
International Journal of Mathematical Archive-4(11), 2013, 195-202 

Available online through www.ijma.info ISSN 2229 – 5046 

International Journal of Mathematical Archive- 4(11), Nov. – 2013                                                                                                           195 

 
BEST ONE-SIDED APPROXIMATION OF UNBOUNDEDFUNCTION 

 
Saheb AL-Saidy* & Jawad KadhimJoodi 

 
Dept. Of Mathematics, College of Science, Al-Mustansiriya University. 

 
(Received on: 08-03-13; Revised & Accepted on: 22-10-13) 

 
 

ABSTRACT 
In this work, we shall study characterize of one-sided approximation of unbounded functions in weighted space and we 
shall compare between different norms such as‖𝑓𝑓‖𝑝𝑝 ,𝛼𝛼  ,‖𝑓𝑓‖𝛿𝛿 ,𝑝𝑝𝛼𝛼  and‖𝑓𝑓‖𝛿𝛿 ,𝑝𝑝𝛼𝛼

𝛷𝛷   where𝑓𝑓is any unbounded function by using 
the function𝛷𝛷𝑣𝑣 =𝛷𝛷𝑣𝑣 (𝑥𝑥) such that:       
                                                                                                                           
𝜱𝜱𝒗𝒗 (x)=𝒔𝒔𝒔𝒔𝒔𝒔𝟒𝟒 � 𝝅𝝅

𝟒𝟒𝟒𝟒
� {(𝒔𝒔𝒔𝒔𝒔𝒔𝟒𝟒 𝟒𝟒(𝒙𝒙 − 𝒙𝒙𝒗𝒗  ))/(𝒔𝒔𝒔𝒔𝒔𝒔𝟒𝟒 (𝒙𝒙 − 𝒙𝒙𝒗𝒗)/𝟐𝟐)� + (𝒔𝒔𝒔𝒔𝒔𝒔𝟒𝟒 𝟒𝟒(𝒙𝒙 + 𝒙𝒙𝒗𝒗))/(𝒔𝒔𝒔𝒔𝒔𝒔𝟒𝟒 (𝒙𝒙 + 𝒙𝒙𝒗𝒗)/𝟐𝟐 ))}                      

 
where m be natural  number, v={0,1,2, … … ,𝑚𝑚 − 1},𝑥𝑥 ∈ 𝑋𝑋 = [0,1] or 𝑥𝑥 ∈ 𝑋𝑋 = [−1,1]𝑑𝑑  (𝑥𝑥 is mult-variable) and 
𝑥𝑥𝑣𝑣=𝜋𝜋 − (2𝑣𝑣 + 1)𝜋𝜋/2𝑚𝑚.Alsowe shall deduce degree of best one sided approximation in weighted by using some result 
of degree of best approximation in Lp-space, also we discuss  the relation between degree of best one-sided 
approximation of unbounded function and degree of best one sided approximation of it's derivative.  
 
 
1. INTRODUCTION 
 
Throughout this paper, we use the weight function 𝜔𝜔(𝑥𝑥) = 𝑒𝑒−𝛼𝛼𝑥𝑥  which is non-negative measurable function on 
(0,∞). For 1 ≤ 𝑝𝑝 ≤ ∞ the weighted space: 
 
𝐿𝐿𝑝𝑝 ,𝛼𝛼={𝑓𝑓|𝑓𝑓:𝑋𝑋 ⟶ 𝑅𝑅 , 𝑠𝑠𝑠𝑠𝑠𝑠ℎ 𝑡𝑡ℎ𝑎𝑎𝑡𝑡 |𝑓𝑓(𝑥𝑥)𝜔𝜔𝛼𝛼( 𝑥𝑥)| ≤ 𝑀𝑀,𝛼𝛼 ≥ 1 }.such that for the function  𝑓𝑓,  

‖𝑓𝑓‖𝑝𝑝 ,𝛼𝛼 = �� |𝑓𝑓(𝑥𝑥)|𝑝𝑝  𝑒𝑒−𝛼𝛼𝑝𝑝𝑥𝑥
𝑏𝑏

𝑎𝑎
 𝑑𝑑𝑥𝑥�

1
𝑝𝑝

< ∞ 

 
Also,   ‖𝑓𝑓‖∞,𝛼𝛼 = �𝑠𝑠𝑠𝑠𝑝𝑝�| 𝑓𝑓(𝑥𝑥)𝑒𝑒−𝛼𝛼𝑥𝑥 ∶ 𝑥𝑥 ∈ Χ| �� < ∞. The local norm of the function 𝑓𝑓 is define by: 

‖𝑓𝑓‖𝛿𝛿 ,𝑝𝑝 ,𝛼𝛼 = �∫Χ�𝑠𝑠𝑠𝑠𝑝𝑝�|𝑓𝑓(𝑥𝑥)𝑒𝑒−𝛼𝛼𝑥𝑥 |: 𝑥𝑥 ∈ N(δ, t) ��
𝑝𝑝
𝑑𝑑𝑥𝑥�

1
𝑝𝑝  

 
where δ > 0 and 𝑁𝑁(𝛿𝛿, 𝑡𝑡) = {𝑦𝑦 ∈ Χ ∶ |𝑡𝑡 − 𝑦𝑦| ≤ 𝛿𝛿}. By using the function:        
 

𝜓𝜓(𝑠𝑠,𝛿𝛿) = 𝛿𝛿𝛷𝛷(𝑠𝑠) + 𝛿𝛿2 

where  𝛷𝛷(𝑠𝑠) = �(1 − 𝑠𝑠2  )
1
2   𝑖𝑖𝑓𝑓  Χ = [−1,1]

𝑠𝑠(1 − 𝑠𝑠)
1
2  𝑖𝑖𝑓𝑓  Χ = [0,1]

� 

 

We can define another local norm as: ‖𝑓𝑓‖𝛿𝛿 ,𝑝𝑝 ,𝛼𝛼
𝛷𝛷 = �∫Χ[𝑠𝑠𝑠𝑠𝑝𝑝{|𝑓𝑓(𝑥𝑥)𝑒𝑒−𝛼𝛼𝑥𝑥 |: 𝑥𝑥 ∈ N((𝜓𝜓, δ), x)}]𝑝𝑝𝑑𝑑𝑥𝑥�

1
𝑝𝑝  also we mention 

𝜔𝜔𝑟𝑟
𝜑𝜑(𝑓𝑓, 𝑥𝑥, 𝛿𝛿)𝑝𝑝 ,𝛼𝛼 = 𝑠𝑠𝑠𝑠𝑝𝑝�

0≤ℎ≤𝛿𝛿

�∆ℎ𝜑𝜑𝑟𝑟 𝑓𝑓(𝑥𝑥)�
𝑝𝑝 ,𝛼𝛼

(the ordinary Ditzian-Totik modulus of smoothness for 𝑓𝑓)  

where: ∆ℎ𝜑𝜑𝑟𝑟 𝑓𝑓(𝑥𝑥) = ∑ (−1)𝑖𝑖+𝑟𝑟𝐶𝐶𝑖𝑖𝑟𝑟𝑓𝑓(𝑥𝑥 + 𝑖𝑖𝜑𝜑ℎ),𝑟𝑟
𝑖𝑖=0 𝑥𝑥 + 𝑖𝑖𝜑𝜑ℎ ∈ [0,1] 

 
And we shall define the algebraic polynomial 𝐹𝐹𝑚𝑚  such that: 
 
𝐹𝐹𝑚𝑚(𝑥𝑥) = 𝛷𝛷𝑚𝑚(𝑥𝑥) = 𝛷𝛷𝑣𝑣(arccos𝑥𝑥) 𝑜𝑜𝑜𝑜 𝑥𝑥 ∈ [0,1]   𝑎𝑎𝑜𝑜𝑑𝑑   𝛷𝛷𝑗𝑗 ,𝑚𝑚(𝑥𝑥) = ∏ 𝐹𝐹𝑗𝑗𝑠𝑠 ,𝑚𝑚

𝑑𝑑
𝑠𝑠=1  (𝑥𝑥𝑠𝑠)    

 
where 𝑥𝑥 ∈ [−1,1]𝑑𝑑  . Suppose 𝑃𝑃𝑜𝑜 is the polynomial of best approximation of the function 𝑓𝑓 in the weighted space which 
is a Banach Space. And suppose that:    
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𝑄𝑄𝑜𝑜∓(𝑓𝑓, 𝑥𝑥) = 𝑃𝑃𝑜𝑜(𝑓𝑓, 𝑥𝑥) ∓ ∑ 𝛷𝛷𝑗𝑗 ,𝑚𝑚(𝑥𝑥)‖𝑓𝑓 − 𝑃𝑃𝑜𝑜(𝑓𝑓, 𝑥𝑥)‖∞,𝛼𝛼( Χ𝑗𝑗 )𝑗𝑗∈𝑍𝑍       
 
where 𝑗𝑗 = (𝑗𝑗1, 𝑗𝑗2, … … , 𝑗𝑗𝑑𝑑), j ∈ 𝑍𝑍 𝑠𝑠𝑠𝑠𝑠𝑠ℎ 𝑡𝑡ℎ𝑎𝑎𝑡𝑡 𝑍𝑍 = {0,1,2, … … ,𝑚𝑚 − 1}𝑑𝑑 .And Χ𝑗𝑗 = �𝑧𝑧𝑗𝑗1 , 𝑧𝑧𝑗𝑗1+1� × �𝑧𝑧𝑗𝑗1+1, 𝑧𝑧𝑗𝑗1+2� ×
… … … … × �𝑧𝑧𝑗𝑗𝑑𝑑 , 𝑧𝑧𝑗𝑗𝑑𝑑+1�. 
 
Also we define �̀�𝑍 = {0,1,2, … ,𝑚𝑚}𝑑𝑑  and Χ𝑗𝑗̀ = �𝑧𝑧𝑗𝑗1−1, 𝑧𝑧𝑗𝑗1+1� × �𝑧𝑧𝑗𝑗1+1, 𝑧𝑧𝑗𝑗1+2� × … … … … × �𝑧𝑧𝑗𝑗𝑑𝑑−1, 𝑧𝑧𝑗𝑗𝑑𝑑+1�.Clear (as we 
shall prove in theorem (3.4)) that: 
 
𝑄𝑄𝑜𝑜−(𝑓𝑓, 𝑥𝑥) ≤ 𝑓𝑓(𝑥𝑥) ≤ 𝑄𝑄𝑜𝑜+(𝑓𝑓, 𝑥𝑥). We define the degree of best one-sided approximation of function 𝑓𝑓  as: 
 
𝐸𝐸𝑜𝑜~ = 𝑖𝑖𝑜𝑜𝑓𝑓‖𝑃𝑃𝑜𝑜+ + 𝑃𝑃𝑜𝑜−‖   where  𝑃𝑃𝑜𝑜∓ ∈ 𝑷𝑷𝑜𝑜 (where 𝑷𝑷𝑜𝑜  is the space of all polynomials of degree n).                                                                                                                            
 
2. AUXILIARY RESULTS 
 
Here we brief some results which we needed in our work:   
 
Lemmas 2.1: [1] Let 𝑗𝑗 ∈ 𝑍𝑍 then:   
(i) 𝛷𝛷𝑗𝑗 ,𝑚𝑚(𝑥𝑥) ∈ 𝑷𝑷4𝑚𝑚−2

𝑑𝑑 . 
(ii)𝛷𝛷𝑗𝑗 ,𝑚𝑚(𝑥𝑥) ≥ 1       ∀𝑥𝑥 ∈ Χ𝑗𝑗      . 
 
Lemma2.2: Let𝑎𝑎𝑗𝑗 ≥ 0, 𝑗𝑗 ∈ 𝑍𝑍  then:        
 

�� 𝑎𝑎𝑗𝑗   𝛷𝛷𝑗𝑗 ,𝑚𝑚(𝑥𝑥)
𝑗𝑗∈𝑍𝑍

�
𝑝𝑝 ,𝛼𝛼(Χ)

≤ 𝑠𝑠� 𝑎𝑎𝑗𝑗
𝑝𝑝(𝑧𝑧𝑗𝑗 − 𝑧𝑧𝑗𝑗−1)

𝑗𝑗∈𝑍𝑍

1
𝑝𝑝
 

 
Proof: By using lemma 2.1(ii) we get: 
 
� 𝑎𝑎𝑗𝑗   𝛷𝛷𝑗𝑗 ,𝑚𝑚(𝑥𝑥)

𝑗𝑗∈𝑍𝑍
𝑒𝑒−𝛼𝛼𝑝𝑝𝑥𝑥 ≤� 𝑎𝑎𝑗𝑗   𝛷𝛷𝑗𝑗 ,𝑚𝑚(𝑥𝑥)

𝑗𝑗∈𝑍𝑍
 

 
Also,  �∑ 𝑎𝑎𝑗𝑗   𝛷𝛷𝑗𝑗 ,𝑚𝑚(𝑥𝑥)𝑗𝑗∈𝑍𝑍 �

𝑝𝑝 ,𝛼𝛼(Χ)
𝑥𝑥 = �∑ 𝑎𝑎𝑗𝑗   𝛷𝛷𝑗𝑗 ,𝑚𝑚(𝑥𝑥)𝑒𝑒−𝛼𝛼𝑝𝑝𝑥𝑥𝑗𝑗∈𝑍𝑍 �

𝑝𝑝(Χ)
 

  
                                                     ≤ �∑ 𝑎𝑎𝑗𝑗   𝛷𝛷𝑗𝑗 ,𝑚𝑚(𝑥𝑥)𝑗𝑗∈𝑍𝑍 �

𝑝𝑝(Χ)
 

 

                                                     ≤ 𝑠𝑠�∑ 𝑎𝑎𝑗𝑗
𝑝𝑝(𝑧𝑧𝑗𝑗 − 𝑧𝑧𝑗𝑗−1)𝑗𝑗∈𝑍𝑍 �

1
𝑝𝑝  . 

 
Lemma 2.3: [1] Suppose that u, v∈ [−1,1]  and   0 < 𝑡𝑡 ≤ 1

2    then: 
 
|𝑠𝑠 − 𝑣𝑣| ≤ 𝜓𝜓(𝑡𝑡,𝑠𝑠) 𝑤𝑤ℎ𝑒𝑒𝑟𝑟𝑒𝑒 𝜓𝜓(𝑡𝑡,𝑠𝑠) ≤ 6𝜓𝜓(𝑡𝑡,𝑠𝑠)  and  𝜓𝜓(𝑡𝑡, 𝑣𝑣) ≤ 4𝜓𝜓(𝑡𝑡,𝑠𝑠). 
 
Lemma2.4: Let𝑓𝑓 ∈ 𝐿𝐿𝑝𝑝 ,∝(Χ) ;   (1 ≤ 𝑝𝑝 ≤ ∞)    and     0 < 𝑡𝑡 ≤ 1

2    then:  

�𝜓𝜓(𝑡𝑡, . )−
1
𝑝𝑝‖𝑓𝑓‖𝑝𝑝 ,𝛼𝛼(N(t,.))�

𝑝𝑝 ,𝛼𝛼
≤ 𝑠𝑠‖𝑓𝑓‖𝑝𝑝 ,𝛼𝛼(Χ) 

 
Proof: 
�𝜓𝜓(𝑡𝑡, . )−

1
𝑝𝑝‖𝑓𝑓‖𝑝𝑝 ,𝛼𝛼(N(t,.))�

𝑝𝑝 ,𝛼𝛼
= �𝜓𝜓(𝑡𝑡, . )−

1
𝑝𝑝�

𝑝𝑝 ,𝛼𝛼(Χ)
�‖𝑓𝑓‖𝑝𝑝 ,𝛼𝛼(𝑁𝑁(𝑡𝑡 ,.))�𝑝𝑝 ,𝛼𝛼(Χ)

 

 
                                              ≤ ‖𝜓𝜓(𝑡𝑡, . )𝑝𝑝‖𝑝𝑝 ,𝛼𝛼(Χ)‖𝑓𝑓‖𝑝𝑝 ,𝛼𝛼(Χ) ≤ 𝑠𝑠𝑝𝑝‖𝑓𝑓‖𝑝𝑝 ,𝛼𝛼(Χ). 
 
Lemma2.5: [2] If 𝑓𝑓 is bounded measurable function on[𝑎𝑎,𝑏𝑏],𝑎𝑎, 𝑏𝑏 ∈ 𝑅𝑅, then: 
 

�𝑓𝑓(𝑥𝑥)𝑑𝑑𝑥𝑥 ≈
𝑏𝑏

𝑎𝑎

(𝑏𝑏 − 𝑎𝑎)𝑜𝑜−1 �𝑓𝑓(𝑥𝑥𝑖𝑖) 𝑤𝑤ℎ𝑒𝑒𝑟𝑟𝑒𝑒 𝑥𝑥𝑖𝑖 = 𝑎𝑎 + 1
2𝑜𝑜

(𝑏𝑏−𝑎𝑎)(2𝑖𝑖−1).

𝑜𝑜

𝑖𝑖=1

 

 
Lemma2.6: [3] Let 𝑚𝑚 𝑎𝑎𝑜𝑜𝑑𝑑 𝛿𝛿 be any number such that 𝑚𝑚𝛿𝛿 ≤ 1

4 then for 𝑓𝑓 ∈ 𝐿𝐿𝑝𝑝 ,𝛼𝛼  we get:         

‖𝑓𝑓‖𝑚𝑚𝛿𝛿 ,𝑝𝑝 ,𝛼𝛼
Φ ≤ 𝑠𝑠𝑝𝑝𝑚𝑚

2𝑑𝑑
𝑝𝑝 ‖𝑓𝑓‖𝛿𝛿 ,𝑝𝑝 ,𝛼𝛼

Φ . 
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Lemma 2.7: [1] Suppose that 𝑥𝑥 ∈ 𝑋𝑋 = [−1,1]𝑑𝑑 , 0 ≤ 𝑡𝑡 ≤ 1

2
 𝑎𝑎𝑜𝑜𝑑𝑑 𝑁𝑁 = [2𝜋𝜋 𝑡𝑡⁄ ] then: 

 
�̀�𝑋𝑗𝑗 ⊂ 𝑁𝑁(𝑡𝑡, 𝑥𝑥), 𝑥𝑥 ∈ 𝑋𝑋𝑗𝑗  
 
We can write the local norm  ‖𝑓𝑓‖𝛿𝛿 ,𝑝𝑝 ,𝛼𝛼

𝛷𝛷   of the unbounded functions f with form globally norm    ‖𝑓𝑓𝛿𝛿‖𝑝𝑝 ,𝛼𝛼(Χ) as the 
following: 
 
‖𝑓𝑓‖𝛿𝛿 ,𝑝𝑝 ,𝛼𝛼

𝛷𝛷 = ‖𝑓𝑓‖𝛿𝛿 ,𝑝𝑝 ,𝛼𝛼(Χ)
𝛷𝛷 = �‖𝑓𝑓‖∞,𝑁𝑁(𝛿𝛿 ,.)�𝑝𝑝 ,𝛼𝛼(Χ)

= ‖𝑓𝑓𝛿𝛿‖𝑝𝑝 ,𝛼𝛼(Χ) 
 
where  𝑓𝑓𝛿𝛿(Χ) = 𝑠𝑠𝑠𝑠𝑝𝑝{|𝑓𝑓(𝑡𝑡)|: 𝑡𝑡 ∈ 𝑁𝑁(𝛿𝛿, 𝑥𝑥}.    
 
Also, we can define  𝑁𝑁(𝛿𝛿, 𝑥𝑥)𝜎𝜎  as the following: 
 
𝑁𝑁(𝛿𝛿, 𝑥𝑥)𝜎𝜎 = 𝑁𝑁(𝜓𝜓(𝛿𝛿, 𝑥𝑥), 𝑥𝑥)𝜎𝜎 = � 𝑁𝑁(𝜓𝜓(𝛿𝛿, 𝑥𝑥𝑠𝑠), 𝑥𝑥𝑠𝑠)

𝑠𝑠:𝜎𝜎𝑠𝑠=1

 

                = 𝑁𝑁(𝜓𝜓(𝛿𝛿, 𝑥𝑥1), 𝑥𝑥1) … …𝑁𝑁(𝜓𝜓(𝛿𝛿, 𝑥𝑥𝑑𝑑), 𝑥𝑥𝑑𝑑)             
                                                                                                                 
Also, 𝜓𝜓(𝛿𝛿, 𝑥𝑥)𝜎𝜎 = ∏ 𝜓𝜓(𝛿𝛿, 𝑥𝑥𝑠𝑠) = ∏ 𝜓𝜓(𝛿𝛿, 𝑥𝑥𝑠𝑠)𝑑𝑑

𝑠𝑠=1𝑠𝑠 . 
 
3. MAIN RESULTS 
 
Now, we prove the following theorem where 𝑥𝑥  is a single variable that is 𝑥𝑥 ∈ [0,1] 
 
Theorem 3.1:  Suppose that 𝑃𝑃𝑜𝑜 ∈ 𝑷𝑷𝑜𝑜  then: 
‖𝑃𝑃𝑜𝑜‖𝛿𝛿 ,𝑝𝑝 ,𝛼𝛼

Φ ≤ 𝑠𝑠𝑝𝑝[1 + max(𝑜𝑜𝛿𝛿,𝑜𝑜2𝛿𝛿2)
1
𝑝𝑝‖𝑃𝑃𝑜𝑜‖𝑝𝑝 ,𝛼𝛼  Where  1 ≤ 𝑝𝑝 ≤ ∞ 

 
Proof: We shall the use the following equality:      
                                                                                                                                      
𝑃𝑃𝑜𝑜(𝑡𝑡) − 𝑃𝑃𝑜𝑜(𝑥𝑥) = ∫ �̀�𝑃𝑜𝑜(𝑠𝑠)𝑑𝑑𝑠𝑠𝑡𝑡

𝑥𝑥  ,    𝑥𝑥, 𝑡𝑡 ∈ Χ 
 
So,�‖𝑃𝑃𝑜𝑜‖𝛿𝛿 ,𝑝𝑝 ,𝛼𝛼

Φ − ‖𝑃𝑃𝑜𝑜‖𝑝𝑝 ,𝛼𝛼 � ≤ [∫Χ(∫N(x,δ)(𝑃𝑃�̀�𝑜(𝑠𝑠)𝑑𝑑𝑠𝑠)𝑝𝑝𝜔𝜔𝛼𝛼
𝑝𝑝(𝑥𝑥)𝑑𝑑𝑥𝑥]

1
𝑝𝑝  

 
                                        ≤ [𝑠𝑠1∫Χ

1
[𝑁𝑁(𝑥𝑥 ,𝛿𝛿)]𝑝𝑝

∫[N(𝑥𝑥 ,𝛿𝛿)]𝑝𝑝 (𝛿𝛿Φ(𝑠𝑠) + 𝛿𝛿2)𝑝𝑝(𝑃𝑃�̀�𝑜(𝑠𝑠)𝑑𝑑𝑠𝑠)𝑝𝑝𝜔𝜔𝛼𝛼
𝑝𝑝(𝑥𝑥)𝑑𝑑𝑥𝑥]

1
𝑝𝑝  

 

                                        ≤ 𝑠𝑠1

1
𝑝𝑝 [�𝛿𝛿Φ(𝑠𝑠)+𝛿𝛿2

N(x,δ)
�
𝑝𝑝

]
1
𝑝𝑝 [∫Χ[𝑃𝑃�̀�𝑜(𝑥𝑥)]𝑝𝑝𝜔𝜔𝛼𝛼

𝑝𝑝(𝑥𝑥)𝑑𝑑𝑥𝑥]
1
𝑝𝑝  

 
                                        ≤ 𝑠𝑠𝑝𝑝�(𝛿𝛿Φ + 𝛿𝛿2)𝑃𝑃�̀�𝑜(𝑥𝑥)�

𝑝𝑝 ,𝛼𝛼
 

 
                                        ≤ 𝑠𝑠𝑝𝑝[𝛿𝛿�Φ𝑃𝑃�̀�𝑜�𝑝𝑝 ,𝛼𝛼

+ 𝛿𝛿2�𝑃𝑃�̀�𝑜�𝑝𝑝 ,𝛼𝛼
] 

 
                                        ≤ [max(𝑜𝑜𝛿𝛿,𝑜𝑜2𝛿𝛿2)]‖𝑃𝑃𝑜𝑜‖𝑝𝑝 ,𝛼𝛼  
 
                                        = [1 + 𝑚𝑚𝑎𝑎𝑥𝑥(𝑜𝑜𝛿𝛿,𝑜𝑜2𝛿𝛿2)]‖𝑃𝑃𝑜𝑜‖𝑝𝑝 ,𝛼𝛼  
 
Then:  ‖𝑃𝑃𝑜𝑜‖𝛿𝛿 ,𝑝𝑝 ,𝛼𝛼

Φ ≤ 𝑠𝑠𝑝𝑝[1 + max(𝑜𝑜𝛿𝛿,𝑜𝑜2𝛿𝛿2)
1
𝑝𝑝‖𝑃𝑃𝑜𝑜‖𝑝𝑝 ,𝛼𝛼  where  1 ≤ 𝑝𝑝 ≤ ∞.  

 
Now, we shall prove same theorem where 𝑥𝑥 is multivariable that is  𝑥𝑥 ∈ [−1,1]𝑑𝑑  
 
Theorem 3.2: Suppose that 𝑃𝑃𝑜𝑜 ∈ 𝑷𝑷𝑜𝑜𝑑𝑑 then: 
‖𝑃𝑃𝑜𝑜‖𝛿𝛿 ,𝑝𝑝 ,𝛼𝛼

Φ ≤ 𝑠𝑠𝑑𝑑 [1 + max(𝑜𝑜𝛿𝛿,𝑜𝑜2𝛿𝛿2)
1
𝑝𝑝‖𝑃𝑃𝑜𝑜‖𝑝𝑝 ,𝛼𝛼  Where  1 ≤ 𝑝𝑝 ≤ ∞ 

 
Proof: We shall us the following equality:  

𝑃𝑃(𝑡𝑡) − 𝑃𝑃(𝑥𝑥) = � � 𝐷𝐷𝛼𝛼𝑃𝑃𝑜𝑜(𝑥𝑥(1−𝛼𝛼) + 𝑠𝑠(𝛼𝛼))𝑑𝑑𝑠𝑠(𝛼𝛼)

𝑡𝑡 (𝛼𝛼)

𝑥𝑥(𝛼𝛼)𝛼𝛼 ,|𝛼𝛼 |≥1
𝛼𝛼𝑠𝑠=0,1
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By using lemmas (2.3) and (2.4) we get:  
   
�‖𝑃𝑃𝑜𝑜‖𝛿𝛿 ,𝑝𝑝 ,𝛼𝛼

Φ − ‖𝑃𝑃𝑜𝑜‖𝑝𝑝 ,𝛼𝛼 � ≤ [∫Χ|𝑃𝑃𝑜𝑜(𝜉𝜉𝑥𝑥) − 𝑃𝑃𝑜𝑜(𝑥𝑥)|𝑝𝑝𝜔𝜔𝛼𝛼
𝑝𝑝(𝑥𝑥)𝑑𝑑𝑥𝑥]

1
𝑝𝑝  

 
                                   ≤ [∫Χ �∑ ∫N(𝑥𝑥 ,𝛿𝛿)𝛼𝛼𝐷𝐷

𝛼𝛼𝑃𝑃𝑜𝑜(𝑥𝑥(1−𝛼𝛼) + 𝑠𝑠(𝛼𝛼))𝑑𝑑𝑠𝑠(𝛼𝛼)
|𝛼𝛼 |≥1 �

𝑝𝑝
𝜔𝜔𝛼𝛼
𝑝𝑝(𝑥𝑥)𝑑𝑑𝑥𝑥 ]

1
𝑝𝑝  

 

                                   ≤ �𝑠𝑠1 ∑ ∫Χ
1

[N(𝑥𝑥 ,𝛿𝛿)𝛼𝛼 ]𝑝𝑝
∫N(𝑥𝑥 ,𝛿𝛿)𝛼𝛼|𝛼𝛼 |≥1 ([𝛿𝛿Φ(𝑠𝑠)𝛼𝛼 + 𝛿𝛿2]𝑝𝑝�𝐷𝐷𝛼𝛼𝑃𝑃𝑜𝑜�𝑥𝑥(1−𝛼𝛼) + 𝑠𝑠(𝛼𝛼)�𝑑𝑑𝑠𝑠(𝛼𝛼)�𝑝𝑝𝜔𝜔𝛼𝛼

𝑝𝑝(𝑥𝑥)𝑑𝑑𝑥𝑥�
1
𝑝𝑝
 

 

                                   ≤ 𝑠𝑠1

1
𝑝𝑝 [(𝛿𝛿Φ(𝑠𝑠)(𝛼𝛼)+𝛿𝛿2

N(𝑥𝑥 ,𝛿𝛿)
)𝑝𝑝𝛼𝛼 ]

1
𝑝𝑝 [∫Χ(𝐷𝐷𝛼𝛼𝑃𝑃𝑜𝑜(𝑥𝑥(1−𝛼𝛼) + 𝑠𝑠(𝛼𝛼))𝑑𝑑𝑠𝑠(𝛼𝛼))𝑝𝑝𝜔𝜔𝛼𝛼

𝑝𝑝(𝑥𝑥)𝑑𝑑𝑥𝑥]
1
𝑝𝑝  

 
                                   ≤ 𝑠𝑠𝑝𝑝 ∑ [∫Χ|𝐷𝐷𝛼𝛼𝑃𝑃𝑜𝑜(𝑥𝑥)|𝑝𝑝[𝛿𝛿Φ(𝑥𝑥) + 𝛿𝛿2]𝛼𝛼𝜔𝜔𝛼𝛼

𝑝𝑝(𝑥𝑥)𝑑𝑑𝑥𝑥]
1
𝑝𝑝|𝛼𝛼 |≥1  

 
                                   ≤ 𝑠𝑠𝑝𝑝 ∑ ‖[𝛿𝛿Φ(𝑥𝑥) + 𝛿𝛿2]𝛼𝛼𝐷𝐷𝛼𝛼𝑝𝑝𝑜𝑜‖𝑝𝑝 ,𝛼𝛼|𝛼𝛼 |≥1  
 
                                   ≤ 𝑠𝑠𝑝𝑝 ∑ [𝛿𝛿|𝛼𝛼 |‖Φ𝛼𝛼𝐷𝐷𝛼𝛼𝑝𝑝𝑜𝑜‖𝑝𝑝 ,𝛼𝛼 + 𝛿𝛿2|𝛼𝛼|‖𝐷𝐷𝛼𝛼𝑃𝑃𝑜𝑜‖𝑝𝑝 ,𝛼𝛼 ]|𝛼𝛼 |≥1  
 
                                   ≤ 𝑠𝑠𝑝𝑝 ∑ [max(𝑜𝑜𝛿𝛿,𝑜𝑜2𝛿𝛿2)]|𝛼𝛼 |

|𝛼𝛼 |≥1 ‖𝑃𝑃𝑜𝑜‖𝑝𝑝 ,𝛼𝛼  
 
                                   ≤ 𝑠𝑠𝑝𝑝[(1 + max(𝑜𝑜𝛿𝛿,𝑜𝑜2𝛿𝛿2))𝑑𝑑 − 1]‖𝑃𝑃𝑜𝑜‖𝑝𝑝 ,𝛼𝛼  
 
So, ‖𝑃𝑃𝑜𝑜‖𝛿𝛿 ,𝑝𝑝 ,𝛼𝛼

Φ ≤ 𝑠𝑠𝑝𝑝[1 + max(𝑜𝑜𝛿𝛿,𝑜𝑜2𝛿𝛿2)
1
𝑝𝑝‖𝑃𝑃𝑜𝑜‖𝑝𝑝 ,𝛼𝛼  where  1 ≤ 𝑝𝑝 ≤ ∞ . 

 
By using theorem 3.2 we get the following corollary: 
 
Corollary 3.3: Suppose that 𝑃𝑃𝑜𝑜 ∈ 𝑷𝑷𝑜𝑜𝑑𝑑  then:  
 
‖𝑃𝑃𝑜𝑜‖𝑝𝑝 ,𝛼𝛼(Χ) ≤ ‖𝑃𝑃𝑜𝑜‖𝑝𝑝 ,𝛼𝛼(Χ)

Φ ≤ 𝑠𝑠𝑑𝑑‖𝑃𝑃𝑜𝑜‖𝑝𝑝 ,𝛼𝛼(Χ) 
 
Theorem 3.4: For any function 𝑓𝑓 on 𝑋𝑋 = [−1,1]𝑑𝑑  
 
𝑄𝑄𝑜𝑜−(𝑓𝑓, 𝑥𝑥) ≤ 𝑓𝑓(𝑥𝑥) ≤ 𝑄𝑄𝑜𝑜+(𝑓𝑓, 𝑥𝑥) 
 
Proof: Let 𝑥𝑥 ∈ Χ = [−1,1]𝑑𝑑  and by using lemma (2.1) we get: 
𝑄𝑄𝑜𝑜+(𝑓𝑓, 𝑥𝑥) = 𝑃𝑃𝑜𝑜(𝑥𝑥) + �Φ𝑗𝑗 ,𝑚𝑚(𝑥𝑥)‖𝑓𝑓(𝑥𝑥) − 𝑃𝑃𝑜𝑜(𝑥𝑥)‖∞(Χ𝑗𝑗 )

𝑗𝑗∈𝑍𝑍

 

 
               ≥ 𝑃𝑃𝑜𝑜(𝑥𝑥) + ‖𝑓𝑓(𝑥𝑥) − 𝑃𝑃𝑜𝑜(𝑥𝑥)‖∞(Χ𝑗𝑗 ) 
 
               ≥ 𝑃𝑃𝑜𝑜(𝑥𝑥) + |𝑓𝑓(𝑥𝑥) − 𝑃𝑃𝑜𝑜(𝑥𝑥)| = 𝑓𝑓(𝑥𝑥). 
 
𝑄𝑄𝑜𝑜−(𝑓𝑓, 𝑥𝑥) = 𝑃𝑃𝑜𝑜(𝑥𝑥) −�Φ𝑗𝑗 ,𝑚𝑚(𝑥𝑥)‖𝑓𝑓(𝑥𝑥) − 𝑃𝑃𝑜𝑜(𝑥𝑥)‖∞(Χ𝑗𝑗 )

𝑗𝑗∈𝑍𝑍

 

 
               ≤ 𝑃𝑃𝑜𝑜(𝑥𝑥) − ‖𝑓𝑓 − 𝑃𝑃𝑜𝑜(𝑥𝑥)‖∞(Χ𝑗𝑗 ) 
 
               ≤ 𝑃𝑃𝑜𝑜(𝑥𝑥) − |𝑓𝑓(𝑥𝑥) − 𝑃𝑃𝑜𝑜(𝑥𝑥)| = 𝑓𝑓(𝑥𝑥) 
 
So,  𝑄𝑄𝑜𝑜−(𝑓𝑓, 𝑥𝑥) ≤ 𝑓𝑓(𝑥𝑥) ≤ 𝑄𝑄𝑜𝑜+(𝑓𝑓, 𝑥𝑥) . 
 
Theorem 3.5: Suppose that 𝑓𝑓 ∈ 𝐿𝐿∞,𝛼𝛼(Χ ) then: 
  
𝐸𝐸𝑜𝑜~(𝑓𝑓)𝑝𝑝 ,𝛼𝛼 ≤ 𝑠𝑠𝑑𝑑𝐸𝐸𝑜𝑜(𝑓𝑓)1 𝑜𝑜 ,𝛼𝛼 ,𝑝𝑝⁄

Φ ≤ 𝑠𝑠𝑑𝑑𝐸𝐸𝑜𝑜~(𝑓𝑓)𝑝𝑝 ,𝛼𝛼  
 
Proof: Suppose that 𝑃𝑃𝑜𝑜+,𝑃𝑃𝑜𝑜− ∈ 𝑷𝑷𝑜𝑜𝑑𝑑   such that  𝑝𝑝𝑜𝑜− ≤ 𝑓𝑓(𝑥𝑥) ≤ 𝑝𝑝𝑜𝑜+ , 𝑥𝑥 ∈ 𝑋𝑋 
 
And  𝐸𝐸𝑜𝑜~(𝑓𝑓)𝑝𝑝 ,𝛼𝛼 = ‖𝑃𝑃𝑜𝑜+ − 𝑃𝑃𝑜𝑜−‖𝑝𝑝 ,𝛼𝛼  
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So by using corollary (3.3)  
 
𝐸𝐸𝑜𝑜(𝑓𝑓)1 𝑜𝑜 ,𝛼𝛼 ,𝑝𝑝⁄

Φ ≤ 𝐸𝐸𝑜𝑜~(𝑓𝑓)1 𝑜𝑜 ,𝛼𝛼 ,𝑝𝑝⁄
Φ ≤ ‖𝑃𝑃𝑜𝑜+ − 𝑃𝑃𝑜𝑜−‖1 𝑜𝑜 ,⁄ 𝑝𝑝 ,𝛼𝛼

Φ ≤ 𝑠𝑠𝑝𝑝‖𝑃𝑃𝑜𝑜+ − 𝑃𝑃𝑜𝑜−‖𝑝𝑝 ,𝛼𝛼  
 
                      =𝑠𝑠𝑝𝑝𝐸𝐸𝑜𝑜~(𝑓𝑓)𝑝𝑝 ,𝛼𝛼  
 
Then: 𝐸𝐸𝑜𝑜(𝑓𝑓)1 𝑜𝑜 ,𝛼𝛼 ,𝑝𝑝⁄

Φ ≤ 𝑠𝑠𝑑𝑑𝐸𝐸𝑜𝑜~(𝑓𝑓)𝑝𝑝 ,𝛼𝛼  
 
Also by using lemmas (2.2), (2.6), (2.7) and theorem (3.5), we get: 
 

𝐸𝐸𝑜𝑜~(𝑓𝑓)𝑝𝑝 ,𝛼𝛼 ≤ ‖𝑄𝑄𝑜𝑜+ − 𝑄𝑄𝑜𝑜−‖𝑝𝑝 ,𝛼𝛼 = 2��Φ𝑗𝑗 ,𝑚𝑚(𝑥𝑥)‖𝑓𝑓 − 𝑃𝑃𝑜𝑜‖∞�Χ𝑗𝑗 �
𝑗𝑗∈𝑍𝑍

�

𝑝𝑝 ,𝛼𝛼

 

                ≤ 𝑠𝑠 �∑ �𝑍𝑍𝑗𝑗 − 𝑍𝑍𝑗𝑗−1�‖𝑓𝑓 − 𝑃𝑃𝑜𝑜‖∞�Χ𝑗𝑗 �
𝑝𝑝

𝑗𝑗∈𝑍𝑍 �
1
𝑝𝑝  

 

                ≤  𝑠𝑠 �∑ ∫Χ𝑗𝑗 ‖𝑓𝑓 − 𝑃𝑃𝑜𝑜‖∞�Χ𝑗𝑗 �
𝑝𝑝

𝑗𝑗∈𝑍𝑍 𝑑𝑑𝑥𝑥�
1
𝑝𝑝  

 

                ≤  𝑠𝑠 �∑ ∫Χ𝑗𝑗 ‖𝑓𝑓 − 𝑝𝑝𝑜𝑜‖∞,(𝑁𝑁(2𝜋𝜋 𝑚𝑚−1,𝑥𝑥⁄ )
𝑝𝑝

𝑗𝑗∈𝑍𝑍 𝑑𝑑𝑥𝑥�
1
𝑝𝑝  

 

                ≤  𝑠𝑠 �∑ ∫𝑋𝑋‖𝑓𝑓 − 𝑝𝑝𝑜𝑜‖∞,(𝑁𝑁(2𝜋𝜋 𝑚𝑚−1,𝑥𝑥⁄ )
𝑝𝑝

𝑗𝑗∈𝑍𝑍 𝑑𝑑𝑥𝑥�
1
𝑝𝑝  

 
                ≤ 𝑠𝑠𝑝𝑝‖𝑓𝑓 − 𝑝𝑝𝑜𝑜‖1 𝑜𝑜 ,⁄ 𝑝𝑝 ,𝛼𝛼

Φ  
 
                = 𝑠𝑠𝑝𝑝𝐸𝐸𝑜𝑜(𝑓𝑓)1 𝑜𝑜 ,⁄ 𝑝𝑝 ,𝛼𝛼

Φ  
 
So, 𝐸𝐸𝑜𝑜~(𝑓𝑓)𝑝𝑝 ,𝛼𝛼 ≤ 𝑠𝑠𝑝𝑝𝐸𝐸𝑜𝑜(𝑓𝑓)1 𝑜𝑜 ,𝛼𝛼 ,𝑝𝑝⁄

Φ ≤ 𝑠𝑠𝑝𝑝𝐸𝐸𝑜𝑜~(𝑓𝑓)𝑝𝑝 ,𝛼𝛼  . 
 
Theorem 3.6: Suppose that 𝑓𝑓 ∈ 𝐿𝐿𝑝𝑝 ,𝛼𝛼(𝑋𝑋) such that  1 ≤ 𝑝𝑝 ≤ ∞and 𝑙𝑙𝑒𝑒𝑡𝑡 
 
∑ 𝑉𝑉2𝑑𝑑 𝑝𝑝−1⁄∞
𝑣𝑣=1 𝐸𝐸𝑣𝑣(𝑓𝑓)𝑝𝑝 ,𝛼𝛼 < ∞, and let 𝑓𝑓 = 𝐹𝐹 almost 

 
everywhere then:𝐸𝐸𝑜𝑜~(𝑓𝑓)𝑝𝑝 ,𝛼𝛼 ≤ 𝑠𝑠𝑝𝑝𝑜𝑜−2𝑑𝑑 𝑝𝑝⁄ ∑ 𝑉𝑉2𝑑𝑑 𝑝𝑝−1⁄∞

𝑣𝑣=1 𝐸𝐸𝑣𝑣(𝑓𝑓)𝑝𝑝 ,𝛼𝛼 . 
 
Proof: Since 𝐸𝐸𝑣𝑣(𝑓𝑓)𝑝𝑝 ,𝛼𝛼 = ‖𝑓𝑓 − 𝑄𝑄𝑣𝑣‖𝑝𝑝 ,𝛼𝛼(𝑋𝑋) ,𝑣𝑣 = 0,1,2 … … .. 
 
Since for 𝑜𝑜 ∈ 𝑁𝑁,∑ (𝑄𝑄𝑜𝑜 .2 − 𝑄𝑄𝑜𝑜 .2𝑣𝑣−1 ) = 𝑄𝑄𝑜𝑜 .2𝑁𝑁  − 𝑄𝑄𝑜𝑜𝑚𝑚

𝑣𝑣=1  
 
And since 𝐹𝐹 = 𝑓𝑓almost everywhere  
 
So, ‖𝐹𝐹 − 𝑄𝑄𝑜𝑜 .2𝑣𝑣−1‖∞,𝛼𝛼(𝑋𝑋)⟶0( 𝑎𝑎𝑠𝑠  𝑁𝑁⟶∞) 
 
And, 𝐹𝐹 − 𝑄𝑄𝑜𝑜(𝑥𝑥) = ∑ (𝑄𝑄𝑜𝑜 .2 − 𝑄𝑄𝑜𝑜 .2𝑣𝑣−1 )∞

𝑣𝑣=1  
 
Then by using theorems (3.2) and (3.5) we get: 
 
𝐸𝐸𝑣𝑣~(𝑓𝑓)𝑝𝑝 ,𝛼𝛼 ≤ 𝑠𝑠𝑝𝑝𝐸𝐸𝑜𝑜(𝑓𝑓)1 𝑜𝑜 ,𝛼𝛼 ,𝑝𝑝⁄

Φ = 𝑠𝑠𝑝𝑝𝐸𝐸𝑜𝑜(𝐹𝐹 − 𝑄𝑄𝑜𝑜)1 𝑜𝑜 ,𝛼𝛼 ,𝑝𝑝⁄
Φ  

 
                ≤ 𝑠𝑠𝑝𝑝‖𝐹𝐹 − 𝑄𝑄𝑜𝑜‖1 𝑜𝑜 ,⁄ 𝑝𝑝 ,𝛼𝛼

Φ  
 
                ≤ 𝑠𝑠𝑝𝑝 ∑ ‖𝑄𝑄𝑜𝑜 .2𝑣𝑣 − 𝑄𝑄𝑜𝑜 .2𝑣𝑣−1‖1 𝑜𝑜 ,⁄ 𝑝𝑝 ,𝛼𝛼

Φ∞
𝑣𝑣=1  

 

                ≤ 𝑠𝑠𝑝𝑝 ∑ 𝑠𝑠𝑝𝑝(2𝑣𝑣)
2𝑑𝑑
𝑝𝑝 ‖𝑄𝑄𝑜𝑜 .2𝑣𝑣 − 𝑄𝑄𝑜𝑜 .2𝑣𝑣−1‖𝑝𝑝 ,𝛼𝛼

∞
𝑣𝑣=1  

 
                ≤ 𝑠𝑠𝑝𝑝 ∑ 22𝑣𝑣𝑑𝑑 𝑝𝑝⁄∞

𝑣𝑣=1 [𝐸𝐸𝑜𝑜 .2𝑣𝑣(𝑓𝑓)𝑝𝑝 ,𝛼𝛼 + 𝐸𝐸𝑜𝑜 .2𝑣𝑣−1 (𝑓𝑓)𝑝𝑝 ,𝛼𝛼 ] 
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                ≤ 𝑠𝑠𝑝𝑝𝑜𝑜−2𝑑𝑑 𝑝𝑝⁄ ∑ (2𝑣𝑣 .𝑜𝑜)2𝑑𝑑 𝑝𝑝⁄∞

𝑣𝑣=1 [𝐸𝐸𝑜𝑜 .2𝑣𝑣(𝑓𝑓)𝑝𝑝 ,𝛼𝛼 + 𝐸𝐸𝑜𝑜 .2𝑣𝑣−1 (𝑓𝑓)𝑝𝑝 ,𝛼𝛼 ] 
 
                ≤ 𝑠𝑠𝑝𝑝𝑜𝑜−2𝑑𝑑 𝑝𝑝⁄ ∑ 𝑣𝑣2𝑑𝑑 𝑝𝑝⁄ −1𝐸𝐸𝑜𝑜(𝑓𝑓)𝑝𝑝 ,𝛼𝛼

∞
𝑣𝑣=𝑜𝑜  . 

 
Before we prove direct theorem of best one-sided approximation in weight space we shall refer to same theorem of best 
approximation in weight space by using 𝐵𝐵𝑜𝑜(𝑓𝑓, 𝑥𝑥)-operator, where 𝑥𝑥 is single variable. 
 
Theorem 3.7: [4] Let 𝑓𝑓 ∈ 𝐿𝐿𝑝𝑝 ,𝛼𝛼(𝑋𝑋)(single case)then ‖𝑓𝑓(𝑥𝑥) − 𝐵𝐵𝑜𝑜(𝑓𝑓, 𝑥𝑥)‖𝑝𝑝 ,𝛼𝛼 ≤ 𝑠𝑠𝜔𝜔2

𝜑𝜑(𝑓𝑓, 𝑥𝑥, 𝛿𝛿)𝑝𝑝 ,𝛼𝛼 + 𝜏𝜏2
𝜑𝜑(𝑓𝑓, 𝛿𝛿)𝑝𝑝 ,𝛼𝛼  

where 𝐵𝐵𝑜𝑜(𝑓𝑓, 𝑥𝑥)is Bernstein Polynomial of . 
 
Theorem 3.8: (Direct Theorem of onesided approximation in single case) Let 𝑓𝑓 be any function on [0, 1] and let:  
𝑄𝑄𝑜𝑜∓(𝑓𝑓, 𝑥𝑥) = 𝑃𝑃𝑜𝑜 + Φ𝑚𝑚(𝑥𝑥)‖𝑓𝑓 − 𝑃𝑃𝑜𝑜‖∞(𝑋𝑋) be an operator (where 𝑝𝑝𝑜𝑜  is a best approximation of 𝑓𝑓) then 
 
𝐸𝐸𝑜𝑜~(𝑓𝑓)𝑝𝑝 ,𝛼𝛼 ≤ 𝑠𝑠𝜔𝜔2

𝜑𝜑(𝑓𝑓, 𝑥𝑥, 𝛿𝛿)𝑝𝑝 ,𝛼𝛼 + 𝜏𝜏2
𝜑𝜑(𝑓𝑓, 𝛿𝛿)𝑝𝑝 ,𝛼𝛼 . 

 
Proof: By using lemma (2.5) and (3.5) and (3.7) we get: 
 
𝐸𝐸𝑜𝑜~(𝑓𝑓)𝑝𝑝 ,𝛼𝛼 ≤ 𝑠𝑠𝑝𝑝𝐸𝐸𝑜𝑜(𝑓𝑓)1 𝑜𝑜 ,𝑝𝑝 ,𝛼𝛼⁄

Φ ≤ 𝑠𝑠𝑝𝑝𝐸𝐸𝑜𝑜~(𝑓𝑓)𝑝𝑝 ,𝛼𝛼  
 
𝑇𝑇ℎ𝑒𝑒𝑜𝑜 ∶  𝐸𝐸𝑜𝑜~(𝑓𝑓)𝑝𝑝 ,𝛼𝛼 ≤ 𝑠𝑠𝑝𝑝𝐸𝐸𝑜𝑜(𝑓𝑓)1 𝑜𝑜 ,𝑝𝑝 ,𝛼𝛼⁄

Φ  
 
Since ∫ 𝑓𝑓(𝑥𝑥)𝑑𝑑𝑥𝑥 ≈ (𝑏𝑏−𝑎𝑎)

𝑜𝑜
∑ 𝑓𝑓(𝑥𝑥𝑖𝑖) 𝑤𝑤ℎ𝑒𝑒𝑟𝑟𝑒𝑒 𝑥𝑥𝑖𝑖 = 𝑎𝑎 + 1

2𝑜𝑜 (𝑏𝑏−𝑎𝑎)(2𝑖𝑖−1).𝑜𝑜
𝑖𝑖=1

𝑏𝑏
𝑎𝑎  

 

So, we have (𝑏𝑏−𝑎𝑎
𝑜𝑜
∑ (𝑓𝑓𝑝𝑝(𝑥𝑥𝑖𝑖)𝜔𝜔𝛼𝛼𝑝𝑝(𝑥𝑥𝑖𝑖))𝑜𝑜
𝑖𝑖=1

1
𝑝𝑝 ≈ (∫ (𝑓𝑓𝑝𝑝(𝑥𝑥)𝜔𝜔𝛼𝛼𝑝𝑝

𝑏𝑏
𝑎𝑎 (𝑥𝑥)𝑑𝑑𝑥𝑥)

1
𝑝𝑝  

 

That is (𝑏𝑏−𝑎𝑎
𝑜𝑜
∑ �𝑓𝑓𝑝𝑝(𝑥𝑥𝑖𝑖)𝜔𝜔𝛼𝛼𝑝𝑝(𝑥𝑥𝑖𝑖)�𝑜𝑜
𝑖𝑖=1

1
𝑝𝑝 ≤ 𝑠𝑠𝑝𝑝 �∫ (𝑓𝑓𝑝𝑝(𝑥𝑥)𝜔𝜔𝛼𝛼𝑝𝑝

𝑏𝑏
𝑎𝑎 (𝑥𝑥)𝑑𝑑𝑥𝑥�

1
𝑝𝑝Then, ‖𝑓𝑓‖1 𝑜𝑜⁄ ,𝑝𝑝 ,𝛼𝛼 ≤ 𝑠𝑠𝑝𝑝‖𝑓𝑓‖𝑝𝑝 ,𝛼𝛼  

 
Thus,  𝐸𝐸𝑜𝑜~(𝑓𝑓)𝑝𝑝 ,𝛼𝛼 ≤ 𝑠𝑠𝑝𝑝𝐸𝐸𝑜𝑜(𝑓𝑓)1 𝑜𝑜 ,𝑝𝑝 ,𝛼𝛼⁄

Φ ≤ 𝑠𝑠𝑝𝑝𝐸𝐸𝑜𝑜(𝑓𝑓)1 𝑜𝑜 ,𝑝𝑝 ,𝛼𝛼⁄ ≤ 𝑠𝑠𝑝𝑝𝑠𝑠𝑝𝑝𝐸𝐸𝑜𝑜(𝑓𝑓)𝑝𝑝 ,𝛼𝛼  
 
So, 𝐸𝐸𝑜𝑜~(𝑓𝑓)𝑝𝑝 ,𝛼𝛼 ≤ 𝑠𝑠𝑝𝑝𝑠𝑠𝑝𝑝𝑠𝑠𝜔𝜔2

𝜑𝜑(𝑓𝑓, 𝑥𝑥, 𝛿𝛿)𝑝𝑝 ,𝛼𝛼 + 𝜏𝜏2
𝜑𝜑(𝑓𝑓, 𝛿𝛿)𝑝𝑝 ,𝛼𝛼 = 𝑠𝑠𝑝𝑝𝑠𝑠𝜔𝜔2

𝜑𝜑(𝑓𝑓, 𝑥𝑥, 𝛿𝛿)𝑝𝑝 ,𝛼𝛼 + 𝜏𝜏2
𝜑𝜑(𝑓𝑓, 𝛿𝛿)𝑝𝑝 ,𝛼𝛼 . 

 
Before, we prove inverse theorem of best one-sided approximation in weight space we shall refer to same theorem of 
best approximation in weight space by using 𝐵𝐵𝑜𝑜(𝑓𝑓, 𝑥𝑥)-operator, where 𝑥𝑥 is single variable. 
 
Theorem 3.9: [4] Let𝑓𝑓 ∈ 𝐿𝐿𝑝𝑝 ,𝛼𝛼(𝑋𝑋)(single case) such that (1≤ 𝑝𝑝 < ∞) then:  
 
𝜏𝜏2
𝜑𝜑(𝑓𝑓,∆,𝑜𝑜−1)𝑝𝑝 ,𝛼𝛼 ≤

1
𝑜𝑜
∑ ‖𝑓𝑓 − 𝐵𝐵𝑘𝑘(𝑓𝑓)‖𝑝𝑝 ,𝛼𝛼
𝑜𝑜
𝑘𝑘=0 . 

 
Theorem 3.10: (Inverse Theorem of one-sided approximation in single case) Let 𝑓𝑓 be any function on [0,1] and let:  
𝑄𝑄𝑜𝑜∓(𝑓𝑓, 𝑥𝑥) = 𝑃𝑃𝑜𝑜 + Φ𝑚𝑚(𝑥𝑥)‖𝑓𝑓 − 𝑃𝑃𝑜𝑜‖∞(𝑋𝑋) be an operator where 𝑃𝑃𝑜𝑜  is a best approximation of 𝑓𝑓  
 

 then: 𝜏𝜏(𝑓𝑓, 1
𝑜𝑜)𝑝𝑝 ,𝛼𝛼 ≤

𝑠𝑠
𝑜𝑜
∑ �

‖𝑓𝑓 − 𝐿𝐿𝑜𝑜‖𝑝𝑝 ,𝛼𝛼 + ‖𝑓𝑓~ − 𝐿𝐿𝑜𝑜‖𝑝𝑝 ,𝛼𝛼  𝑖𝑖𝑓𝑓 𝑝𝑝 = 1,∞
‖𝑓𝑓 − 𝐿𝐿𝑜𝑜‖𝑝𝑝 ,𝛼𝛼         𝑖𝑖𝑓𝑓 1 < 𝑝𝑝 < ∞                    

�𝑜𝑜
𝑠𝑠=0  

 
Proof: By using theorems (3.5) and (3.9) we get: 
 
𝐸𝐸𝑜𝑜~(𝑓𝑓)𝑝𝑝 ,𝛼𝛼 ≤ 𝑠𝑠𝑝𝑝𝐸𝐸𝑜𝑜(𝑓𝑓)1 𝑜𝑜 ,𝛼𝛼 ,𝑝𝑝⁄

Φ ≤ 𝑠𝑠𝑝𝑝𝐸𝐸𝑜𝑜~(𝑓𝑓)𝑝𝑝 ,𝛼𝛼  
 
That is  𝐸𝐸𝑜𝑜~(𝑓𝑓)𝑝𝑝 ,𝛼𝛼 ≤ 𝑠𝑠𝑝𝑝𝐸𝐸𝑜𝑜(𝑓𝑓)1 𝑜𝑜 ,𝛼𝛼 ,𝑝𝑝⁄

Φ  
 
But we have  𝐸𝐸𝑜𝑜(𝑓𝑓)𝑝𝑝 ,𝛼𝛼 ≤ 𝐸𝐸𝑜𝑜(𝑓𝑓)1 𝑜𝑜 ,𝑝𝑝 ,𝛼𝛼⁄

Φ ≤ 𝑠𝑠𝑝𝑝𝐸𝐸𝑜𝑜~(𝑓𝑓)𝑝𝑝 ,𝛼𝛼  
 
Then: 𝐸𝐸𝑜𝑜(𝑓𝑓)𝑝𝑝 ,𝛼𝛼 ≤ 𝑠𝑠𝑝𝑝𝐸𝐸𝑜𝑜~(𝑓𝑓)𝑝𝑝 ,𝛼𝛼  
 
So, ∑ 𝐸𝐸𝑜𝑜(𝑓𝑓)𝑝𝑝 ,𝛼𝛼

𝑁𝑁
𝑖𝑖=1 ≤ 𝑠𝑠𝑝𝑝 ∑ 𝐸𝐸𝑜𝑜~(𝑓𝑓)𝑝𝑝 ,𝛼𝛼

𝑁𝑁
𝑖𝑖=1  

 
Thus: 𝜏𝜏2

𝜑𝜑(𝑓𝑓,∆,𝑜𝑜−1)𝑝𝑝 ,𝛼𝛼 ≤
1
𝑜𝑜
∑ ‖𝑓𝑓 − 𝐵𝐵𝑘𝑘(𝑓𝑓)‖𝑝𝑝 ,𝛼𝛼
𝑜𝑜
𝑘𝑘=0 . 
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Now we discuss the relation between degree of best one-sided approximation of unbounded function𝑓𝑓 anddegree of 
best one-sidedapproximation of its derivative, where 𝑥𝑥 is single variable.   
 
Theorem 3.12: Let𝑓𝑓 ∈ 𝐿𝐿(1)

𝑝𝑝 ,𝛼𝛼  be any function on [0, 1]  (i.e. 𝑓𝑓 𝑎𝑎𝑜𝑜𝑑𝑑 𝑓𝑓 ́ in𝐿𝐿𝑝𝑝 ,𝛼𝛼 )  and let:  
 
𝑄𝑄𝑜𝑜∓(𝑓𝑓, 𝑥𝑥) = 𝑃𝑃𝑜𝑜 + Φ𝑚𝑚(𝑥𝑥)‖𝑓𝑓 − 𝑃𝑃𝑜𝑜‖∞(𝑋𝑋) be an operator where 𝑝𝑝𝑜𝑜  is a best approximation of 𝑓𝑓 then 
 
 𝐸𝐸𝑜𝑜~(�̀�𝑓)𝑝𝑝 ,𝛼𝛼 ≤ 𝑠𝑠𝑝𝑝(4𝑚𝑚 − 2)𝜏𝜏�𝑓𝑓, 1

𝑜𝑜�𝑝𝑝 ,𝛼𝛼
 . 

 
Proof: Since 𝑄𝑄𝑜𝑜−(𝑓𝑓, 𝑥𝑥) ≤ 𝑓𝑓(𝑥𝑥) ≤ 𝑄𝑄𝑜𝑜+(𝑓𝑓, 𝑥𝑥), 𝑥𝑥 ∈ [0,1] Then one of the cases is true:  
 
�̀�𝑄𝑜𝑜−(𝑓𝑓, 𝑥𝑥) ≤ �̀�𝑓(𝑥𝑥) ≤ �̀�𝑄𝑜𝑜+(𝑓𝑓, 𝑥𝑥) , �̀�𝑄𝑜𝑜+(𝑓𝑓, 𝑥𝑥) ≤ �̀�𝑓(𝑥𝑥) ≤ �̀�𝑄𝑜𝑜−(𝑓𝑓, 𝑥𝑥),  �̀�𝑄𝑜𝑜−(𝑓𝑓, 𝑥𝑥) ≤ �̀�𝑄𝑜𝑜+(𝑓𝑓, 𝑥𝑥) ≤ �̀�𝑓(𝑥𝑥) , �̀�𝑓(𝑥𝑥) ≤ �̀�𝑄𝑜𝑜−(𝑓𝑓, 𝑥𝑥) 
                             ≤ �̀�𝑄𝑜𝑜+(𝑓𝑓, 𝑥𝑥),�̀�𝑄𝑜𝑜+(𝑓𝑓, 𝑥𝑥) ≤ �̀�𝑄𝑜𝑜−(𝑓𝑓, 𝑥𝑥) ≤ �̀�𝑓(𝑥𝑥) or�̀�𝑓(𝑥𝑥) ≤ �̀�𝑄𝑜𝑜+(𝑓𝑓, 𝑥𝑥) ≤ �̀�𝑄𝑜𝑜−(𝑓𝑓, 𝑥𝑥). 
 
Where �̀�𝑄𝑜𝑜∓(𝑓𝑓, 𝑥𝑥) = 𝑃𝑃�̀�𝑜 ∓ Φ̀𝑚𝑚(𝑥𝑥)‖𝑓𝑓(𝑥𝑥) − 𝑃𝑃𝑜𝑜‖∞(𝑋𝑋) 
 
If �̀�𝑄𝑜𝑜−(𝑓𝑓, 𝑥𝑥) ≤ �̀�𝑓(𝑥𝑥) ≤ �̀�𝑄𝑜𝑜+(𝑓𝑓, 𝑥𝑥) , �̀�𝑄𝑜𝑜+(𝑓𝑓, 𝑥𝑥) ≤ �̀�𝑓(𝑥𝑥) ≤ �̀�𝑄𝑜𝑜−(𝑓𝑓, 𝑥𝑥) 
 
Then, by similar way of proof of theorem 3.5 and using lemma 2.1(i) and Bernstein inequality we get:  
 
𝐸𝐸𝑜𝑜~(�̀�𝑓)𝑝𝑝 ,𝛼𝛼 ≤ �𝑄𝑄𝑜𝑜+̀ (𝑓𝑓, 𝑥𝑥) − 𝑄𝑄𝑜𝑜−̀ (𝑓𝑓, 𝑥𝑥)�

𝑝𝑝 ,𝛼𝛼
 

 
               = �𝑃𝑃�̀�𝑜 − 𝑃𝑃�̀�𝑜 + 2(Φ̀𝑚𝑚(𝑥𝑥)‖𝑓𝑓(𝑥𝑥) − 𝑃𝑃𝑜𝑜‖∞(𝑋𝑋))�𝑝𝑝 ,𝛼𝛼

 
 
               = 2�Φ̀𝑚𝑚(𝑥𝑥)‖𝑓𝑓(𝑥𝑥) − 𝑃𝑃𝑜𝑜‖∞(𝑋𝑋)�𝑝𝑝 ,𝛼𝛼

 
 
               ≤ 2(4𝑚𝑚− 2)�Φ𝑚𝑚(𝑥𝑥)‖𝑓𝑓(𝑥𝑥) − 𝑃𝑃𝑜𝑜‖∞(𝑋𝑋)�𝑝𝑝 ,𝛼𝛼

 
 

               ≤ 𝑠𝑠1(4𝑚𝑚 − 2) �(1)‖𝑓𝑓(𝑥𝑥) − 𝑃𝑃𝑜𝑜(𝑥𝑥)‖𝑝𝑝∞(𝑋𝑋)�
1
𝑝𝑝  

 

               ≤ 𝑠𝑠1(4𝑚𝑚 − 2)[∫𝑋𝑋(‖𝑓𝑓(𝑥𝑥) − 𝑃𝑃𝑜𝑜(𝑥𝑥)‖𝑝𝑝∞(𝑋𝑋)𝑑𝑑𝑥𝑥)]
1
𝑝𝑝  

 

               ≤  𝑠𝑠1(4𝑚𝑚− 2) �∫𝑋𝑋(‖𝑓𝑓(𝑥𝑥) − 𝑃𝑃𝑜𝑜(𝑥𝑥)‖𝑝𝑝∞,(𝑁𝑁(2𝜋𝜋 𝑚𝑚−1,𝑥𝑥⁄ ))𝑑𝑑𝑥𝑥�
1
𝑝𝑝  

 
               ≤ 𝑠𝑠1(4𝑚𝑚 − 2)‖𝑓𝑓 − 𝑃𝑃𝑜𝑜(𝑥𝑥)‖1 𝑜𝑜 ,⁄ 𝑝𝑝 ,𝛼𝛼

Φ  
 
               = 𝑠𝑠1(4𝑚𝑚− 2)𝐸𝐸𝑜𝑜(𝑓𝑓)1 𝑜𝑜 ,⁄ 𝑝𝑝 ,𝛼𝛼  
 
               ≤  𝑠𝑠1𝑠𝑠𝑝𝑝(4𝑚𝑚 − 2)𝐸𝐸𝑜𝑜(𝑓𝑓)𝑝𝑝 ,𝛼𝛼  
 
               ≤ 𝑠𝑠𝑠𝑠1𝑠𝑠𝑝𝑝(4𝑚𝑚 − 2)𝜏𝜏�𝑓𝑓, 1

𝑜𝑜�𝑝𝑝 ,𝛼𝛼
= 𝑠𝑠𝑝𝑝(4𝑚𝑚− 2)𝜏𝜏�𝑓𝑓, 1

𝑜𝑜�𝑝𝑝 ,𝛼𝛼
. 

 
If �̀�𝑄𝑜𝑜−(𝑓𝑓, 𝑥𝑥) ≤ �̀�𝑄𝑜𝑜+(𝑓𝑓, 𝑥𝑥) ≤ �̀�𝑓(𝑥𝑥) ,�̀�𝑓(𝑥𝑥) ≤ �̀�𝑄𝑜𝑜−(𝑓𝑓, 𝑥𝑥) ≤ �̀�𝑄𝑜𝑜+(𝑓𝑓, 𝑥𝑥) ,�̀�𝑄𝑜𝑜+(𝑓𝑓, 𝑥𝑥) ≤ �̀�𝑄𝑜𝑜−(𝑓𝑓, 𝑥𝑥) ≤ �̀�𝑓(𝑥𝑥)  
or 
�̀�𝑓(𝑥𝑥) ≤ �̀�𝑄𝑜𝑜+(𝑓𝑓, 𝑥𝑥) ≤ �̀�𝑄𝑜𝑜−(𝑓𝑓, 𝑥𝑥). 
 
Then:                                                                                                         
𝐸𝐸𝑜𝑜~(�̀�𝑓)𝑝𝑝 ,𝛼𝛼 = 𝐸𝐸𝑜𝑜(�̀�𝑓)𝑝𝑝 ,𝛼𝛼 ≤ ��̀�𝑓 − �̀�𝑄𝑜𝑜∓(𝑓𝑓, 𝑥𝑥)�

𝑝𝑝 ,𝛼𝛼
≤ 𝑠𝑠𝑝𝑝�𝑓𝑓 − 𝑄𝑄𝑜𝑜∓(𝑓𝑓, 𝑥𝑥)�

𝑝𝑝 ,𝛼𝛼
≤ 𝑠𝑠𝑝𝑝𝜔𝜔�𝑓𝑓,Δ𝑜𝑜(𝑥𝑥)�.                                                

where Δ𝑜𝑜(𝑥𝑥) = max �
�1−𝑥𝑥2

𝑜𝑜
, 1
𝑜𝑜2�  𝑜𝑜 = 1,2, …𝑎𝑎𝑜𝑜𝑑𝑑 Δ0(𝑥𝑥) = 1. 
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