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ABSTRACT 
A mathematical model for oligosaccharide hydrolysis is discussed. This model is based on system of differential 
equations contains a non-linear term related to kinetics of the enzymatic reactions. Homotopy analysis method (HAM) 
is employed to solve the system of reaction equations for the steady-state condition. Simple and approximate analytical 
expressions for concentrations of isomaltohexaose (C6), isomaltotetraose (C4), isomaltotriose (C3) and isomaltose (C2) 
are derived for all values of kinetic constants, (Km and Vmax) and the selectivity coefficient (α ). Furthermore, in this 
work the numerical solution of the problem is also reported using Scilab/Matlab program. The analytical results have 
been extended numerically and are found to be in good agreement in each other. 
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1. INTRODUCTION 
 
Sugar industry has faced severe competition from new sweeteners so-called oligosaccharides. Various oligosaccharides 
such as isomalto- oligosaccharides, soybean- oligosaccharides and fructooligosaccharides are known to be sweeteners 
which are beneficial to human and animal health [1, 2]. Fructooligosaccharides represent one of the major classes of 
bifidogenic oligosaccharides in terms of their production volume. The oligosaccharide introduced so far, 
fructooligosaccharides constitute one of the most popular functional food components in some European countries. A 
chromatographic separation technique and a mixed enzyme system are the two methods for increasing the content of the 
oligosaccharide [3, 4]. Galacto-oligosaccharides (GOS) are non-digestible food ingredients that beneficially affect the 
host by selectively stimulating the proliferation of bifidobacteria, which is considered to be beneficial to human health. 
But, if this acceptor is a water molecule galactose is released through a hydrolysis reaction [5].  
 
The  vast  majority  of  chemical  transformations  inside  cells  are  carried  out  by  proteins called  enzyme. Enzyme is 
often used in a immobilized form in industry for the purpose of repeated or continuous uses. Enzyme –based 
biochemical are attractive for the determination of   agricultural resources.  Recently, it has been  reported  that 
oligosaccarides  having  physiological  activity  can  be  obtained  by the enzymatical  hydrolysis  of  oligosaccardie  
contained  in  agricultural  waste [6].  Several researchers  have  attempted  to  construct  the  mathematical  models  
that  describe  this  consecutive  depolymerization  kinetics  [7-12]. Fujii et al. [8, 9] have proposed a lumped model in 
which all oligomers and polymers other than a monomer were considered together as one substrate. In their model the 
differential equations following Michaelis-Menten kinetics were formulated for each substrate species with the various 
polymerization degrees. Dean and Rollings [7] have extended the mathematical model proposed by Suga et al. [11].   
 
Shibasaki-Kitakawa et al. [13] described the experimental result of the hydrolysis kinetics of oligosaccharide using 
suspended and immobilized enzymes. To our knowledge, no general analytical expressions that describe the 
concentrations of isomaltohexaose (C6), isomaltotetraose (C4), isomaltotriose (C3) and isomaltose (C2) in suspended 
enzyme for various values of the range of system parameters have been reported. However, in general, analytical 
solutions of non-linear differential equations are more important and very useful than purely numerical solutions, as 
they are amenable to various kinds of data manipulation and analysis. For this reason, the analytical expressions 
corresponding to the concentrations of isomaltohexaose, isomaltotetraose, isomaltotriose and isomaltose in suspended 
enzyme are derived using Homotopy analysis method [14-16].  
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2. MATHEMATICAL FORMULATION OF THE PROBLEM  
 
Using Michaelis-Menten kinetics and the selectivity coefficients, the rates of change in the concentration of the 
respective saccharides and enzyme-substrate complex are given as follows [13]: 
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The total concentration of enzyme in the system is 
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where iC  and 

iESC  are the concentration of the saccharides and the enzyme-substrate complex, in the solution 

respectively. The subscript i  is a counter corresponding to the polymerization degree of the saccharides and 1k ,  2k  
and 3k  are the rate constants. Eqs. (1)-(4) can be written as follows: 
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3. ANALYTICAL EXPRESSION OF CONCENTRATION OF THE SACCHARIDES USING HOMOTOPY 
ANALYSIS METHOD 
 
The Homotopy analysis method (HAM) is a powerful analytical method to solve nonlinear problems [14-16] and this 
method provides a convenient way to guarantee the convergence of approximation series. The Homotopy analysis 
method has the following advantages: It is valid even if a given nonlinear problem does not contain any small/large 
parameters at all; It can be employed to efficiently approximate a nonlinear problem by choosing different sets of base 
functions. Furthermore, the obtained result is of high accuracy. Solving the Eqs. (8) - (11) using Homotopy analysis 
method (see Appendix A), we can obtain the following concentrations: 
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The Eqs. (13) – (16) satisfy the boundary conditions Eq. (1). This equation represents the new analytical expression of 
concentration )(and)(),(),( 2346 tCtCtCtC  for all possible values of the parameters mK , maxV  and  α . Using Eq. 
(8) and Eq. (9) and the boundary condition Eq. (12), the following relation is obtained. 
 

αα atCtC 2)()(2 36 =+                                                                                                                                             (17) 
 
Our analytical results (Eq. (13) and Eq. (15)) also satisfies the above result. 
 
4. NUMERICAL SIMULATION 

 

 
The non-linear reaction equations (8) - (11) for the given boundary conditions are also solved numerically. The function 
pdex45 in Scilab/Matlab numerical software (Appendix B) is used to solve the initial-boundary value problems for 
parabolic-elliptic partial differential equations numerically. Its numerical solution is compared with the analytical 
results obtained using HAM method. 
 
5. RESULTS AND DISCUSSION 
 
Eqs. (8)-(11) is the new simple approximate analytical expression of concentrations of isomaltohexaose (C6), 
isomaltotetraose (C4), isomaltotriose (C3) and isomaltose (C2)  calculated using  Homotopy  analysis method. Figures 
1((a) - (f)) represent the concentrations versus the time t for different values of parameters mKVa and,, maxα . In all of 
figures, the isomaltohexaose  simply  decreases  with  the reaction  time, while  the isomaltotetraose,  isomaltotriose  
and isomaltose  concentrations  increase, respectively. Finally, isomaltotetraose is also converted into isomaltose, and 
only isomaltotriose and isomaltose exist in the system. When the initial concentration of isomaltohexaose (C6(0)=a) 
decreases from initial value to zero, there is a slight difference in the tendencies for the consumption of   
isomaltohexaose.  
 
From these figures it is inferred that the concentration of   isomaltohexaose (C6)  is always a decreasing function from 
the initial value (C6(0)=a). The concentration profile of isomaltose (C2) increases as time increases. The concentration 
profile of isomaltose (C2) reaches the steady state value when min150≥t . The concentration of isomaltotetraose 
(C4) increases initially and attains its maximum value and then decreases. The concentration profiles of isomaltotriose 
(C3) increase as time increases. The concentration profile of isomaltotriose (C3) reaches the steady state value when 

min100≥t . 
 
6. CONCLUSION 
 
A non-linear time-dependent differential equation for the hydrolysis of oligosaccharide has been solved using the 
HAM. The primary result of this work is an approximate calculation of the concentration profiles of the 
isomaltohexaose ),( 6C  isomaltotetraose ),( 4C  isomaltotriose )( 3C  and isomaltose )( 2C  for all values of the 
parameters. These approximations are used to predict the biochemical behavior of the hydrolysis of oligosaccharide 
using the suspended enzyme. Our paper helps future researchers in better understanding of the application of this 
model in suitable phase with the help of mathematical analysis. 
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Appendix - A 
For convenience, we can take 2346 and,, CzCwCvCu ==== . In this Appendix, we indicate how Eqs. (8) 
– (11) are derived using Homotopy Analysis Method.  
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The approximate solutions of Eqs. (A.1) - (A.4) are as follows 

...2
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Substituting Eq. (A.5) in Eq. (A.1), Eq. (A.6) in Eq. (A.2), Eq. (A.7) in Eq. (A.3) and Eq. (A.8) in Eq. (A4) equating the 
like powers of  p, we get 
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The initial conditions are as follows 

0and0,0, 0000 ==== zwvau                                                                                                                       (A.17) 

0and0,0,0 ==== iiii zwvu  for all i=1,2,3….                                                                                          (A.18) 
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From Eq. (A.9), Eq. (A.11), Eq. (A.13) and Eq. (A.15) and from the boundary conditions (A.17), we get 
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Substituting the values of 0000 and,, zwvu in Eq. (A10), Eq. (A12), Eq. (A14) and Eq. (A16) and solving the 

equations using the boundary condition (A.18) we obtain the following results: 
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When p=1, the approximate solution Eqs. (A.5)-(A.8) becomes 
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Adding Eq. (A.19) and Eq. (A.23), we get Eq. (12) in the text. Similarly we get Eqs. (13) – (15) in the text. 
 
Appendix – B 
 
Scilab/Matlab program to find the numerical solution of nonlinear Eqs. (8)-(11): 
function   
options= odeset('RelTol',1e-6,'Stats','on');  
% initial conditions  
x0 = [0.00017;0;0;0]   
tspan = [0 250];   
tic  
[t,x] = ode45(@TestFunction,tspan,x0,options);  
toc 
figure  
hold on  
plot(t, x(:,1)) 
plot(t,x(:,2)) 
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plot(t, x(:,3))  
plot(t, x(:,4))  
legend('x1','x2','x3','x4')  
ylabel('x')  
xlabel('t') 
return 
function [dx_dt]= TestFunction(t,x) 
K=0.00101;V=0.00003045;g=.206 
dx_dt(1)=(-3*V*x(1))/(K+3*x(1)+x(2));  
dx_dt(2)=(V*3*(1-g)*x(1)-V*x(2))/(K+3*x(1)+x(2));   
dx_dt(3)=(6*V*g*x(1))/(K+3*x(1)+x(2));    
dx_dt(4)=(V*3*(1-g)*x(1)+2*V*x(2))/(K+3*x(1)+x(2)); 
dx_dt=dx_dt'; 
return 
 
Appendix C 
 
NOMENCLATURE 
 
Symbol                 Meaning  

)0(EC                  Initial enzyme concentration in solution liq.)dm(mg 3 −−
 

iESC    
Concentration of enzyme-substrate complex in solution liq.)dm(mg 3 −−  

iC     Concentration of saccharide in solution liq.)dm(mg 3 −−  

( )0iC                       Initial concentration of saccharide in solution liq.)dm(mg 3 −−
 

i     Counter corresponding to polymerization degree of saccharide 

ik                  Rate constant )(min 1−
 

mK                  Michaelis constant in suspended enzyme system liq.)dm(mg 3 −−
 

t                  Reaction time (min)  
maxV    Maximum rate constant in suspended enzyme system )minliq.dm(mg 13 −− −  

α                            Selectivity coefficient in suspended enzyme system  (-) 
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FIGURE CAPTIONS 
 
Fig. 1 Plot of concentration profiles of  isomaltohexaose (C6),  isomaltotetraose (C4),  isomaltotriose (C3),  and 
isomaltose (C2) versus time for  
 
(a) ,107.1 34 −−×= dmmola  206.0=α  

      
13-5

max minenzymedmmolx10045.3 −−=V , and .1001.1 33 liqdmmolKm −×= −−

 
  
(b) ,107.1 34 −−×= dmmola 822.0=α , 13-5

max minenzymedmmolx10728.6 −−=V ,  and  

     .1002.4 33 liqdmmolKm −×= −−   

 

(c) ,106.1 34 −−×= dmmola  311.0=α , 13-5
max minenzymedmmolx10045.4 −−=V , and       

     .1051.1 33 liqdmmolK m −×= −−   
 
(d) 351.0=α , ,105.1 34 −−×= dmmola  13-5

max minenzymedmmolx10045.5 −−=V  and    

     liqdmmolKm −×= −− 331081.1   
 
(e) 622.0=α , ,104.1 34 −−×= dmmola  liqdmmolKm −×= −− 331002.3 , and   

      13-5
max minenzymedmmolx104.6 −−=V .  

 
(f) 34103.1 −−×= dmmola , 4.0=α  13-5

max minenzymedmmolx109.5 −−=V  and   

     liqdmmolK m −×= −− 331051.2 . Solid lines represent the analytical solution obtained in this work; dotted lines   
      represent the numerical solution. 
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Figure 1 
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