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ABSTRACT

The aim of this paper is to introduce the concepts of (1, 2)*-rw- continuous mappings and study some of its properties.
Their corresponding (1,2)*-raw-irresolute mappings and (1,2)*-rw-homeomorphisms are also defined and investigated in
this paper.
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1. INTRODUCTION:

Regular open sets have been introduced and investigated by Stone [32]. Levine [16, 17], Cameron [3], Sundaram and Sheik
John [34], and Gnanambal [7] introduced and investigated semi-open sets, regular semiopen sets, weakly closed sets and
generalized pre-regular closed sets respectively. Regular o-closed sets have been introduced and investigated by Benchalli
and Wali [2] respectively, which is properly placed in between the class of w-closed sets [33] and the class of regular-
generalized closed sets [19]. Recently Ravi, Lellis Thivagar, Ekici and Many others [20-31] defined different weak forms
of semi-open sets, preopen sets, regular open sets, regular semi open sets etc., in bitopological spaces.

In this paper, we introduce the notions of (1,2)*-rw-continuous mappings, (1,2)*-ro-irresolute mappings and (1,2)*-rm-
homeomorphisms in bitopological spaces and study some of their basic properties. In most of the occasions our ideas are
illustrated and substantiated by some suitable examples.

2. PRELIMINARIES:

Throughout this paper, X, Y and Z denote bitopological spaces (X, 11, 1,), (Y, 01, 62) and (Z, 0y, 12) respectively.
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Definition: 2.1

Let S be a subset of a bitopological space X. Then S is called t;,-open [11] if S = AU B, where A €1, B € 1, .The

complement of 1, ,-open set is called 1 ,-closed. The family of all T, ,-open sets of X is denoted by (1,2)*-O(X).

Definition: 2.2
Let S be a subset of a bitopological space X. Then

(i) the 1y ,-closure of S [11], denoted by T, ,-cI(S), is defined by N {U: S € U and U is 1, ,-closed };
(ii) the T, ,-interior of S [11], denoted by t,,-int(S), is defined by U {U: U € S and U is 1 ,-open}.

Remark: 2.3
Notice that 1, ,-open subsets of X need not necessarily form a topology.

Now we recall some definitions and results, which are used in this paper.

Definition: 2.4
A subset S of a bitopological space X is said to be

(i) (1, 2)*-o-open [13] if S < T ,-int(T; o-cl(T; 2-Int(S)));

(ii) (1, 2)*-semi-open [13] if S € 1) ,-cl( 7 ,-int(S) );

(iii) regular (1,2)*-open [20] if S = 1, ,-int( T, ,-cl(S) );

(@iv) (1, 2)*-preopen [13] if S € 7y »-int( T, -cI(S) );

(v) (1, 2)*-m-open [15] if S is the finite union of regular (1, 2)*-open sets.

The complements of all the above mentioned open sets are called their respective closed sets.

The family of all (1,2)*-a-open (resp. (1,2)*-semi-open, (1,2)*-preopen, regular (1,2)*-open, (1,2)*-m-open) sets of X will
be denoted by (1,2)*-a0(X) (resp. (1,2)*-SO(X), (1,2)*-PO(X), (1,2)*-RO(X), (1,2)*-mO(X)).

The (1,2)*-semi-closure [25](resp. (1,2)*-preclosure [21], (1,2)*-0-closure [ 21]) of a subset S of X is, denoted by (1,2)*-
scl(S) (resp. (1,2)*-pcl(S) (1,2)*-acl(S)), defined as the intersection of all (1,2)*-semi-closed (resp. (1,2)*-preclosed,
(1,2)*-a-closed) sets containing S.

Definition: 2.5

A subset S of a bitopological space X is said to be

(i) a regular (1,2)*-generalized closed (briefly, (1,2)*-rg-closed [22]) if t;,-cl(S) € U whenever S € U and
U € (1,2)*-RO(X).

(i) a (1,2)*-w-closed or (1,2)*- g' -closed [9] if 11,-cl(S) € U whenever S c U and U € (1,2)*-SO(X).
(>iii) a (1,2)*-gpr-closed [28] if (1,2)*-pcl(S) € U whenever S c U and U € (1,2)*-RO(X).
(iv) a (1,2)*-generalized closed (briefly, (1,2)*-g-closed [23]) if 1, ,-cl(S) € U whenever S € U and U € (1,2)*-O(X).

(v) a weakly (1,2)*-generalized closed (briefly, (1,2)*-wg-closed [29]) if 1, ,-cl(t1,-int(S)) € U whenever S ¢ U and
U € (1,2)*-0(X).

(vi) a (1,2)*-mg-closed [15] if 11 ,-cl(S) € U whenever S € U and U € (1,2)*-rO(X).

The complements of all the above mentioned closed sets are called their respective open sets.
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Definition: 2.6[27]

A subset S of a bitopological space X is called

(i) regular (1,2)*-semiopen if there is a regular (1,2)*-open set U such that U c S < 1, ,-cl(U).

(ii) regular (1,2)*-a-open (briefly, (1,2)*-ra-open) if there is a regular (1,2)*-open set U such that U c S < (1,2)*-acl(U).

The family of all regular (1, 2)*-semiopen(resp. regular (1,2)*-a-open) sets of X is denoted by (1,2)*-RSO(X)
(resp. RaO(X)).

Definition: 2.7 [31]

A subset A of a bitopological space X is called a regular generalized-(1,2)*-a-closed set (briefly, (1,2)*-rga-closed) if
(1,2)*-0-cl(A) < U whenever A — U and U € RoO(X).

We denote the set of all (1,2)*-rga-closed sets in X by (1,2)*-RGoC(X).

Definition: 2.8 [27]

A subset S of a bitopological space X is called regular (1, 2)*-w-closed (briefly (1,2)*-ro-closed) if 1, ,-cl(S) € U whenever
S cUand U € (1,2)*-RSO(X).

The complement of regular (1,2)*-w-closed set is called regular (1,2)*-w-open (briefly (1,2)*-row-open).

We denote the family of all (1,2)*-ro-closed ( resp. (1,2)*-rm-open) sets in X by (1,2)*-RoC(X)(resp. (1,2)*-RoO(X)).
Definition: 2.9

A mapf: X — Y is said to be

@) (1, 2)*-continuous [20] if f l(V) is 1 -closed in X, for every 6, ,-closed set Vin Y.

(>ii) (1, 2)*-semi-continuous [25] if f 1(V) is (1, 2)*-semi-closed in X, for every o, ,-closed set Vin Y.

(>iii) (1, 2)*-w-continuous [28] if 1(V) is (1, 2)*- o-closed in X, for every o ,-closed set Vin Y.

(@iv) (1, 2)*-rg-continuous [22] if f 1(V) is (1, 2)*-rg-closed in X, for every o ,-closed set V in Y.

(v) (1, 2)*-ng-continuous [15] if £l (V) is (1, 2)*-mg-closed in X, for every o, ,-closed set Vin Y.

(vi) (1, 2)*-g-continuous [24] if (V) is (1, 2)*-g-closed in X, for every o, ,-closed set Vin Y.

(vii)(1, 2)*-gpr-continuous [12] if (V) is (1, 2)*-gpr-closed in X, for every o, ,-closed set Vin Y.

(viii) (1, 2)*-wg-continuous [29] if f 1(V) is (1, 2)*-wg-closed in X, for every o, ,-closed set Vin Y.

Definition: 2.10
A mapf:X — Y issaid to be

(i) (1, 2)*-semi-irresolute [13] if fl(V) is (1, 2)*-semi-open in X, for every (1, 2)*-semi-open Vin Y.
(i) (1, 2)*-o-irresolute [28] if £'(V) is (1, 2)*-o-closed in X, for every (1, 2)*- o-closed Vin Y.

Definition 2.11
A bijective f : X — Y is said to be

(i) (1, 2)*-g-homeomorphism [26] if both f and "are (1,2)*-g continuous
(ii) (1, 2)*-o-homeomorphism [28] if both f and "are (1,2)*-@-continuous

(>iii) (1, 2)*-homeomorphism [26] if both f and 'are (1,2)*- continuous
© 2010, IJMA. All Rights Reserved 467
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Remark: 2.12

Every 1y ,-closed set is (1,2)*-ro-closed set but not conversely [27].

3. (1, 2)*-ro-CONTINUOUS MAPPINGS:

Definition: 3.1
A subset A of a bitopological space X is called a regular weakly generalized-(1,2)*-closed set (briefly, (1,2)*-rwg-closed)
if 1y p-cl(1y2-int(A)) < U whenever A < U and U is regular (1,2)*-open in X.

Definition: 3.2
A mapf: X — Y is said to be

@) (1, 2)*-r@-continuous if (V) is (1,2)*-ro-closed in X, for every oy-closed set Vin Y.
(i) (1, 2)*-rwg-continuous if f "V)is (1,2)*-rwg-closed in X, for every oy ,-closed set Vin Y.

Theorem: 3.3
Every (1, 2)*-continuous map is (1,2)*-rw-continuous.

Proof:
Letf: X — Y be (1,2)*-continuous and V be any o, ,-closed set in Y. Then fl(V) is 11 5-closed set in X. By Remark 2.12,
£1(V) is (1, 2)*-roo-closed in X. Therefore, f is (1, 2)*-r@-continuous.

Remark: 3.4
The converse of Theorem 3.3 need not be true as shown in the following example.

Example: 3.5

Let X ={a,b,c}, 1= {9, X, {b}} and 1, = {9, X, {a, c}}. Then the sets in {9, X, {b}, {a, c}} are called 1, ,-open and 1, »-
closed. Let Y = {a, b, c},0:={0, Y, {b,c}} and 6, = {9, Y, {c}}. Then the sets in {¢, Y, {c}, {b, c}} are called 5,,-open
and the sets in{¢, Y, {a}, {a, b}} are called o, ,-closed. The map f : X — Y defined by f(a) = a, f(b) = b, f(c) = c is (1,2)*-
ro-continuous but not (1,2)*-continuous.

Theorem: 3.6
Iff: X - Yis (1,2)*-o-continuous map then it is (1,2)*-ro-continuous.

Proof:
Let V be any o, ,-closed set of Y. Then by hypothesis fl(V) is (1, 2)*-w-closed set in X. But every (1, 2)*-w-closed set is
(1, 2)*-ro-closed, by Theorem 3.3[27]. Therefore, f is (1, 2)*-rw-continuous.

Remark: 3.7
The converse of Theorem 3.6 need not be true as shown in the following example.

Example: 3.8

Let X={a,b,c,d}, 11={0, X, {b}} and 1, = {9, X, {c}, {b, ¢, d}}. Then the sets in {9, X, {b}, {c}, {b, c}, {b, c, d}} are
called t,,-open and the sets in {¢, X, {a}, {a, d}, {a, b, d}, {a, c, d}} are called t,,-closed. LetY = {a, b, c, d}, o;= {0,
Y, {a,b,c}} and 2= {0, Y, {a, c}}. Then the sets in{0, Y, {a, c}, {a, b, c}} are called 5, ,-open and the sets in {0, Y, {d},
{b, d}} are called o, ,-closed. The map f : X — Y defined by f(a) = a, f(b) = b, f(c) = c and f(d) = d is (1,2)*-re-continuous
but not (1,2)*-m-continuous.

Theorem: 3.9
Iff: X - Yis (1,2)*-ro-continuous map then it is (1,2)*-rg-continuous.

Proof:
Let V be any o, ,-closed set of Y. Then by hypothesis f'(V) is (1, 2)*-ro-closed set in X. But every (1, 2)*-ro-closed set is
(1, 2)*-rg-closed, by Theorem 3.6[27]. Therefore f is (1, 2)*-rg-continuous.

Remark: 3.10:
The converse of Theorem 3.9 need not be true as shown in the following example.
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Example: 3.11

Let X ={a, b, c,d}, 1,={¢, X, {a}} and 1, = {¢, X, {b}, {a, b, c}}. Then the sets in {¢, X, {a}, {b}, {a, b}, {a, b, c}} are

called T, ,-open and the sets in {¢, X, {d}, {c, d}, {a, c,d}, {b, c,d}} are called t;,-closed. LetY ={a, b, c, d},

c1={0,Y, {a,b,c}} and o= {9, Y}. Then the sets in {¢, Y, {a, b, c}} are called 6, ,-open and the sets in {¢, Y, {d}} are

called o;,-closed. The map f : X — Y defined by f(a) = b, f(b) = a, f(c) = ¢ and f(d) = d is (1,2)*-rg-continuous but not

(1,2)*-ro-continuous.

Theorem: 3.12
Iff: X - Yis (1,2)*-ro-continuous map then it is (1,2)*-gpr-continuous.

Proof:
Let V be any o, ,-closed set of Y. Then by hypothesis f Y(V) is (1, 2)*-ro-closed set in X. But every (1, 2)*-ro-closed set is
(1, 2)*-gpr-closed, by Theorem 3.12[27]. Therefore, f is (1, 2)*-gpr-continuous.

Remark: 3.13
The converse of Theorem 3.12 need not be true as shown in the following example.

Example: 3.14

Let X={a,b,c,d}, 11={0, X, {b}} and 1, = {9, X, {c}, {b, ¢, d}}. Then the sets in {9, X, {b}, {c}, {b, c}, {b, c, d}} are
called 1, ,-open and the sets in {¢, X, {a}, {a,d}, {a, b, d}, {a, c,d}} are called 7, ,-closed. Let Y = {a, b, c, d},
61={0,Y,{a,b,c}}ando,={0, Y, {a, c}}. Then the sets in {9, Y, {a, c}, {a, b, c}} are called o, ,-open and the sets in {¢,
Y, {d}, {b, d}} are called o, ,-closed. The map f : X — Y defined by f(a) = a, f(b) = b, f(c) = ¢ and f(d) = d is (1,2)*-gpr-
continuous but not (1,2)*-ro-continuous.

Remark: 3.15
The concepts of

(i) (1, 2)*-ro-continuous and (1, 2)*-g-continuous are independent.

(>ii) (1, 2)*-ro-continuous and (1, 2)*-semi-continuous are independent.
(iii) (1, 2)*-ro-continuous and (1, 2)*-wg-continuous are independent.
(iv) (1, 2)*-ro-continuous and (1, 2)*-mg-continuous are independent.

Example: 3.16

LetX=Y={a,b,c},1i={¢, X, {b}} and 1, = {9, X, {c}}. Then the sets in {9, X, {b}, {c}, {b, c}}are called t,,-open
and the sets in {9, X, {a},{a, b}, {a, c}}are called 1, ,-closed. Let 6;= {0, Y, {a}} and 6,= {0, Y,{b, c}}. Then the sets in
{0,Y, {a},{b, c}}are called 6,,-open and the sets in {§, Y, {a},{b, c}}are 6, ,-closed. Also, the sets in {¢, X, {a}.{a, b},
{a, c}, {b, c}} are called (1,2)*-re-closed and the sets in {¢, X, {a},{a, b}, {a, c}} are called (1,2)*-g-closed in X. Define
f: (X, 1, 1) = (Y, 0y, 6y) by f(a) = a, f(b) =b and f(c) = c. Then fis (1, 2)*-r@®-continuous but not (1, 2)*-g-continuous.

Example: 3.17

LetX=Y ={a,b,c,d}, 11={0, X} and 1, = {9, X, {a}, {b}, {a, b}, {a, b, c}}. Then the sets in {9, X, {a},{b}, {a, b},

{a, b, c} }are called T, ,-open and the sets in {¢, X, {d},{c, d}, {a, c, d}, {b, c, d} }are called Tt,,-closed. Let 6,= {0, Y}
and 6= {0, Y, {c}, {a, c}, {b,c}, {a,b,c}}. Then the setsin {9, Y, {c}.,{a, c}, {b, c}, {a, b, c}}are called 6,,-open and
the sets in {0, Y, {d},{a, d}, {b, d}, {a, b, d}} are called &, ,-closed. Also, the sets in {¢, X, {d},{a, b}, {c, d}, {a, b, c},
{a, b, d}, {a, c,d}, {b,c,d}} are called (1, 2)*-rw-closed and the sets in {$, X, {d}, {b, d}, {c, d}, {a, d}, {b,d}, {a, b, d},
{a, c,d}, {b, c,d}} are called (1, 2)*-g-closed in X. Define f : (X, 11, T2) = (Y, 61, 6,) by f(a) = a, f(b) = b, f(c) = c and f(d)
=d. Thenfis (1,2)*-g-continuous but not (1, 2)*-rw-continuous.

Example: 3.18

Let X=Y={a, b,c}, 11={¢, X, {b}} and 1, = {9, X, {c}}. Then the sets in {§, X, {b}, {c}, {b, c}}are called t,,-open
and the sets in {¢, X, {a},{a, b}, {a, c}}are called 1, ,-closed. Letc,={¢, Y, {a}} and c,= {9, Y,{b, c}}. Then the sets in
{0, Y, {a},{b, c}}are called 6,,-open and the sets in {§, Y, {a},{b, c}}are 6, ,-closed. Also, the sets in {¢, X, {a},{a, b},
{a, c}, {b, c}} are called (1,2)*-ro-closed and the sets in {¢, X, {a}, {b}, {c}, {a, b}, {a, c}} are called (1,2)*-semi-closed
in X. Define f : (X, 11, T2) = (Y, 63, ) by f(a) = a, f(b) = b and f(c) = c. Then fis (1, 2)*-r®-continuous but not (1, 2)*-
semi-continuous.
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Example: 3.19

LetX=Y={ab,c},11={0, X, {a}} and 1, = {¢, X, {b}}. Then the sets in {¢, X, {a},{b}, {a, b}}are called t,,-open and
the sets in {¢, X, {c},{a, c}, {b, c}}are called t,,-closed. Let 6;= {0, Y} and 6,= {0, Y, {b}, {a, b}, {b, c}}. Then the
sets in {¢, Y, {b}, {a, b}, {b, c}} are called 6, ,-open and the sets in {¢, Y, {a}, {c},{a, c}} are called 6, ,-closed. Also, the
sets in {0, X, {c}, {a, c}, {b, c}} are called (1, 2)*-rm-closed and the sets in {0, X, {a},{b}, {c}, {a, c}, {b, c}} are called
(1, 2)*-semi-closed in X. Define f : (X, T}, T2) = (Y, 631, 0,) by f(a) = a, f(b) = b and f(c) = c. Then f is (1, 2)*-semi-
continuous but not (1, 2)*-r@-continuous.

Example: 3.20

LetX=Y={ab,c},1={0, X, {a}} and 1, = {¢, X, {b}}. Then the sets in {¢, X, {a},{b}, {a, b}}are called t,,-open and
the sets in {9, X, {c},{a, c}, {b, c}}are called 1, ,-closed. Letc,= {0, Y, {c}} and 6,= {0, Y, {a, b}}. Then the sets in {¢,
Y, {c}, {a, b} }are called 6,,-open and ©,,-closed. Also, the sets in {9, X, {c},{a, b}, {a, c}, {b, c}} are called (1, 2)*-
ro-closed and the sets in {0, X, {c}, {a, c}, {b, c}} are called (1, 2)*-wg-closed in X. Define f : (X, 7, T,) = (Y, Gy, G») by
f(a) = a, f(b) =b and f(c) = c. Then fis (1, 2)*-rm-continuous but not (1, 2)*-wg-continuous.

Example: 3.21

Let X=Y ={a, b,c,d}, 1= {0, X, {a}} and 1, = {0, X, {b}, {a, b, c}}. Then the sets in {¢, X, {a},{b}, {a, b}, {a, b,
c} }are called t,,-open and the sets in {¢, X, {d}.{c, d}, {a, c, d}, {b, c, d} }are called 7;,-closed. Letc,= {9, Y, {b,c}}
and 6,={0, Y, {c}, {a, c}, {a, b, c}}. Then thesetsin {¢, Y, {c},{a, c}, {b, c}, {a, b, c} }are called 6, ,-open and the sets
in {0, Y, {d}.{a, d}, {b, d}, {a, b, d}} are called o, ,-closed. Also, the sets in {¢, X, {d},{a, b}, {c, d}, {a, b, c}, {a, b, d},
{a, c,d}, {b,c,d}} are called (1, 2)*-rw-closed and the sets in {§, X, {c},{d}, {c, d}, {a, d}, {b, d}, {a, c}, {a, b, d}, {a, c,
d}, {b, c, d}} are called (1, 2)*-wg-closed in X. Define f : (X, 11, T2) = (Y, 63, 6) by f(a) = a, f(b) = b, f(c) = c and f(d) =
d. Then fis (1, 2)*-wg-continuous but not (1, 2)*-rw-continuous.

Example: 3.22

Let X=Y={a, b,c}, 11={¢, X, {b}} and 1, = {9, X, {c}}. Then the sets in {¢§, X, {b}, {c}, {b, c}}are called t,,-open
and the sets in {¢, X, {a},{a, b}, {a, c}}are called 1, ,-closed. Letc,={¢, Y, {a}} and c,= {9, Y,{b, c}}. Then the sets in
{0,Y, {a},{b, c}}are called 6,,-open and the sets in {, Y, {a},{b, c}}are &, ,-closed. Also, the sets in {¢, X, {a},{a, b},
{a, c}, {b, c}} are called (1,2)*-rm-closed and the sets in {0, X, {a},{b}, {c} {a, b}, {a, c}, {b, c}} are called (1,2)*- ng -
closed in X. Define f : (X, T4, T2) — (Y, Gy, G,) by f(a) = a, f(b) = b and f(c) = c. Then fis (1, 2)*-re®-continuous but not (1,
2)*-mg-continuous.

Example: 3.23

Let X =Y ={a,b,c,d}, 1y={¢, X, {b}} and 1, = {9, X, {a}, {a, b, c}}. Then the sets in {0, X, {a},{b}, {a, b}, {a, b,
c}}are called 1, ,-open and the sets in {9, X, {d},{c, d}, {a, c, d}, {b, c, d} }are called 1, ,-closed. Let ;= {0, Y, {a, d}}
and 6,=1{¢, Y, {a, b, d}}. Then the sets in {9, Y, {a, d}, {a, b, d} }are called G, ,-open and the sets in {0, Y, {c},{b, c}}
are called o, ,-closed. Also, the sets in {¢, X, {d},{a, b}, {c, d}, {a, b, c}, {a, b, d}, {a, c, d}, {b, c, d}} are called (1, 2)*-
ro-closed and the sets in {¢, X, {c},{d}, {a, c}, {b, c}, {c, d}, {a, d}, {b, d}, {a, b, ¢}, {a, b, d}, {a, c, d}, {b, c, d}} are
called (1, 2)*- wg-closed in X. Define f : (X, Ty, T2) = (Y, Gy, 6,) by f(a) = a, f(b) = b, f(c) = c and f(d) = d. Then fis (1,
2)*- mg-continuous but not (1, 2)*-r@-continuous.

Remark: 3.24
The following diagram summarizes the above discussions.

(1,2)*-g-continuous  (1.2)*-m- continuous (1.2)%-wg- continuous

RN

(1.20%- continuous = (1,2)*-ro-continuous = (1.2)%-rg- confinuous

AN

¥

(1.2)%-zemi- continnous (1. 2)%-gpr- continmonz  (1.2)*- 2g- continuous
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Remark: 3.25

The following Example shows that the composition of two (1, 2)*-ro-continuous maps need not be a (1, 2)*-ro-continuous.

Example: 3.26

LetX=Y =Z={a,b,c},1i={¢, X, {b}}, u={0, X, {c}}, 0:={0, Y, {b}}, 02= {9, Y, {a, c}}, m= {9, Z, {a}} and m, =
{0, Z, {a, b}}. The map f : (X, 11, 7o) = (Y, 0}, ;) defined as f(a) = b, f(b) = a, f(c) = c and the map g : (Y, 61, 62) — (Z,
N1, M2) be an identity map are (1,2)*-ro-continuous but g - f is not (1,2)*-ro-continuous, since (g - f)’l ({c}) = {c} is not
(1,2)*-ro-closed set in X.

Result: 3.27 [31]
Every (1, 2)*-ro-continuous map is (1,2)*-rga-continuous

4. (1,2)*- ro-IRRESOLUTE MAPPINGS:

Definition: 4.1
A map f: (X, 1, 1) = (Y, 6, 6,) is called

(i) (1, 2)*-ro-irresolute if the inverse image of every (1, 2)*-ro-closed set in Y is (1, 2)*-rm-closed in X.
(>ii) (1, 2)*-rga-irresolute if £i(v)yis (1, 2)*-rga-closed in X, for every (1, 2)*-rga-closed Vin Y.

Theorem: 4.2
Every (1, 2)*-rw-irresolute function is (1, 2)*-re-continuous but not conversely.

Proof:

Assume that f : (X, Ty, T2) = (Y, Oy, 63) is (1,2)*-ro-irresolute and V is 6, ,-closed set in Y. So it is (1, 2)*-r@-closed set in
Y by Remark 2.12. By our assumption inverse image of V is a (1, 2)*-ro-closed set in X. Therefore, f is (1, 2)*-ro-
continuous.

Example: 4.3

Let X ={a,b,c}, 11={¢, X, {a}} and 1, = {¢, X, {b}}. Then the sets in {¢, X, {a},{b}, {a, b}}are called t,,-open and the
sets in {0, X, {c}.{a, c}, {b, c}}are called 1, ,-closed. Let Y = {a, b, ¢}, 61= {9, Y, {a}, {a, b}} and 6= {¢, Y}. Then the
sets in {0, X, {a}, {a, b}}are called 6 ,-open and the sets in {¢, X, {c}, {b, c} }are called o | ,-closed. Then the map f : X
— Y defined as f(a) = b, f(b) = a and f(c) = ¢ is (1,2)*-ro-continuous but not (1,2)*-re-irresolute because f'({b}) = {a} is
not an (1,2)*-ro-closed set in X.

Theorem: 4.4
Letf: (X, 1y, T2) > (Y, 61, 65) and g : (Y, 63, 62) = (Z, M1, M2) be any two maps. Then g -f is (1, 2)*-ro-continuous if g is
(1, 2)*-continuous and f is (1,2)*-ro-continuous.

Proof:
Let V be any 1, »-closed set in Z. Then g"(V) is 61 ,-closed in Y, since g is (1,2)*-continuous. Then f'(g"(V)) is (1, 2)*-ro-
closed in X, as f is (1, 2)*-ro-continuous. That is, (g ) (V) is (1, 2)*-rw-closed in X. Hence g .fis (1, 2)*-ro-continuous.

Theorem: 4.5
Let f: (X, 11, T2) = (Y, 61, 62) and g : (Y, 63, 62) — (Z, 11, N») be any two maps. Then g -f is (1, 2)*-r@-irresolute if g is
(1, 2)*-ro-irresolute and f is (1,2)*-ro-irresolute.

Proof:
Let V be any (1, 2)*-ro-closed set in Z. Since g is (1, 2)*-ro-irresolute, g'l(V) is (1,2)*-ro-closed in Y. Then fl(g'l(V)) =
(g £)(V) is (1, 2)*ro-closed in X, as f is (1, 2)*-ro-irresolute. Therefore, g-fis (1, 2)*-ro-irresolute.

Theorem: 4.6
Letf: (X, Ty, T2) > (Y, 61, 6) and g : (Y, 63, 62) = (Z, My, M2) be any two maps. Then g -f is (1, 2)*-ro-continuous if g is
(1, 2)*-ro-continuous and f is (1, 2)*-ro-irresolute.

Proof:

Let V be any m; ,-closed set in Z. Since g is (1, 2)*-ro-continuous, g"(V) is (1, 2)*-ro-closed in Y.

Then fl(g"(V)) =(g ) (V) is (1, 2)*-ro-closed in X, as f is (1,2)*-ro-irresolute. Therefore, g .fis (1, 2)*-ro-continuous.
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5. (1,2)*-ro-HOMEOMORPHISMS:

We introduce the following definitions.

Definition: 5.1
A bijection f : (X, Ty, T2) = (Y, Gy, 0,) is called (1,2)*-ro-homeomorphism if both f and f are (1,2)*-ro-continuous.

Definition: 5.2

A bijection f : (X, Ty, T2) = (Y, Gy, 0,) is called

(i) (1,2)*-regular generalized a-homeomorphism ( briefly, (1, 2)*-rgo-homeomorphism) if f and f ! are (1,2)*-rga-
continuous.

(>ii) (1, 2)*-rwg-homeomorphism if both f and f Vare (1,2)*- rwg-continuous.

Definition: 5.3
A bijection f : (X, 71, T2) = (Y, Oy, 6,) is called (1,2)*-w*-homeomorphism if both f and ! are (1,2)*-w-irresolute.

Definition: 5.4
(1) A bijection f : (X, T1, T,) = (Y, G}, Gy) is called (1, 2)*-rgac-homeomorphism if both f and "are (1,2)*-rga-irresolute.

(i) A bijection f : (X, 11, T2) = (Y, G}, G) is called (1, 2)*-r@c-homeomorphism if both f and £ are (1,2)*-ro-irresolute.
i p

Example 5.5

Let X ={a,b,c,d}, 1y={¢, X, {a}} and 1, = {0, X, {b}, {a, b, c}}. Then the sets in {¢, X, {a}, {b}, {a, b}, {a, b, c}} are
called 1y ,-open and the sets in {0, X, {d}, {c, d}, {a, c,d}, {b, c, d}} are called 1y ,-closed. Let Y ={a,b,c,d},o;={0, Y,
{a}} and 0,= {0, Y, {b}}. Then the sets in {¢, Y, {a}, {b}, {a, b}} are called o ,-open and the sets in {0, Y, {c, d},

{a, c,d}, {b, c,d}} are called o, ,-closed. If the map f: X — Y is an identity map, then f is bijective, (1,2)*-ro-continuous
and £ is (1,2)*-ro-continuous. Therefore f is (1 ,2)*-ro-homeomorphism.

Theorem: 5.6
Every (1, 2)*-homeomorphism is an (1, 2)*-r@-homeomorphism.

Proof:

Let f : (X, 71, 7o) = (Y, 63, 65) be a (1,2)*-homeomorphism. Then f and 1 are (1, 2)*-continuous and f is bijection. As
every (1, 2)*-continuous map is (1, 2)*-ro-continuous, we have f and Vare (1, 2)*-ro-continuous. Therefore f is (1, 2)*-
ro-homeomorphism.

Remark: 5.7
The converse of Theorem 5.6 need not be true as shown in the following example.

Example: 5.8

Let X ={a,b,c,d}, 1y={¢, X, {a}} and 1, = {¢, X, {b}, {a, b, c}}. Then the sets in {¢, X, {a}, {b}, {a, b}, {a, b, c}} are
called 1, ,-open and the sets in {¢, X, {d}, {c, d}, {a, c, d}, {b, c, d}} are called 1, ,-closed. Let Y = {a, b, ¢, d}, o,= {0, Y,
{a}} and 6= {0, Y, {b}}. Then the sets in {0, Y, {a}, {b}, {a, b}} are called o, ,-open and the sets in {¢, Y, {c, d}, {a, c,
d}, {b, c, d}} are called o, ,-closed.If the map f : X — Y is an identity map, then f is (1,2)*-ro-homeomorphism but it is not
(1,2)*-homeomorphism.

Theorem: 5.9
Every (1, 2)*-ow-homeomorphism is an (1, 2)*-r®- homeomorphism.

Proof:

Letf: (X, 11, T2) = (Y, G, 6) be a (1,2)*-w-homeomorphism. Then f and are (1, 2)*-m-continuous and f is bijection. As
every (1, 2)*-w-continuous map is (1, 2)*-r@-continuous, we have f and f "are (1, 2)*-ro-continuous. Therefore f is (1, 2)*-
ro-homeomorphism.

Remark: 5.10
The converse of Theorem 5.9 need not be true as shown in the following example.
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Example: 5.11

Let X={a, b, c,d}, 11={¢, X, {a}} and 1, = {¢, X, {b}, {a, b, c}}. Then the sets in {¢, X, {a}, {b}, {a, b}, {a, b, c}} are

called 1 ,-open and the sets in {9, X, {d}, {c, d}, {a, c,d}, {b, c, d}} are called t,,-closed. Let Y = {a, b, ¢, d}, ;= {0, Y,

{a}} and 6,={¢, Y, {b}}. Then the sets in {0, Y, {a}, {b}, {a, b}} are called 5, ,-open and the sets in {9, Y, {c, d},

{a, c, d}, {b, ¢, d}} are called o,,-closed. If the map f : X — Y is the identity map, then this map is (1,2)*-ro-

homeomorphism but it is not (1,2)*-o-homeomorphism.

Theorem 5.12
Every (1, 2)*-ro-homeomorphism is an (1, 2)*-rga-homeomorphism.

Proof:

Letf: (X, 11, T2) = (Y, G, 6y) be a (1,2)*-ro-homeomorphism. Then f and Vare (1, 2)*-ro-continuous and f is bijection.
As every (1, 2)*-ro-continuous map is (1,2)*-rga-continuous, we have f and are (1,2)%*- rga-continuous. Therefore f is
(1, 2)*- rga-homeomorphism.

Remark: 5.13
The converse of Theorem 5.12 need not be true as shown in the following example.

Example: 5.14

Let X={a, b, c,d}, 1,={¢, X, {a}} and 1, = {¢, X, {b}, {a, b, c}}. Then the sets in {¢, X, {a}, {b}, {a, b}, {a, b, c}} are
called t;,-open and the sets in {0, X, {d}, {c, d}, {a, ¢, d}, {b, c, d}} are called 1, ,-closed. Let Y ={a, b, c,d}, o1={0, Y,
{a}} and 6, = {9, Y, {b}}. Then the sets in {9, Y, {a}, {b}, {a, b}} are called o, ,-open and the sets in {¢, Y, {c, d}, {a, c,
d}, {b, c, d}} are called o ,-closed. If the map f : X — Y is the identity map, then the map is (1,2)*-rga-homeomorphism
but it is not (1,2)*-ro-homeomorphism.

Corollary: 5.15
Every (1, 2)*-o*-homeomorphism is an (1, 2)*-ro-homeomorphism.

Proof:

It is evident that every (1,2)*-w*-homeomorphism is a (1,2)*-w-homeomorphism. By Theorems 5.9 and 5.12., every (1,2)*-
o-homeomorphism is a (1,2)*-rgo-homeomorphism and hence (1,2)*-0*-homeomorphism is a (1,2)*-rgo-
homeomorphism.

Theorem: 5.16
Every (1, 2)*-ro-homeomorphism is an (1, 2)*-rwg-homeomorphism.

Proof:

Let f: (X, Ty, 7o) = (Y, G}, 02) be (1,2)*-ro-homeomorphism. Then f and Vare (1, 2)*-ro-continuous and f is bijection.
Since every (1,2)*-ro-continuous map is (1,2)*-rwg-continuous, we have f and f "and (1,2)*-rwg-continuous. Therefore f
is (1, 2)*-rwg-homeomorphism.

Remark: 5.17
The converse of Theorem 5.16 need not be true as shown in the following example.

Example: 5.18

Let X ={a,b,c,d}, 1= {0, X, {a}} and 1, = {0, X, {b}, {a, b, c}}. Then the sets in {9, X, {a}, {b}, {a, b}, {a, b, c}} are
called 1, ,-open and the sets in {0, X, {d}, {c, d}, {a, c,d}, {b, c, d}} are called 1, ,-closed. Let Y ={a,b,c,d},o;={9,Y,
{a}} and 0, = {0, Y, {b}}. Then the sets in {¢, Y, {a}, {b}, {a, b}} are called o, ,-open and the sets in {9, Y, {c}, {a, c},
{b, c}} are called o;,-closed. If the map f : X — Y is defined as f(a) =c, f(b) = b, f(c) = a and f(d) = d, then f is rwg-
homeomorphism but it is not ro-homeomorphism.

Remark: 5.19
The concepts of

(i) (1, 2)*-roc-homeomorphisms and ®*-homeomorphisms are independent.

(ii) (1, 2)*-ro-homeomorphisms and (1, 2)*-g-homeomorphisms are independent.
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Example: 5.20

In Example 5.18, if the map f : X — Y is an identity map, then f is (1,2)*-o*-homeomorphism but it is not (1,2)*-roc-

homeomorphism, since f is not (1,2)*-r@-irresolute.

Example: 5.21
In Example 5.18, if the map f : X — Y is an identity map, then f is (1,2)*-roc-homeomorphism but it is not (1,2)*-w*-
homeomorphism, since f is not (1,2)*-w-irresolute.

Example: 5.22
In Example 5.18, if the map f : X — Y is defined as f(a) =c, f(b) = b, f(c) = a and f(d) = d, then f is (1,2)*-ro-
homeomorphism but it is not (1,2)*-g-homeomorphism.

Example: 5.23
In Example 5.18, if the map f : X — Y is defined as f(a) =c, f(b) = b, f(c) = a and f(d) = d, then f is (1,2)*-g-
homeomorphism but it is not (1,2)*-ro-homeomorphism.

Theorem: 5.24
Every (1, 2)*-roc-homeomorphism is an (1, 2)*-ro-homeomorphism.

Proof:
Let f: (X, t1, T2) = (Y, 63, 6;) be an (1,2)*-roc-homeomorphism. Then f and f Vare (1, 2)*-ro-irresolute and f is bijection.
By Theorem 4.2 f and are (1, 2)*-ro-continuous. Therefore f is (1, 2)*-row-homeomorphism.

Remark: 5.25
The converse of Theorem 5.24 need not be true as shown in the following example.

Example: 5.26
In Example 5.18, if the map f : X — Y is the identity map, then f is (1,2)*-ro-homeomorphism but it is not (1,2)*-rmc-
homeomorphism, since f is not (1,2)*-r@-irresolute.

Theorem: 5.27
Every (1,2)*-roc-homeomorphism is (1,2)*-rwg-homeomorphism.

Proof:
Proof follows from Theorems 5.16. and 5.24.

Example: 5.28
In Example 5.18, if the map f : X — Y is an identity map, then f is (1,2)*-rwg-homeomorphism but it is not (1,2)*-roc-
homeomorphism, since f is not (1,2)*-r@-irresolute.

Remark: 5.29
The following diagram summarizes the above discussions.

[L]}*-L-}-hu:!msﬂmvrim —— (12)*-g-homeomorphi=m
-Amnummphism

(1,2)*-homeomorphizm —(1, "'}*-ru--humnumurﬁuml -1 20

(1.2)*-w*-homeomorphism <_|_‘l 2)* u-c-hammmc&rp&ugm
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