Xvy)=xa{(@v xX)Vvy}
={xA@vx)}vXAYy)
=(XA X)V(XAY) (sinceaVx=Xx)
=SXA(XVY)
=XAY
Finally xe A, impliesthataV x=x=xVa. Thus (A,, A,V ?)isaPre A*-algebra with a as identity for V .

2.10. Theorem: Let a, b be elements in a Pre A*-algebra A such that @ < b .Then the following hold.

(L)avb=b

(2) Themap @, : A, —> A, defined by @, (X)=bvxforallxe A, isahomomorphism of Pre A*-algebras.
(3) agp B(A,) = B(A,)

(4) Ifasb=<cthen &y, O A=y ¢

(5) a, , is the identity mapon A,

a

Proof: Suppose that a <b
(1) Wehave a<h = avb=b
(2)Letx,y € A, .Then ayp (XAy)=bVv (XAY)
=(bvx) A(bvy)
=y () A agp (Y)
and ay , (XVy)=bv (xVvy)
=(bvx) v (bvy)
= aa,b (X) \% aa,b (y)

Also ayp (X)=bv X

=bv (av X))
=(bva v x
bv x
bv (b"A X))
=bv (bv x)~
=(bv x)°

=(Aap (9)°

Therefore c, 1, is a homomorphism of Pre A*-algebras.

(3) LetxeB(A,).
Then x v x* =a (since a is identity in A ) and therefore a = x v (a Vv X)) (M

Now atpp (V[ atgp (01°= (bvX) Vv (bvX)P

=(bvxvbv (bvx)]
=(bvx)v[bv (b"AX)]
=(bvx)Vv (bvx)
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=bv (XVvX)

=(@avhb) v xvx)
=bv [av (xVvXx)]
=bv a (by (i)

=b, whichis1in A,

Therefore a, , (X)€B(A )

Thus aap (B(A,)) < B(Ap)
(4) Leta<b<c

[dap 00l ()= aap [ (X]

Aap [cVX]

=bv c VvX
=Cc VX

= Oq¢ x)

Therefore atyy 0 ap =05 ¢

(5) @gq W =a v x=xforallxe A,

Then a, , isidentity mapon A .

CONCLUSION

This manuscript point ups the character of the Pre-A*-algebra like a partially ordered set. With respect to binary
operation v, able to define a relation < on a Pre-A*-algebra and observed that such a Pre-A*-algebra as a partially
ordered set with respect to the relation < and derived corresponding results. It has been observed a necessary condition
a Pre-A*-algebra to become a lattice. We also present a equivalent condition for a Pre A*-algebra become a Boolean

algebra. For any @ € A defined a set Aa ={xeAlavx=x} X*=av x andobserved that ( Aa VALV, ) is a Pre Ax-

algebra. Also defined a mapping «,,from Ajto Ay by a,), (x) = bvx for all xe A, and confirmed a
homomorphism of Pre A*-algebras.
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