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ABSTRACT
The purpose of this paper is to formulate and establish some results on pairwise normal spaces.
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1. INTRODUCTION

We introduce the concept of pairwise lightly normal spaces. Implications between the class of pairwise normal spaces
and the class of pairwise almost normal spaces between the class of pairwise almost normal spaces and the class of
pairwise mildly normal spaces between the class of pairwise lightly normal spaces and the class of pairwise mildly
normal spaces are investigated among other results.

2. PRELIMINARIES

If A'is a subset of X with a topology t, then the closure of A is denoted by t - cl (A) or cl (A), the interior of A is
denoted by t - int (A) or int (A) and the complement of A in X is denoted by A°. Now we shall require the following
known definitions and prerequisites.

Definition: 2.1A subset S of (X,t) is said to be an a-set if S — oS where oS = int (cl (int (S))).
Definition: 2.2 Let f: (X,t)— (Y,w). Then f is said to be o - closed if each closed set is mapped into an o - closed set.

Definition: 2.3 (X, 1) is normal if given any two disjoint closed sets A and B there exist disjoint open neighborhoods
U and V of A and B respectively.

Definition: 2.4 A topological space (X, t) is almost normal if for each pair of disjoint sets A & B one of which is
closed and other is regularly closed, there exists open sets U & V suchthat AcU,BcV&UNV =¢.

3. PAIRWISE MILDLY NORMAL

Definition: 3.1 A bitopological space (X, t1, 12) is said to be pairwisemildly normal if given any two disjoint 1 -
regularly closed set A and 1, - regularly closed set B in X, there exists an t, - open neighborhood U of A and there
exists an 1, - open neighborhood V of B such that U NV = ¢.

Example: 3.1 Let X ={a, b, c} and let t; = {0, X, {a}, {a, c}} &1, ={¢, X, {a}, {b, c}}. Then 1, - regularly closed sets
are ¢, X, {b, c} and 1, - regularly closed sets are ¢, X, {a}, {b, c}. Take A = {b, c} and B = {a}. Then A is 1, - regularly
closed set and B is 1, - regularly closed set. Also A N B =¢. Then there exists an 1, - open U = {b, ¢} and 1, - open
V = {a} such that U NV = ¢. Hence (X, 1, 1) is said to be pairwise mildly normal.

Corresponding author: P. Padma*
1Department of Mathematics, PRIST University, Kumbakonam, India.

International Journal of Mathematical Archive- 4(11), Nov. — 2013 35


http://www.ijma.info/�

P. Padma*, K. Chandrasekhara Rao and S. Udayakumar/ Some types of pairwise normal spaces/ IIMA- 4(11), Nov.-2013.
We write t5 = {all regularly open sets in X}.

Definition: 3.2 Let ;5 be the semi regularization of t;and 1,5 be the semi regularization of 1,. If f: (X, 115, T25) —
(Y, s, pas) is pairwise continuous then f: (X, 11, 12) — (Y, w1, H12) is said to be pairwise & - continuous.

Theorem: 3.1: Let f: (X, 11, 12) = (Y, W, Wp) be a pairwise & - continuous, pairwise o - closed, surjection. If X is
pairwise mildly normal then Y is pairwise mildly normal.

Proof: Suppose that A and B are t, - regularly closed set, t, - regularly closed set in X such that A n B =¢.
But f is & - continuous.

Hence f~!(A) and f~* (B) are 1, - regularly closed and t, - regularly closed in X such that f ™ (A) N f~! (B) = ¢
But X is pairwise mildly normal.

Consequently, there exists an t;-open neighborhood U of f(A) and there exists an 1, - open neighborhood V of f~*(B)
such that U nV = ¢.

By [1], there exist disjoint a. - sets C and D such that A = C and B < D with o (C) n a (D) = ¢.

Also a (C) and o (D) are 14 - regularly open set and <, - regularly open set, and A — a (C) and B < a (D).

But a (C) and o (D) are 1, - open set, T, - open set.

Accordingly, Y is pairwise mildly normal.

Definition: 3.3 A topological space (X, 11, 1) is said to be pairwise lightly normal if given any two disjoint 1, -
regularly closed set A and t, - regularly closed set B of X, there exists a t; - regularly open neighborhood U of A and
there exists a t, - regularly open neighborhood V of B such that U NV = ¢.

Example: 3.2 In example 2.1, 1, - regularly closed sets are ¢, X, {b, c} and t, - regularly closed sets are ¢, X, {a}, {b,
c}. Take A = {b, c} and B = {a}. Then A is t; - regularly closed set and B is 1, - regularly closed set. Also A N B = ¢.
Then there exists an 1, - regularly open U = {b, c} and t;- regularly open V = {a} such that U n V = ¢. Hence
(X, 11, o) is said to be pairwise lightly normal.

Theorem: 3.2 A bitopological space X is pairwise lightly normal if and only if for each <, - regularly closed set F of X
and each T, - regularly open neighborhood U of V there exists a t; - regularly open neighborhood V of F such that

FcVcon-cl(V)cU.

Proof:
Step 1: Suppose that X is pairwise almost normal.

Let F be a 13 - regularly closed subset of X.

Let U be a 1, - regularly open neighborhood of F.

Then we have F n (X —=U) = ¢ and F, (X — U) are t; - regularly closed and t,— regularly closed subsets of X.
But X is pairwise almost normal.

Accordingly, there exist t, - regularly open set V and 1, - regularly open set W such that

FcVand X-UcW.

=VcX-Vand (X-W)cU.

=>FcVcce(V)ccd(X-W)cX-WcU.

Step 2: Suppose that for each t, - regularly closed set F and each 1, - regularly open neighborhood of F, there exists a
T, - regularly open neighborhood V of F such that F — V crt,- ¢l (V) c U.
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Let F; and F; be two disjoint t; - regularly closed and t, - regularly closed sets.
But then X — F, is 1, - regularly open and Fic X — F,.
Thus, there exists a t, - regularly open neighborhood V of F; such that
FicVcr-cl (V) c X -F,.
= FicVand F,c X -[r;-cl (V)].
But V c1,- ¢l (V).
= V and (X-V) are disjoint.
= X is pairwise almost normal.
Theorem: 3.3 If (X, 14, 1,) is pairwise normal then (X, 1y, 1) is pairwise almost normal.
Proof: Let Abe a 4 - closed set in X.
Let B be a 1, - regularly closed set in X with A B = ¢.
But then B is 1,- closed set.

Since (X, 11, T2) is pairwise normal, there exist 1, - open set U and 1, - open set V such that A < U and B < V with
UnV=y.

Thus, (X, t1, 12) is almost normal.

Theorem: 3.4 If (X, 14, Tp) is pairwise almost normal then (X, 11, 1,) is pairwise mildly normal.
Proof: Suppose that (X, ty, 1) is pairwise almost normal.

Let A and B be two disjoint t - regularly closed set and t, - regularly closed in X.

Since A is 1 - regularly closed, A is t; - closed.

Also B is 1, - regularly closed with A N B =¢.

But (X, t1, 12) is pairwise almost normal.

Hence there exists t; - open set U and t,- open set V suchthat AcUand Bc VwithUnV=4¢..
Therefore, (X, 11, 1) is pairwise mildly normal.

Theorem: 3.5 If (X, 14, 1) is pairwise lightly normal then (X, t1, 1) is pairwise mildly normal.
Proof: Suppose that X is pairwise lightly normal.

Let A and B be 7, - regularly closed set and t, - regularly closed set with A N B =¢.

But (X, 1y, 1) is pairwise lightly normal.

Hence there exists t, - regularly open set U and t, - regularly open set V such that A — U and B — V withU NV =¢.
Similarly, V is t; - open and U is t, - open.

Hence (X, 13, 1) is pairwise mildly normal.

Theorem: 3.6 Every pairwise regularly closed, pairwise continuous image of a pairwise mildly normal space is
pairwise mildly normal space.
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Proof: Let X be a pairwise mildly normal space

Let f: (X, 11, T2) m(Y, 1, 1p) be a pairwise regularly closed and pairwise continuous mapping.
Let A and B be disjoint subsets of Y, where A is p; - regularly closed and B is p, - regularly closed.
Then f~1(A) is t; - regularly closed and f~1(B) is 1, - regularly closed.

Also ANB=¢=f"1ANB)=f1(¢) = ¢.

=71 A) f (B) =9¢.

Since X is pairwise mildly normal, there exist disjoint sets G, and Gg such that f =1 (4)c Ga and f~1(B)c=Gg, where
Ga is 12- open and Gg is Ty - open.

Let G; = {y: f ' (A)=Ga} and Gj = {y: f~"(B)c Gg}.
Then G;NGg= ¢, A <G}, B cGg and since G, =y —f (X -Gp) and Gz =y —Tf (X - Gp).
Gjisy, - open and Gy is py — open.
Hence (Y, u1, up) is pairwise mildly normal space.
Theorem: 3.7 Every bi - regular closed subspace of a pairwise mildly normal space is pairwise mildly normal.
Proof: Let (Y, 7y,, T5,) be a bi - regular closed subspace of a pairwise mildly normal space (X, 1, t2).
Let A be a7y, - regular closed set and B be a t,,, - regular closed set disjoint from A.
Since the space Y is bi - regular closed.
A is ;- regular closed and B is t, - regular closed.
By pairwise mildly normality of (X, 11, T2) there exists a t, - open set U and t, - open set V such that Ac Uand B c V,
UnvV=é.
Thus, A=ANnY cYnU.
B=BNnYcVnY
=UNY)N(VNY) = ¢.
AlsoUNYist,, -openand V N Y is 7y, - open.
Thus, there exists a 7;,, - open set V. n Y and 7,,, - open set U n'Y such that
AcUnY,BcVnY,UnY)n(VNY)=4¢.
Hence (Y, 7y, T5,) is pairwise mildly normal.
Definition: 3.4 A pairwise mildly normal, pairwise - T, space is called a pairwise - Ty Space.
Definition: 3.5 A pairwise lightly normal, pairwise - T, space is called a pairwise — Ty space.
Theorem: 3.8 Let (X, 14, 7,) be a pairwise mildly normal bitopological space. Let A be a t, - regular closed set as well

as T, - regular closed set. Then (X, t; (A), 12 (A)) is pairwise mildly normal < (X-A, 111 (X = A), Ton (X= A)) is
pairwise mildly normal.
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Proof:
Step 1: If (X, 11 (A), 2 (A)) is pairwise mildly normal then (X-A, t1;n(X-A), 1.1 (X = A)) is pairwise mildly normal.
Since A be a t, - regular closed and 1, - regular closed and hence also t; (A) - regular closed and 1, (A) - regular closed.
But (X-A, tin (X=A), ton (X=-A)) = (X-A, 11 (A) n (X =A), 12 (A) n (X -A)).
Hence the result.
Step 2: Let (X - A, 11 (X = A)) be pairwise mildly normal.
Let F n G = ¢, where F is 1, (A) - regular closed, G is 1, (A) - regular closed.

Then F n A'is (t1 (A) n A) - regular closed and hence (t: A) - regular closed and G " A'is (12 (A) N A) - regular
closed and hence (t.n A) - regular closed in (A, 110 A, 1.0 A).

Also since A is 1, - regular closed and <, - regular closed.

Therefore, F N A'is 11 - regular closed and G " A'is 1, - regular closed.

But (X, 71, 1) is pairwise normal.

Therefore, there exists disjoint sets U and V suchthat FNnAc U, G AcV, Uis 1,- open and V is t;- open.

Also, Fn(X = A) and G N X, are disjoint, F n (X = A) is 11 (A) N (X — A) - regular closed and also (t;» (X— A))-
regular closed and G n (X — A) is 1, (A) (X — A) - regular closed and also (t,n (X — A)) - regular closed subsets of

X=A, 11(A) N (X=A), 12 (A) N (X = A)) which is pairwise mildly normal.

Therefore, there exists disjoint sets U" and V" such that F n (X = A) c U, G n (X = A) < V", where U”is 1,1 (X — A)
- open, V" is 1,1 (X — A) - open.

But since X — A belongs to t; (A) as well as t,(A), U” is 1,- open, V" is ;- open.
ThenF=(FNA)UFN(Xa)c(UNnAY UU".

Take U7 =(UnA)uU
V7'=(VhnA)U V.

Then U nV7=4¢.

Hence F (X -A) c U™,
=FcU".

Similarly, G = V™, U™ is 1, (A) - open and V™" is 11 (A) - open.

Thus, (X, t1 (A), 12 (A)) is pairwise mildly normal.

4. PAIRWISE MILDLY COMPLETELY NORMAL

Definition: 4.1 A bitopological space (X, t1, 12) is said to be pairwise mildly completely normal provided that
whenever A and B are subsets of X such that t;5- ¢l (A)n B = ¢ and A Nts- ¢l (B) = ¢, there exists a t,- open set U
and a t;- openset Vsuchthat AcUand BcV,UNV =¢.

Definition: 4.2 A pairwise Ty, pairwise mildly completely normal bitopological space is called pairwise Tyc space.
Theorem: 4.1 Every pairwise mildly completely normal space is pairwise mildly normal.

Proof: Let (X, ty, 12) be a pairwise mildly completely normal space.

Let A be a 11 - regular closed set, B be a 1, - regular closed set such that A n B = ¢.
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Then tis-cl (A)nB=AnB=¢and Ant,s-cl (B)=AnB=¢.

By pairwise mildly completely normal, there exists a t,- open set U and a t;- open set V suchthat Ac Uand B c V,
UnV=4¢.

Hence X is pairwise mildly normal.
5. PAIRWISE LIGHTLY COMPLETELY NORMAL

Definition: 5.1A bitopological space (X, t1, 12) is said to be pairwise lightly completely normal provided that
whenever A and B are subsets of X such that t3s- ¢l (A)nB=¢ and A Nys- cl (B) = ¢, there exists a t,- regular open set
U and a t;- regular open set V suchthat AcUand Bc V,U NV =¢.

Definition: 5.2 A pairwise Ty, pairwise lightly completely normal bitopological space is called pairwise T, ¢ space .
Theorem: 5.1 Every pairwise lightly completely normal space is pairwise lighly normal.

Proof: Let (X, 11, 1) be a pairwise lightly completely normal space.

Let A be a 1 - regular closed set, B be a 1, - regular closed set such that A N B =¢.

Then tis-cl (A)nB=AnB=¢and A nts-cl (B)=AnB=¢.

By pairwise lightly completely normal, there exists a t,- regular open set U and a t;- regular open set V such that
AcUandBcV,UNV=¢.

Hence X is pairwise lightly normal.
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