
International Journal of Mathematical Archive-4(11), 2013, 35-40 

 Available online through www.ijma.info ISSN 2229 – 5046 

International Journal of Mathematical Archive- 4(11), Nov. – 2013                                                                                                              35 

 
SOME TYPES OF PAIRWISE NORMAL SPACES 

 
P. Padma1*, K. Chandra Sekhara Rao2 and S. Udayakumar3 

 
1Department of Mathematics, PRIST University, Kumbakonam, India.  

 
2Department of Mathematics, SASTRA University, Kumbakonam, India. 

 
3Department of Mathematics, A.V.V.M. Sri Puspam College, Poondi, Tanjore, India. 

  
(Received on: 03-10-13; Revised & Accepted on: 13-11-13) 

 
ABSTRACT 

The purpose of this paper is to formulate and establish some results on pairwise normal spaces.  
 
Keywords: Pairwise lightly normal spaces, pairwise mildly normal spaces, pairwise mildly completely normal, 
pairwise lightly completely normal.  
 
Subject classification: 54D15. 
 
 
1. INTRODUCTION 
 
We introduce the concept of pairwise lightly normal spaces. Implications between the class of pairwise normal spaces 
and the class of pairwise almost normal spaces between the class of pairwise almost normal spaces and the class of 
pairwise mildly normal spaces between the class of pairwise lightly normal spaces and the class of pairwise mildly 
normal spaces are investigated among other results. 
 
2. PRELIMINARIES  
 
If A is a subset of X with a topology τ, then the closure of A is denoted by τ - cl (A) or cl (A), the interior of A is 
denoted by τ - int (A) or int (A) and the complement of A in X is denoted by Ac. Now we shall require the following 
known definitions and prerequisites.  
 
Definition: 2.1A subset S of (X,τ) is said to be an α-set if S ⊂ αS where αS = int (cl (int (S))). 
 
Definition: 2.2 Let f: (X,τ)→ (Y,µ). Then f is said to be α - closed if each closed set is mapped into an α - closed set. 
 
Definition: 2.3 (X, τ) is normal if given any two disjoint closed sets A and B there exist disjoint open neighborhoods 
U and V of A and B respectively.  
 
Definition: 2.4 A topological space (X, τ) is almost normal if for each pair of disjoint sets A & B one of which is 
closed and other is regularly closed, there exists open sets U & V such that A ⊂ U, B ⊂ V & U ∩ V = φ. 
 
3. PAIRWISE MILDLY NORMAL  
 
Definition: 3.1 A bitopological space (X, τ1, τ2) is said to be pairwisemildly normal if given any two disjoint τ1 - 
regularly closed set A and τ2 - regularly closed set B in X, there exists an  τ2 - open neighborhood U of A and there 
exists an τ1 - open neighborhood V of B such that U ∩ V = φ. 
 
Example: 3.1 Let X = {a, b, c} and let τ1 = {φ, X, {a}, {a, c}} &τ2 = {φ, X, {a}, {b, c}}. Then τ1 - regularly closed sets 
are φ, X, {b, c} and τ2 - regularly closed sets are φ, X, {a}, {b, c}. Take A = {b, c} and B = {a}. Then A is τ1 - regularly 
closed set and B is τ2 - regularly closed set. Also A ∩ B =φ. Then there exists an τ2 - open U = {b, c} and τ1 - open      
V = {a} such that U ∩ V = φ. Hence (X, τ1, τ2) is said to be pairwise mildly normal. 
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We write τS = {all regularly open sets in X}. 
 
Definition: 3.2 Let τ1S be the semi regularization of τ1and τ2S be the semi regularization of τ2. If f: (X, τ1S, τ2S) →       
(Y, µ1S, µ2S) is pairwise continuous then f : (X, τ1, τ2) → (Y, µ1, µ2) is said to be pairwise δ - continuous.   
 
Theorem: 3.1: Let f: (X, τ1, τ2) → (Y, µ1, µ2) be a pairwise δ - continuous, pairwise α - closed, surjection. If X is 
pairwise mildly normal then Y is pairwise mildly normal. 
 
Proof: Suppose that A and B are τ1 - regularly closed set, τ2 - regularly closed set in X such that A ∩ B =φ. 
 
But f is δ - continuous. 
 
Hence f – 1(A) and f – 1 (B) are τ1 - regularly closed and τ2 - regularly closed in X such that f –1 (A) ∩ f – 1 (B) = φ 
 
But X is pairwise mildly normal. 
 
Consequently, there exists an τ1-open neighborhood U of f –1(A) and there exists an τ2 - open neighborhood V of f – 1(B) 
such that U ∩ V = φ. 
 
By [1], there exist disjoint α - sets C and D such that A ⊂ C and B ⊂ D with α (C) ∩ α (D) = φ. 
 
Also α (C) and α (D) are τ1 - regularly open set and τ2 - regularly open set, and A ⊂ α (C) and B ⊂ α (D). 
 
But α (C) and α (D) are τ1 - open set, τ2 - open set. 
 
Accordingly, Y is pairwise mildly normal. 
 
Definition: 3.3 A topological space (X, τ1, τ2) is said to be pairwise lightly normal if given any two disjoint τ1 - 
regularly closed set A and τ2 - regularly closed set B of X, there exists a τ1 - regularly open neighborhood U of A and 
there exists a τ2 - regularly open neighborhood V of B such that U ∩ V = φ. 
 
Example: 3.2 In example 2.1, τ1 - regularly closed sets are φ, X, {b, c} and τ2 - regularly closed sets are φ, X, {a}, {b, 
c}. Take A = {b, c} and B = {a}. Then A is τ1 - regularly closed set and B is τ2 - regularly closed set. Also A ∩ B = φ. 
Then there exists an τ2 - regularly open U = {b, c} and τ1- regularly open V = {a} such that U ∩ V = φ. Hence           
(X, τ1, τ2) is said to be pairwise lightly normal. 
 
Theorem: 3.2 A bitopological space X is pairwise lightly normal if and only if for each τ1 - regularly closed set F of X 
and each τ2 - regularly open neighborhood U of V there exists a τ1 - regularly open neighborhood V of F such that         
F ⊂ V ⊂τ2 - cl ( V ) ⊂ U. 
 
Proof: 
Step 1: Suppose that X is pairwise almost normal. 
 
Let F be a τ1 - regularly closed subset of X. 
 
Let U be a τ2 - regularly open neighborhood of F. 
 
Then we have F ∩ (X – U) = φ and F, (X – U) are τ1 - regularly closed and τ2 – regularly closed subsets of X. 
 
But X is pairwise almost normal. 
 
Accordingly, there exist τ1 - regularly open set V and τ2 - regularly open set W such that  
 
F ⊂ V and X – U ⊂W. 
 
⇒ V ⊂ X – V and (X – W) ⊂ U. 
 
⇒ F ⊂ V ⊂ cl (V) ⊂ cl (X – W) ⊂ X – W ⊂ U. 
 
Step 2: Suppose that for each τ1 - regularly closed set F and each τ2 - regularly open neighborhood of  F, there exists a 
τ1 - regularly open neighborhood V of F such that F ⊂ V ⊂τ2 - cl (V) ⊂ U. 
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Let F1 and F2 be two disjoint τ1 - regularly closed and τ2 - regularly closed sets. 
 
But then X – F2 is τ2 - regularly open and F1⊂ X – F2. 
 
Thus, there exists a τ1 - regularly open neighborhood V of F1 such that  
 
F1⊂ V ⊂τ2 - cl (V) ⊂ X – F2. 
 
⇒ F1⊂ V and F2⊂ X – [τ2 - cl (V)]. 
 
But V ⊂τ2 - cl (V). 
 
⇒ V and (X– V) are disjoint. 
 
⇒ X is pairwise almost normal. 
 
Theorem: 3.3 If (X, τ1, τ2) is pairwise normal then (X, τ1, τ2) is pairwise almost normal. 
 
Proof: Let Abe a τ1 - closed set in X. 
 
Let B be a τ2 - regularly closed set in X with A ∩ B = φ. 
 
But then B is τ2- closed set. 
 
Since (X, τ1, τ2) is pairwise normal, there exist τ2 - open set U and τ1 - open set V such that A ⊂ U and B ⊂ V with       
U ∩ V = φ. 
 
Thus, (X, τ1, τ2) is almost normal. 
 
Theorem: 3.4 If (X, τ1, τ2) is pairwise almost normal then (X, τ1, τ2) is pairwise mildly normal. 
 
Proof: Suppose that (X, τ1, τ2) is pairwise almost normal. 
 
Let A and B be two disjoint τ1 - regularly closed set and τ2 - regularly closed in X. 
 
Since A is τ1 - regularly closed, A is τ1 - closed. 
 
Also B is τ2 - regularly closed with A ∩ B =φ. 
 
But (X, τ1, τ2) is pairwise almost normal. 
 
Hence there exists τ1 - open set U and τ2 - open set V such that A ⊂ U and B ⊂ V with U ∩ V = φ. . 
 
Therefore, (X, τ1, τ2) is pairwise mildly normal.       
 
Theorem: 3.5 If (X, τ1, τ2) is pairwise lightly normal then (X, τ1, τ2) is pairwise mildly normal. 
 
Proof: Suppose that X is pairwise lightly normal. 
 
Let A and B be τ1 - regularly closed set and τ1 - regularly closed set with A ∩ B =φ. 
 
But (X, τ1, τ2) is pairwise lightly normal. 
 
Hence there exists τ2 - regularly open set U and τ1 - regularly open set V such that A ⊂ U and B ⊂ V withU ∩ V =φ. 
 
Similarly, V is τ1 - open and U is τ2 - open. 
 
Hence (X, τ1, τ2) is pairwise mildly normal.       
 
Theorem: 3.6 Every pairwise regularly closed, pairwise continuous image of a pairwise mildly normal space is 
pairwise mildly normal space. 
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Proof: Let X be a pairwise mildly normal space  
 
Let f: (X, τ1, τ2) 

𝑜𝑜𝑜𝑜𝑜𝑜𝑜𝑜  
�⎯⎯�(Y, µ1, µ2) be a pairwise regularly closed and pairwise continuous mapping. 

 
Let A and B be disjoint subsets of Y, where A is µ1 - regularly closed and B is µ2 - regularly closed. 
 
Then 𝑓𝑓−1(𝐴𝐴) is τ1 - regularly closed and 𝑓𝑓−1(𝐵𝐵) is τ2 - regularly closed. 
 
Also A ∩ B = φ⇒𝑓𝑓−1(A∩ B) = 𝑓𝑓−1 (φ) = φ. 
 
⇒𝑓𝑓−1(A) ∩𝑓𝑓−1 (B) = φ. 
 
Since X is pairwise mildly normal, there exist disjoint sets GA and GB such that 𝑓𝑓−1(𝐴𝐴)⊂ GA and 𝑓𝑓−1(𝐵𝐵)⊂GB, where  
GA is τ2 - open and GB is τ1 - open. 
 
Let 𝐺𝐺𝐴𝐴∗ = {𝑦𝑦: 𝑓𝑓−1(𝐴𝐴)⊂GA} and  𝐺𝐺𝐵𝐵∗ = {𝑦𝑦: 𝑓𝑓−1(𝐵𝐵)⊂ GB}. 
 
Then 𝐺𝐺𝐴𝐴∗∩𝐺𝐺𝐵𝐵∗= φ, A ⊂𝐺𝐺𝐴𝐴∗, B ⊂𝐺𝐺𝐵𝐵∗  and since 𝐺𝐺𝐴𝐴∗ = y – f (X – GA) and  𝐺𝐺𝐵𝐵∗  = y – f (X – GB). 
 
𝐺𝐺𝐴𝐴∗isµ2 - open and 𝐺𝐺𝐵𝐵∗  is µ1 – open. 
 
Hence (Y, µ1 , µ2) is pairwise mildly normal space.   
 
Theorem: 3.7 Every bi - regular closed subspace of a pairwise mildly normal space is pairwise mildly normal. 
 
Proof: Let (Y, 𝜏𝜏1𝑦𝑦 , 𝜏𝜏2𝑦𝑦 ) be a  bi - regular closed subspace of a pairwise mildly normal space (X, τ1, τ2). 
 
Let A be a 𝜏𝜏1𝑦𝑦  - regular closed set and B be a 𝜏𝜏2𝑦𝑦  - regular closed set disjoint from A. 
 
Since the space Y is bi - regular closed. 
 
A is 𝜏𝜏1- regular closed and B is 𝜏𝜏2 - regular closed. 
 
By pairwise mildly normality of (X, τ1, τ2) there exists a τ2 - open set U and τ1 - open set V such that A ⊂ U and B ⊂ V,  
 
U ∩ V = φ. 
 
Thus, A = A ∩ Y ⊂Y∩ U. 

 
B = B ∩ Y ⊂ V ∩ Y  
 
⇒(U∩ Y) ∩(V∩Y) = φ. 

 
Also U ∩ Y is 𝜏𝜏2𝑦𝑦  - open and V ∩ Y is 𝜏𝜏1𝑦𝑦  - open. 
 
Thus, there exists a 𝜏𝜏1𝑦𝑦  - open set V ∩ Y and 𝜏𝜏2𝑦𝑦  - open set U ∩ Y such that  
 
A ⊂ U ∩ Y, B ⊂ V ∩ Y, (U ∩ Y) ∩ (V ∩ Y) = φ. 
 
Hence (Y, 𝜏𝜏1𝑦𝑦 , 𝜏𝜏2𝑦𝑦 )  is pairwise mildly normal. 
 
Definition: 3.4 A pairwise mildly normal, pairwise - T1 space is called a pairwise - TMN space. 
 
Definition: 3.5 A pairwise lightly normal, pairwise - T1 space is called a pairwise – TLN space. 
 
Theorem: 3.8 Let (X, τ1, τ2) be a pairwise mildly normal bitopological space. Let A be a τ1 - regular closed set as well 
as τ2 - regular closed set. Then (X, τ1 (A), τ2 (A)) is pairwise mildly normal ⇔ (X–A, τ1∩ (X – A), τ2∩ (X– A)) is 
pairwise mildly normal. 
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Proof: 
 
Step 1: If (X, τ1 (A), τ2 (A)) is pairwise mildly normal then (X–A, τ1∩(X–A), τ2∩ (X – A)) is pairwise mildly normal. 
 
Since A be a τ1 - regular closed and τ2 - regular closed and hence also τ1 (A) - regular closed and τ2 (A) - regular closed. 
 
But (X – A, τ1∩ (X – A), τ2∩ (X – A)) = (X – A, τ1 (A) ∩ (X – A), τ2 (A) ∩ (X – A)). 
 
Hence the result. 
 
Step 2: Let (X – A , τ1∩ (X – A)) be pairwise mildly normal. 
 
Let F ∩ G = φ, where F is τ1 (A) - regular closed, G is τ2 (A) - regular closed. 
 
Then F ∩ A is (τ1 (A) ∩ A) - regular closed and hence (τ1∩ A) - regular closed and G ∩ A is (τ2 (A) ∩ A) - regular 
closed and hence (τ2∩ A) - regular closed in (A, τ1∩ A, τ2∩ A). 
 
Also since A is τ1 - regular closed and τ2 - regular closed. 
 
Therefore, F ∩ A is τ1 - regular closed and G ∩ A is τ2 - regular closed. 
 
But (X, τ1, τ2) is pairwise normal. 
 
Therefore, there exists disjoint sets U and V such that F ∩ A ⊂ U, G ∩ A ⊂ V, U is τ2 - open and V is τ1- open.      
 
Also, F∩(X – A) and G ∩ XA are disjoint, F ∩ (X – A) is τ1 (A) ∩ (X – A) - regular closed and also (τ1∩ (X– A))- 
regular closed and G ∩ (X – A) is τ2 (A) ∩(X – A) - regular closed and also (τ2∩ (X – A)) - regular closed subsets of 
(X – A, τ1(A) ∩ (X – A), τ2 (A) ∩ (X – A)) which is pairwise mildly normal. 
 
Therefore, there exists disjoint sets U* and V* such that F ∩ (X – A) ⊂ U*, G ∩ (X – A) ⊂ V*, where U* is τ2∩ (X – A) 
- open, V* is τ1∩ (X – A) - open. 
 
But since X – A belongs to τ1 (A) as well as τ2(A), U* is τ2 - open, V* is τ1- open. 
 
Then F = (F ∩ A) ∪ F ∩ (XA) ⊂ (U ∩ A) ∪ U*. 
 
Take  U** = (U∩ A) ∪ U* 
 V** = (V∩ A) ∪ V*.  
 
Then U**∩ V** = φ. 
 
Hence F ∩(X – A) ⊂ U**. 
          ⇒ F ⊂ U**. 
 
Similarly, G ⊂ V**, U** is τ2 (A) - open and V** is τ1 (A) - open. 
 
Thus, (X, τ1 (A), τ2 (A)) is pairwise mildly normal. 
 
4. PAIRWISE MILDLY COMPLETELY NORMAL  
 
Definition: 4.1 A bitopological space (X, τ1, τ2)  is said to be pairwise mildly completely normal provided that 
whenever A and B are subsets of X such that τ1S- cl (A)∩ B = φ and A ∩τ2S- cl (B) = φ, there exists a τ2- open set U 
and a τ1- open set V such that A ⊂ U and B ⊂ V, U ∩ V = φ. 
 
Definition: 4.2 A pairwise T1, pairwise mildly completely normal bitopological space is called pairwise TMC space. 
 
Theorem: 4.1 Every pairwise mildly completely normal space is pairwise mildly normal. 
 
Proof: Let (X, τ1, τ2) be a pairwise mildly completely normal space. 
 
Let A be a τ1 - regular closed set, B be a τ2 - regular closed set such that A ∩ B = φ. 
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Then τ1S- cl (A)∩ B = A ∩ B = φ and A ∩τ2S- cl (B) = A ∩ B = φ. 
 
By pairwise mildly completely normal, there exists a τ2- open set U and a τ1- open set V such that A ⊂ U and B ⊂ V,  
U ∩ V = φ. 
 
Hence X is pairwise mildly normal. 
 
5. PAIRWISE LIGHTLY COMPLETELY NORMAL 
 
Definition: 5.1A bitopological space (X, τ1, τ2)  is said to be pairwise lightly completely normal provided that 
whenever A and B are subsets of X such that τ1S- cl (A)∩B=φ and A ∩τ2S- cl (B) = φ, there exists a τ2- regular open set 
U and a τ1- regular open set V such that A ⊂ U and B ⊂ V, U ∩ V = φ. 
 
Definition: 5.2 A pairwise T1 , pairwise lightly completely normal bitopological space is called pairwise TLC space . 
 
Theorem: 5.1 Every pairwise lightly completely normal space is pairwise lighly normal. 
 
Proof: Let (X, τ1, τ2) be a pairwise lightly completely normal space. 
 
Let A be a τ1 - regular closed set, B be a τ2 - regular closed set such that A ∩ B =φ. 
 
Then τ1S- cl (A)∩ B = A ∩ B = φ and A ∩τ2S- cl (B) = A ∩ B = φ. 
 
By pairwise lightly completely normal, there exists a τ2- regular open set U and a τ1- regular open set V such that          
A ⊂ U and B ⊂ V, U ∩ V = φ. 
 
Hence X is pairwise lightly normal. 
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