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ABSTRACT 

 In this paper, we present the common approximate solutions of coupled matrix Riccati convolution differential equations by 

using the successive approximation method and Kronecker convolution products. The maximum error of −n approximation by 

using this method is also considered. Furthermore, an illustrative example is given. 

 

Keywords: Convolution Product, Kronecker Convolution Product, Coupled Matrix Riccati Convolution Differential Equations, 2-
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1.   INTRODUCTION AND PRELIMINARY RESULTS:  

 

In the field of matrix convolution algebra and system identification; there has been interest in convolution and Kronecker 

convolution products of matrices which are very useful in applications. In fact, these products are very important role in control 

system analysis, semi-Markov system, statistics, stability theory of differential equations, communication systems, perturbation 

analysis of matrix differential equations and other fields of pure and applied mathematics [e.g.,1-5,8-11]. For example, Nikolaos 

[11] established some inequalities involving convolution product of matrices and presented a new method to obtain closed form 

solutions of transition probabilities and dependability measures and then solved the renewal matrix equation by using the 

convolution product of matrices, Sumita [12] established the matrix Laguerre transformation to calculate matrix convolutions and 

evaluated a matrix renewal function, Boshnakov [3] showed that the entries of the autocovariances matrix function can be 

expressed in terms of the Kronecker convolution product and Kilicman and Al-Zhour [8] presented the iterative solution of such 

coupled matrix equations based on the Kronecker convolution structures.  

 

One family of matrix problems is the coupled matrix Riccati convolution differential equations; depending on the problem 

considered, different terms may appear. However, in this case, the system is difficult to find the exact solution and it is often not 

necessary to compute exact solutions, approximate solutions are sufficient because sometimes computational efforts rapidly 

increase with the size of matrix functions. In this paper, we find the common numerical solutions of the coupled matrix Riccati 

convolution differential equations by using the successive approximation method and Kronecker convolution products, the way 

exists which transform the coupled matrix differential equations into forms for which solutions may be readily computed. An 

illustrative example is also considered. The solution procedure presented here may be considered as a continuation of the method 

proposed in [6]. 

 

2.   BASIC DEFINITIONS AND RESULTS: 

 

We begin this section by recalling the successive approximation method, matrix convolution products of matrices (namely, 

convolution and Kronecker convolution products), and study some basic results related to these products that will be used in our  

investigation to the common solution of coupled matrix Riccati convolution differential equations. Before starting, throughout we 

consider matrices over the field of real numbers R . The set of m -by- n  absolutely integrable real matrices for 0≥t  is denoted 

by )(, RM
I

nm  or 
nm

R
×

. For simplicity we write 
I

nmM ,  instead of )(, RM
I

nm , and when nm =  we write 
I

nM  instead of 

I

nnM , . 

 

Definition: 2.1.  Let 

                                                    00 )(,),('
utuutgu ==                                                                                                       (2.1) 

------------------------------------------------------------------------------------------------------------------------------------------------------------- 
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be differential equation such that g  is real continuous function on ],[],[ dcbaD ×= . Then )(tu is a solution of the differential 

equation in (2.1) on the interval ],[ ba  if the following conditions hold 

 (i) ( )t u t D, ( ) ∈  for all ],[ bat ∈ ,                                    (ii) ( ))(,)(' tutgtu =  for all ],[ bat ∈  

  ],[ ba  in 0t  for any initial value 00 )( utu = (iii) 

 

Definition: 2.2.  The function ),( utg is said to be satisfy Lipschtiz condition with a variable u  on D  if there exists a constant 

K  such that  

 

                                ( ) ( ) 2121 ,, uuKutgutg −≤−   for all ( ) ( ) Dutut ∈21 ,,, .                                                            (2.2) 

 

Lemma: 2.3. Let ),( utg be continuous function and satisfy Lipschtiz condition with a variable u  on D . Then the differential 

equation: 

                              00 )(,),('
utuutgu == , bta ≤≤ , for any 0t  in ],[ ba   

 

has a unique solution )(tu on the interval ],[ ba . 

 

The differential equation defined in (2.1) can be solved numerically by using the Successive Approximation Method as: 

 

                                     ( ) ,...2,1,)(,)(

0

10 =+= � − ndssusgutu

t

t

nn                                                                             (2.3) 

 

This method generates the following sequence of functions: 

 

                                          }{ { });...(...,),(),()( 10 tutututu nn = ,                                                                                         (2.4) 

 

and each function of this sequence satisfy the initial condition 00 )( utu = , but in general not satisfy the differential equation 

),(' utgu = . If there exists positive integer n  such that )()(1 tutu kk =+  for all kn ≤ , then )(tun  is a solution of the 

integral equation defined in (2.3) and also a solution of the differential equation defined in (2.1).  

 

Remarks: 2.4.  (i) If ),( utg is a continuous function on D , then ),( utg is bounded, that is 

 

                                                    Mutg ≤),( , for all Dut ∈),( ,                                                                                            (2.5) 

 

where M is a constant. The sequence { })(tun  exist if the following condition holds 

 

                                    htt ≤− 0 , buu ≤− 0 ,, 
�
�
�

�
�
�

=
M

b
ah ,min .                                                                                      (2.6)  

                 

(ii) The infinite series  

 

                                                     [ ]�
∞

=

+ −+
0

10 )()()(
k

kk tututu                                                                                                   (2.7) 

 

is convergent if and only if  

 

                                                     [ ]�
∞

=

+ −+
0

10 )()()(
k

kk tututu                                                                                                   (2.8) 

 

is convergent. This occurs when the infinite sequence { }∞

=0
)(

nn tu  is convergent. 
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(iii)  If )()(lim tutun
n

=
∞→

, the we obtain the exact solution as follows: 

 

                   ( )
	
	



�

�
�


�
+== � −

∞→∞→

t

t

nn dssusgututu
nn

0

)(,lim)(lim)( 10  

                   ( )dssusgu

t

t

n
n � −

∞→
+=

0

)(,lim 10 � ��
�

�
��
�

�
+= −

∞→

t

t

n dssusgu
n

0

)(lim, 10  

                   ( )�+=
t

t

dssusgu

0

)(,0 .                                                                                                            (2.9) 

 

(iv) The maximum error of −n approximation by using successive approximation method is given by 

 

                                               
!

)()()(
1

1

i

h
KMtututR

in

i

i

nn �
=

−≤−= ,                                                                                  (2.10) 

 

where K , M  and h  are defined in (2.2), (2.5) and (2.6), respectively. 

 

Definition: 2.5. Let
I

nmij MtftA ,)]([)( ∈= and
I

pnjr MtgtB ,)]([)( ∈= . The convolution and Kronecker convolution 

products of )(tA and )(tB are matrix functions defined for 0≥t  by (see, e.g.,[2,3,8,9,11]): 

 

(i) Convolution Product  

      )]([)()( thtBtA ir=∗  with ��
=

−=
n

k

t

krikir dxxgxtfth
1 0

)()()(  �
=

∗=
n

k

krik tgtf
1

)()( .                                                 (2.11)   

     

(ii) Kronecker Convolution Product        

                                               )()( tBtA
c

⊗ ijij tBtf )]()([ ∗= .                                                                                                 (2.12)    

                              

where )()( tBtf ij ∗  is the ij -th submatrix of order pn × , )()( tBtA
c

⊗ is of order npmn × and )()( tBtA ∗ is of order 

pm × .      

                         

Lemma: 2.6 Let )(tA , )(tB ,
I

nMtC ∈)(  and =)(tDn nIt)(δ (where nn MI ∈  is scalar identity matrix) . Then for any 

constants α and β  (see [2, 8, 11])  

 

(i) ( ) =∗+ )()()( tCtBtA βα +∗ ))()(( tCtAα ))()(( tCtB ∗β ;                

                                          

(ii) ( ))()()( tCtBtA ∗∗ ( ) )()()( tCtBtA ∗∗= ;      

                                                                                                                    

(iii) )()()()()( tAtAtDtDtA nn =∗=∗ ;          

                                                            

(iv) ( ) )()()()( tAtBtBtA
TTT

∗=∗ .            

                                                                                                                                                                                                                                         

(v) )(.)()()( tBtAtBtA ≤∗  for any matrix norm . . 

 

Lemma: 2.7  Let
I

nmMtA ,)( ∈ , 
I

qpMtB ,)( ∈ ,
I

rnMtC ,)( ∈  and 
I

sqMtD ,)( ∈ . Then (see [8, 11]) 

 

                          ( ) ( ))()()()()()()()( tDtBtCtAtDtCtBtA
ccc

∗⊗∗=�
�

�
�
�

�
⊗∗�

�

�
�
�

�
⊗ .                                                           (2.13)   
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But  

                                ( ) ( ))()()()()()()()( tDtBtCtAtDtCtBtA
ccc

⊗≠�
�

�
�
�

�
⊗�

�

�
�
�

�
⊗ .                                                                 (2.14)   

                                                            

Corollary: 2.8 Let
I

nMtA ∈)( , 
I

mMtB ∈)(  and let nn IttD )()( δ=  be Dirac identity matrix .Then (see [8, 11]) 

 

(i) ( ))(,),(),()()( tAtAtAdiagtAtD
c

n �=⊗ ;                   

                                                                                                  

(ii) =�
�

�
�
�

�
⊗∗�

�

�
�
�

�
⊗ )()()()( tBtDtDtA

c

nm

c

�
�

�
�
�

�
⊗∗�

�

�
�
�

�
⊗ )()()()( tDtAtBtD m

cc

n  )()( tBtA
c

⊗= ; 

 

(iii) )()()( BtrAtrBAtr
c

∗=⊗ .                      

                                                                                                    

Lemma: 2.9 Let
I

nmMtA ,)( ∈ , 
I

qpMtB ,)( ∈ and
I

pnMtX ,)( ∈ . Then (see, [8]) 

 

                                ( ) )()()()()()( tVecXtAtBtBtXtAVec
c

T ∗�
�

�
�
�

�
⊗=∗∗ .                                                                      (2.15)                             

                                   

3.   MAIN PROBLEM AND SOLUTION PROCEDURE:  

 

In this section, we will present the approximate solutions of the following coupled matrix Riccati convolution differential 

equations:      

 

{ )()()()()()()()( 1111111111 )(' tXtStXtAtXtXtBtQX t ∗∗+∗+∗+=  

             })()()()()()()()()( 212212222221 tXtStXtXtStXtXtStX ∗∗+∗∗+∗∗+ ,                                                  (3.1)                                  

 

{ )()()()()()()()( 2222222221 )(' tXtStXtAtXtXtBtQX t ∗∗+∗+∗+=  

             })()()()()()()()()( 121121111112 tXtStXtXtStXtXtStX ∗∗+∗∗+∗∗+ .                                                    (3.2)    

                                          

Subject to: 

                                         ,)(,)( 2211 ffff XtXXtX ==                                                                                   (3.3)         

where fX 1 and fX 2  are constant matrices, and  

 

          
I

nMtStAtBtQtStStStAtBtQ ∈)(),(),(),(),(),(),(),(),(),( 21222122211111                                                       (3.4) 

 

are real continuous matrix functions on the interval ],[ 0 fttz = and called “ Time-Varying Matrix convolution Functions” 

By using the Vec -notation in Lemma 2.9 of (3.1)-(3.3), we obtain: 

 

)()()()()()()( 11111

' tVecXtBtDtDtAtVecQtVecX
c

nn

c
T ∗

�
�
�

�
�
�

⊗+⊗+=  

                                 )()()()()( 222112 tVecStXtXtXtX
c

T
c

T ∗
�
�
�

�
�
�

⊗+⊗+    

                                 +∗
�
�
�

�
�
�

⊗+ )()()( 1222 tVecStXtX
c

T )()()( 1111 tVecStXtX
c

T ∗
�
�
�

�
�
�

⊗ ,                                                  (3.5)   

       

)()()()()()()( 22222

'
tVecXtBtDtDtAtVecQtVecX

c

nn

c
T ∗

�
�
�

�
�
�

⊗+⊗+=  
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                                  )()()()()( 111221 tVecStXtXtXtX
c

T
c

T ∗
�
�
�

�
�
�

⊗+⊗+    

                                  +∗
�
�
�

�
�
�

⊗+ )()()( 2111 tVecStXtX
c

T )()()( 2222 tVecStXtX
c

T ∗
�
�
�

�
�
�

⊗ .                                                 (3.6)      

Subject to  

                                    ( ) ( ) ( ) ( ).)(,)( 2211 ffff XVectXVecXVectXVec ==                                                      (3.7) 

 

Define the 2-convolution norm of 
I

nMtA ∈)(  for all 0≥t  as follows: 

 

                                                      ( ))()()(
2

2
tAtAtrtA

T ∗= .                                                                                                  (3.8) 

 

Thus, it is easy to show that: 

 

(i) for )2,1()( ≤≤∈ jiMtA
I

nij , 

                                         
22,1

22221

1211
)(max4

)()(

)()(
tA

tAtA

tAtA
ij

ji ≤≤
≤	




�
�


�
,                                                                                  (3.9) 

 

 (ii) for )2,1()( =∈ iMtA
I

ni ,  

                                                
2221

2

21 )()()()( tAtAtAtA
c

∗=⊗  .                                                                                (3.10) 

 

Lemma 3-1- Let )(tAi , )(tBi  and )(tS ij )2,1,( =ji be matrix functions determined by (3.4). Also let  

 

               
nn

ii RtYtX
×∈)),( , )2,1,()()()()()( =

�
�
�

�
�
�

⊗+⊗= jitBtDtDtAtL i

c

nn

c
T

ii ,                                                (3.11) 

 

                            [ ] nn
I

MtXtXtX 2,21 )(),()( ∈= ,  [ ] I

nnMtYtYtY 2,21 )(),()( ∈= .                                                         (3.12)      

                   

Then  

                                [ ] I

n
M

tVecX

tVecX
tXtXVectVecX

1,2
2

1

21 2

)(

)(
)(),()( ∈	




�
�


�
== .                                                                     (3.13)       

        

Furthermore, if the following functions: 
1212

0

22

],[: ×× →× nn

fi RRttψ , 3,2,1=i  are defined by 

 

(a)                                             ( )
[ ]
[ ]	


�
�


�

∗

∗
=

)()(

)()(
)(,

22

11

1
tVecXtL

tVecXtL
tVecXtψ  ;                                                                             (3.14)     

                                                         

(b) ( ) 	



�
�


�
∗

	
	
	
	




�

�
�
�
�



�

⊗⊗+⊗

⊗+⊗⊗

=
)(

)(

)()(.)()()(

.

)()()()(.)()(

)(,
22

11

221221

211211

2
tVecS

tVecS

tXtXtXXtXtX

tXtXtXtXtXtX

tVecXt
c

T
c

T
c

T

c
T

c
T

c
T

ψ ;                       (3.15) 

 

(c)                                   ( )

	
	
	
	




�

�
�
�
�



�

∗�
�

�
�
�

�
⊗

∗�
�

�
�
�

�
⊗

=

)()(

)()(

)(,

2111

1222

3

tVecStXX

tVecStXX

tVecXt
c

T

c
T

ψ .                                                                         (3.16)                             
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Then the following inequalities are true: 

(i)                  
2

2

1

211 )()()(4))(,())(,( tVecYtVecXtntVecYttVecXt −∗∗≤− αψψ ;                                             (3.17)       

                                   

where  

                                  { }21,)(,)(max)(
22

≤≤=
∈

itBtAt ii
zt

α .                                                                                (3.18)   

       

(ii) ( )
222222 )()()()()(8))(,())(,( t-VecYtVecXtYtXttVecYttVecXt ∗+∗≤− γψψ ;                                   (3.19)     

                                                                                                                             

where  

                                                     { }2,1,)(max)(
2

==
∈

itSt ii
zt

γ .                                                                                            (3.20) 

 

 (iii)  ( )
222233 )()()()()())(,())(,( t-VecYtVecXtYtXttVecYttVecXt ∗+∗≤− ηψψ ;                                  (3.21) 

 

where 

                                           { }jijitSt ij
zt

≠≤≤=
∈

,2,1:)(max)(
2

η .                                                                                (3.22)     

                 

Proof: (i) From (3.9) and the definition of 1ψ  we have  

                        
[ ]
[ ]	


�
�


�

−∗

−∗
=−

)()()(

)()()(
))(,())(,(

222

111

11
tVecYtVecXtL

tVecYtVecXtL
tVecYttVecXt ψψ . 

Now 

{ }
222

11

2211
)()(

)()(
2,1,)(max2))(,())(,( 	




�
�


�

−

−
∗=≤−

∈ tVecYtVecX

tVecYtVecX
itLtVecYttVecXt i

zt
ψψ  

        { }
22

1

2

1

2 )(

)(

)(

)(
2,1,)(max2 	




�
�


�
−	




�
�


�
∗==

∈ tVecY

tVecY

tVecX

tVecX
itLi

zt
                              

                                                              { }
22

)()(2,1,)(max2 tVecYtVecXitLi
zt

−∗==
∈

.                                               (3.23) 

Also, from (3.10) we have 

                         )2,1,(,)()()()()(
2

2
=⊗+⊗= jitBtDtDtAtL i

c

nn

c
T

ii            

                                        

22

)()()()( tDtAtBtD n

c
T

ii

c

n ⊗+⊗≤  

                          
2222

)()()()( tDtAtBtD n

T

iin ∗+∗=  

                          { }
22

2

1

)()( tAtBn
T

ii +∗=  .                                                                                                       (3.24)      

                                                                                                 

Thus from (3.23) and (3.24) we have  

 

[ ]
222

2

1

211 )()()()(max2))(,())(,( tVecYtVecXtAtBntVecYttVecXt
T

ii
zt

−∗+∗≤−
∈

 ψψ  

          { }
222

2

1

)()()(,)(max4 tVecYtVecXtAtBn ii
zt

−∗∗=
∈

 

                                                                
2

2

1

)()()(4 tVecYtVecXtn −∗∗= α .                                

Similarly we can prove (ii) and (iii).                                                                                    

    

       If we let           
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[ ]
[ ]

[ ]

nn

fff

R

XXtX

tXtXtX

tQtQtQ
2

21

21

21

)(

)()()(

)()()(
×∈

�
�

�
�

�

=

=

=

   and      

{ }
{ }
{ }��

�
�

�

≤≤=

≤≤=

≤≤=

f

f

f

tttt

tttt

tttt

0

0

0

:)(max

:)(max

:)(max

ηη

γγ

αα

.                                                    (3.25)      

  

Then by Lemma 3.1, the coupled matrix Riccati convolution differential equations defined by (3.5)-(3.7) can be rewrited as 

follows: 

 

                            ( ) [ ]fff XXVectVecXtVecXtFtVecX 21 ,)(,)(,)(' ==  ,                                                                 (3.26) 

 

where [ ] 1212

0

22

,: ×× →× nn

f RRttF  is a function defined by 

 

          ))(,())(,())(,()())(,( 321 tVecXttVecXttvecXttVecQtVecXtF ψψψ +++= .                                               (3.27)   

 

       

Corollary: 3.2. Let { }2,1:)(),(),(),( ≤≤ jitStQtBtA ijiii  be continuous matrix functions on ]1,0[],[ 0 == fttz , and let 

0>δ ,                               

                                         
nn

fff RXXX
2

21 ],[ ×∈= , δε += fX  ,                                                                                (3.28)    

                

                            [ ] nn
RtXtXtX

2

21 )(),()( ×∈=   ,  [ ] nn
RtYtYtY

2

21 )(),()( ×∈= ,                                                       (3.29)   

   

                                          δδ ≤−≤− ff YtYXtX )(,)( .                                                                                 (3.30)   

 

     Then the function ))(,( tVecXtF determined by (3.27) satisfy the following Lipschtiz condition on ]1,0[ : 

 

                          
22

)()())(,())(,( tVecYtVecXKtVecYtFtVecXtF −∗≤− ,                                                           (3.31)                

where 

                                                    �
�
�

�
�
�
�

�
++= ηεγεα 822 2

1

nK .                                                                                                 (3.32) 

 

Proof:  By assumptions and from (3.17), (3.19) and (3.21) we have  

 

 
2

))(,()),( tVecYtFVecXttF −  

 

))(,())(,())(,()( 321 tVecXttVecXttVecXttVecQ ψψψ +++=  

                                            )(tVecQ− ))(,(1 tVecYtψ−
232 ))(,())(,( tVecYttVecYt ψψ −−  

 

))(,())(,())(,())(,( 2211 tVecYttVecXttVecYttVecXt ψψψψ −+−=  
233 ))(,())(,( tVecYttVecXt ψψ −+                                        

 

222211 ))(,())(,())(())(,( tVecYttVecXtttVecYtVecXt ψψψψ −+−≤  

                                           
233 ))(,())(,( tVecYttVecXt ψψ −+   { }

222
)()()()()( tVecYtVecXtYtXt −∗+∗+η .         

{ } { } { }
22222

2

1

)()()()()()()()(8)(4 tVecYtVecXtYtXttYtXttn −∗�
�
�

�
�
�
�

�
+++∗+∗= ηγα  

 

By using assumptions: δε +=
2fX  ,  δ≤−

2
)( fXtX  implies 
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                                      δ≤−
22

)( fXtX ,  εδ =+≤
22

)( fXtX .                                                                      (3.33)        

 

Now by (3.33), (3.25) and since ]1,0[∈t we have 

 

     ≤−
2

)(,())(,( tVecYtFtVecXtF { }
2

2

1

)()(2164 tVecYtVecXn −∗�
�
�

�
�
�
�

�
∗+∗+∗ εηεγα  

                                                                { }
2

2

1

)()(822 tVecYtVecXn −∗�
�
�

�
�
�
�

�
∗+∗+∗= εηεγα  

                                                                { }
2

2

1

)()(822 tVecYtVecXnt −∗�
�
�

�
�
�
�

�
++= ηεγεα  

                                                                { }
2

2

1

)()(822 tVecYtVecXn −∗�
�
�

�
�
�
�

�
++≤ ηεγεα  

                                                                
2

)()( tVecYtVecXK −∗= .             

                               

Corollary: 3.3. Let 0>δ , ]1,0[],[ 0 =∈ fttt ,  δ≤−
2

)( fXtX , δε +=
2fX , ],[ 21 fff XXX = , and let  

 

                                        [ ]{ }fttttQtQq ≤≤= 0
2

21 :)(),(max  ,                                                                          (3.34)

  

[ ])(),()( 21 tXtXtX =  satisfy δ≤−
2

)( fXtX  . Then 

 

                                             { } MtttvecXtF f ≤≤≤02
:),(sup ,                                                                                     (3.35) 

where  

                                                 
22

1

2

1
42 εηγαε �

�

�
�
�

�
+++= nqM ,                                                                                        (3.36) 

and ηγα ,, are defined in (3.25). 

 

Proof: For any ]1,0[],[ 0 =∈ fttt  and δ≤−
2

)( fXtX , we have   

 

           
23212

))(,())(,())(,()())(,( tVecXttVecXttVecXttQtVecXtF ψψψ +++=  

                    
2322212

))(,())(,())(,()( tVecXttVecXttVecXttQ ψψψ +++≤  

 

From (3.17)-(3.22) of Lemma 3.1 and (3.25), we have 

 

                      
2

2

1

211 )()(4))(,())(,( tVecYtVecXtntVecYttVecXt −∗≤− αψψ .                                                   (3.37)        

When 0)( =tY , we obtain 

                       
22

1

2

1

2

2

1

21 24)(4))(,( tntntVecXtntVecXt αεεααψ =∗≤∗≤  .                                                      (3.38)                   

 

( )
222222 )()()()(8))(,())(,( tVecYtVecXtYtXtVecYttVecXt −∗+∗≤− γψψ .                                           (3.39)   

  

When 0)( =tY , we obtain 

               

         ( ) ( ) 222

2222 48)()(8))(,( tttVecXtXtVecXt γεεγγψ =∗≤∗∗≤ .                                                              (3.40)              
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   ( )
222233 )()()()())(,())(,( tVecYtVecXtYtXtVecYttVecXt −∗+∗≤− ηψψ .                                          (3.41) 

 

When 0)( =tY , we obtain 

                                                 
222

23
2

1
))(,( tttVecXt ηεεηψ =∗≤  .                                                                             (3.42)                                           

 Since ]1,0[∈t , then  

 

 
2322122

)(,()(,()(,()())(,( tVecXttVecXttVecXttQtVecXtF ψψψ +++≤  

    
222222

1

2

1
42 tttnq ηεγεαε +++≤  

                                
222

1

2

1
42 tnq

�
�
�

�
�
�

�
�

�
�
�

�
+++= εηγαε . 

                   Mnq =�
�

�
�
�

�
+++≤ 22

1

2

1
42 εηγαε . 

This completes the proof of Corollary 3.3.     

                                                                                                                

Theorem: 3.4. Let { }2,1:)(),(),(),( ≤≤ jitStQtBtA ijiii  be continuous matrix functions on ]1,0[],[ 0 == fttz . 

Let 0>δ , δε +=
2fX and M  determined by (3.36). Suppose that  

 

                                                            
�
�
�

�
�
�

=
M

h
δ

,1min .                                                                                                            (3.43)  

                          

Then the coupled matrix Riccati convolution differential equations defined in (3.1)-(3.4) has a unique solution 

 

                                                      [ ])(),()( 21 tXtXtX =  

 

on the interval ]1,1[ h−  such that )(tX is the limit of 2-convolution norm of the following  successive approximation sequence: 

                   

               { }
0

)( )( ≥p

p
tX                                                                                                            (3.44) 

such that 

        

�
�
�

�
�
�

=
)(

)(
)(

)(

2

)(

1)(

tX

tX
tX

p

p

p
,                                                                                                (3.45)        

 

     2,1,)()0( == iXtX ifi ,                                                                                           (3.46) 

and 

         [� ∗+∗++=+
t

pp

f

p uAuXuXuBuQXtX
1

1

)(

1

)(

1111

)1(

1 )()()()()()(  

                                  ] [� ∗∗+∗∗+
t

pppp
uXuSuXduuXuSuX

1

)(

222

)(

1

)(

111

)(

1 )()()()()()(  

                                          ]duuXuSuXuXuSuX pppp )()()()()()( )(

212

)(

2

)(

122

)(

2 ∗∗+∗∗+ .                                         (3.47) 

 

         [� ∗+∗++=+
t

pp

f

p uAuXuXuBuQXtX
1

2

)(

2

)(

2222

)1(

2 )()()()()()(  

                                               ] [� ∗∗+∗∗+
t

pppp
uXuSuXduuXuSuX

1

)(

111

)(

2

)(

222

)(

2 )()()()()()(   
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                            ]duuXuSuXuXuSuX
pppp

)()()()()()(
)(

121

)(

1

)(

111

)(

1 ∗∗+∗∗+ .                                                       (3.48) 

 

Furthermore, the maximum error is given by  

 

                                
!

)()()(
1

1

2

)(

r

h
KMtVecXtVecXtR

rp

r

rp

p �
=

−≤−= .                                                                        (3.49) 

 

where KM , and h are defined in (3.36), (3.32) and (3.43), respectively. 

 

Proof:  The function ))(,( tVecXtF  determined by (3.27) satisfies Lipschtiz condition by Corollary 3.2 and bounded with 

constant M  by Corollary 3.3. Now applying Lemma 2.3, then the unique solution of the following equivalent coupled matrix 

Riccati convolution differential equations determined by (3.26):       

  

                            ( ) [ ]fff XXVectVecXtVecXtFtVecX 21 ,)(,)(,)(' ==  

 

on the interval ]1,1[ h−  is )(tVecX which is given by the sequence: { }
0

)( )( ≥p

p
uX , where fVecXtX =)(0

. Also 

 

( )�+=+
t

p

f

p duuVecXuFVecXtVecX
1

)()1( )(,)(  

 

du

uXuSuXuAuXuXuBuQ

uXuSuXuAuXuXuBuQ

VecX

t

pppp

pppp

f �
	
	
	




�

�
�
�



�

∗∗+∗+∗+

∗∗+∗+∗+

+=
1 )(

222

)(

22

)(

2

)(

222

)(

111

)(

11

)(

1

)(

111

)()()()()()()()(

)()()()()()()()(

 

 

        du

uXuSuXuXuSuXuXuSuX

uXuSuXuXuSuXuXuSuXt

pppppp

pppppp

�
	
	
	




�

�
�
�



�

∗∗+∗∗+∗∗

∗∗+∗∗+∗∗

+
1 )(

121

)(

1

)(

111

)(

1

)(

111

)(

2

)(

212

)(

2

)(

122

)(

2

)(

222

)(

1

)()()()()()()()()(

)()()()()()()()()(

                                                                                                             

                                                                                                                                                                                                       (3.50) 

This implies: 

                       

	
	
	
	




�

�
�
�
�



�

+	



�
�


�
≡	




�
�


�
=

�

�
+

+
+

t

p

t

p

f

f

p

p

p

duuW

duuW

Vec
X

X
Vec

tX

tX
tVecX

1

)(

2

1

)(

1

2

1

)1(

2

)1(

1)1(

)(

)(

)(

)(
)( ,                                                              (3.51) 

where 

 

{ )()()()()()()()()( )(

111

)(

1

)(

1

)(

111

)(

1 uXuSuXuAuXuXuBuQuW
ppppp ∗∗+∗+∗+=  

                     })()()()()()()()( )(

212

)(

2

)(

122

)(

2

)(

222

)(

1 uXuSXuXuSuXuXuSuX
pppppp ∗∗+∗∗+∗∗+ ,                (3.52)          

 

{ )()()()()()()()()( )(

222

)(

22

)(

2

)(

222

)(

2 uXuSuXuAuXuXuBuQuW
ppppp ∗∗+∗+∗+=  

                      })()()()()()()()()( )(

121

)(

1

)(

111

)(

1

)(

111

)(

2 uXuSuXuXuSuXuXuSuX pppppp ∗∗+∗∗+∗∗+ .          (3.53) 

 

Thus from (2.10) of Remark 2.4, the maximum error due to the above truncation is given by (3.49).                                                                                                       

Remark: 3.5. Observe that the convergence interval is ]1,1[ h−  and the radius of convergence is 
�
�
�

�
�
�

=
M

h
δ

,1min , 0>δ . 

Since the convergence interval depends on ratio
M

δ
, then the ratio 

M

δ
 must be maximum value. Since M  also depend onδ , 

we need to find δ  such that 
M

δ
 is maximum value. Now we have 

M
h

δ
=  implies Mh

11 −− = δ , that is 
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                               == −−
Mh

11 )( δδ
�
�
�

�
�
�

�
�

�
�
�

�
+++− 22

1

1

2

1
42 εηγαεδ nq ,                                                                      (3.54) 

where δε +=
2fX .      

                                                                                                           

Example: 3.6 Consider the coupled matrix Riccati convolution differential equations on [ ]1,0∈t  
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where 
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)( 21 , 

 	



�
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�
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�
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�
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11
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)1(,

00

00
)1( 212111 XXXX . 

 

Here, the matrix functions )(1 tQ , )(2 tQ , )(1 tB and )(2 tB are continuous on [ ]1,0 . According to (3.27), we construct the 

function F as follows: 

 

                                            ))(,()())(,( 1 tVecXttVecQtVecXtF ψ+= , 

 

 where                                  

                                          [ ])(),()( 21 tXtXtX =  , [ ])(),()( 21 tQtQtX = , 
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)()(
))(,( 222121
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1 tBtDtLtBtDtL
tVecXtL

tVecXtL
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⊗=⊗=	



�
�


�
=ψ  

 

It is easy to verify that this function is bounded and satisfies the Lipschtiz condition. Furthermore, computation shows that: 

 

  
3

22

3
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3

2
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3
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3
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6
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)(,

6
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6
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�
�
�

�
�
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   0,00)(,0)( ==�== ηγηγ tt . 

 

If we choose 1.0=δ , then computation also shows that: 

5142.11.022max2
1100

1100
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2

≈+=+=�=	



�
�


�
∈

δε tt
t
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1
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2

1
4(2 22
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≈+++= εηγαεnqM , 
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1.0
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�
�
�

�
�
�

−=h .          
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The first two approximate solutions of )(1 tX are:  
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The first two approximate solutions of )(2 tX are:  
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