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ABSTRACT

E pstein and Schwarzenberger said that if P, is real projective space of dimension n, and f is homeomorphism of
B, into Euclidean m —space, then f is an embedding if it is differentiable and regular. They proved two theorems:
() if n = 2k, k > 1 but it is not a power of 2, then P, can be embedded in (2n — 1) - space. (II) if n =4k +1,
k > 1 but it is not a power of 2, then B, can be embedded in (2n — 2)- space. In this paper we prove these two
theorems in the complex case.
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1. INTRODUCTION:

Let B,(C) be complex projective space of dimension n, and let f be a homeomorphism of B,(C) into C™. We say
that f is an embedding if it is analytic and regular. James has shown that there is an embedding of P, in 2n-space
[8]. The aim of this paper is to prove the two theorems of Epstein and Schwarzenberger [4] but in the complex case,
i.e., in the first theorem we prove that if n = 2k, k > 2 and k is a power of 2, then P, (C) can be embedded in 2n
space and as a consequence of this theorem. In the second theorem we prove thatif n=4k+ 1,k >2andkisa
power of 2, then P,(C) can be embedded in n- complex dimension. In each case the result would be false for k is
not a power of 2. B,(C) cannot be embedded in (2n — 1)- space for n = 27, this is for the real case. There is a
tentative conjecture, due to Atiyah [1], that B,(C) can be embedded in (2n — a(n) + 1)- space but not in (2n —
a(n))- space. Here a(n) is the number of nonzero terms in the dyadic expansion of n. Our result agrees with the
first part of this conjecture for the complex casen = 2", n = 2" + 1,27 + 25, 2" + 25t1 4+ 1;1r > s > 0.

The definition and fundamental concepts which will be required throughout the paper may be found in [2, 3, 5, 6, 7,
10]. Let H be the line bundle over projection P,_; (C) with bundle space P,(C) —z, z € B,(C) and T,T be the
tangent bundles of P,_;(C), P,(C) — z. Then T'|P,_,(C) = T @ H. Let I, denote the trivial r- plane bundle, and
write [ for I;. If L, M are two vector bundles, let Hom(L, M) be the bundle whose fiber at z is Hom(L,, M,)

2. MAIN THEOREMS:

We need the following propositions:

Proposition: 1. The following two statements are equivalent:

() B,(C) can be embedded in complex m - space with normal bundle N so that N ® H has a never zero section.
(ii) B,(C) — z can be embedded in complex m — space.

Proof: For line bundle L and vector bundle M, Hom(L,I) =~ L and M @ Hom(L,I) = Hom(L, M). A global section
of Hom(L, M) is a bundle homomorphism L — M; a never zero section is an embedding of L as a sub-complex
bundle of M complex. Now suppose P,_;(C) can be embedded in m - space so that N ® H has a never zero
section. Then H is embedded in N as a sub-bundle. Therefore P,(C) — z is embedded in a tubular neighbourhood

of P,_1(C) in complex m - space. Suppose that P,,_,(C) c B,(C) — z is embedded in complex m — space. Let
N and N’ be the normal bundles of P,_;(C) and P,(C) — z respectively. Then

NP ©Q@®T@®H=N|P, 1 (O@T|Py(Q) =1, =N®DT.

Therefore N = N'|P,_;(C) @ H. The proposition follows.
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Proposition: 2. Let P,(C) be embedded in complex m - space with normal bundle N. If N ® H has never zero
section, then there is a topological embedding of P,,_;(C) in (m + 1) — space.

Proof: In view of proposition 1, the hypotheses imply that P,,,;(C) — z can be embedded in complex m - space.
Let Pt c P,.1(C) —z be a sphere which is the boundary of small round ball in P,,;(C) containing z. The
proposition follows by placing a cone on this sphere by clutching.

Corollary: 3 If the hypotheses of proposition 2 are satisfied, and if 2m > 3n, then B,(C) can be analytically
embedded in C™.

The following example shows clearly how we apply proposition 2.

Example: 4. consider an embedding of P,,_;(C) in 2n - space, with normal bundle N. Then N @ H isan n -
plane bundle. Therefore it has a never zero section and we obtain the well-known fact that P,(C) can be embedded
in C™. Now suppose that B,(C) is embedded in complex m - space with normal bundle N. As a first step towards
finding the primary obstruction to the existence of a never zero section of N @ H, we have to compute the chern
classes c,(N ® H) € H?*(P,(C); Z). Let z be the generator of H*(P,(C); Z). We recall that z = ¢, (H).

Proposition: 5. Let P, (C) be embedded in complex m - space with normal bundle N. Then
c(N ® H) = (1 + z)™*!, where ¢ denotes the total chern class.

Proof: Let T be the tangent bundle of P,(C) and I, the trivial r — bundle. The well-known isomorphism
H®IL,,1=T®I (seee.g.[1]), implies that :

Iy =T Q®H)®H. Wealsohave N@® T =1I,,,. Therefore (NQH) P L, =(NQH) DT RXH)DH
=(NOT®DQH=1I,, ®H and ¢(N ® H) = c(H)™? = (1 + 2)™*1.

Notation 6 [6]. Let P = Y <i<n Pxz* be a polynomial clutching for a complex vector bundle & cover X . Let
L™ (P) denote the linear polynomial clutching function for the complex vector bundle L*(§) =& @ - ® & given

n+1
by the following matrix

PO P1 PZ Pn—l Pn
—z 1 0 0 0
rey=0 7z 1 o 0]
0 0 1 1 0
0 0 O -z 1

Observe that L™(P) is the product of three matrices

1 P2 - B@PE) 0 0 011 0 0 0

0 1 0 0 1 0 0 |l-z 1 0 0

- 0 moe |
0 0 0 0 0 1 ollo o 1 0

0 0 1 0 0 o 1ilo o -z 1
where

P(2) = Trekan Pz and  BX(2) = 2 Pasn(2) = R(2).
Consequently, L"(P) = (1 + N;)(P @ I,)(1 + N;), where N, and N, are nilpotent. Then
Lt(P) = (1 +tN)(P ® I,)(1 + tNy)
is a homotopy of clutching function of L™(¢). This yields the following results.

Proposition: 7 For a polynomial clutching map P(2z) = Yocken Pez® , for & over X, [L*(§),L*(P)] and
[L*(§), P @ I,] are isomorphic vector bundles over X X S2,

Corollary: 8 If m = 2n, then ¢,(N @ H) # 0 if and only if n = 2" for some 7.
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Let PB,(C) be embedded in complex m-space with normal bundle N and m = n + k. There exists a never zero
section of N ® H over the (k — 1)-skeleton of P,(C). The obstruction to extending this section over the k-
skeleton of P,(C) is anelement c, € H*(P,; F,) where F, is a bundle of coefficients with fibre Z. If m —n = k
is odd, there is a co-boundary homomorphism & such that ¢;, = Y¢<;<, a;P* (z) where ¢, € H*(P,(C); Z) [9].

Theorem: 8 If n =2k, k> 2 and k is a power of 2, then P,(C) can be embedded in 2n space and as a
consequence of this theorem.

Proof: There is an embedding of P,(C) in complex n-space [8] with normal n-plane bundle N. There is one
obstruction, we put the chern class ¢, as a polynomial clutching, i.e. ¢, = Y g<i<n @;P* (2), to existence of a never

zero section of N @ H. According to proposition 5, clutching polynomial is the mod 2 coefficient (2:__22), which is
non- zero if and only if n = 2". By proposition 2, and corollary 8, the theorem follows.

Theorem 8, shows that P,(C) can be embedded in 2n —space if n is odd, but n # 2" + 1, r > 0. In addition James
has given such an embedding if n is even [8].

We now feed this information into proposition 1, 2 and use secondary obstructions to embed P, (C) in complex n-
space. Henceforward we assume n is of the form n = 27.

Let B,(C) be embedded in 2n-space with normal bundle N. The obstruction to a never zero section of N @ H on
the complex n-cells of B,(C) is an element of ¢, € H"(B,(C); Z).

Proposition: 9 ¢, = 0.

Proof: For n odd, H™"(P,(C);Z) = 0 and there is nothing to prove. For n even, ¢, = Yo<i<n @;P* (2) which is
zero unless n = 27 for some r > 0. The obstruction to extending the never zero section of N @ H to P,(C)isa
secondary obstruction, which can be computed as follows, let E be the total space of complex sphere bundle

associated to N @ H. Since the Euler class y, of N &® H is zero, the Gysin sequence of E breaks up into short
exact sequences

0- Hi(P,(0); 6) 5 HU(E ; 6) 5 HI™2 (P, (C); 6) — 0,

Where G is Z and p : E = B,(C) is the projection. We have the diagram

0- HY(P,(€); 2) 5 H'(E 3 2) 5 HO(P,(€); 2) - 0

I I Le
0- HM(B,(C); 2) 5 HM(E 3 2) 5 H2(P,(©);2) > 0

The vertical maps include an initial reduction mod 2. The diagram is commutative by [9]. Let a € H"(E ;Z) be
such that Ya = 1. We have the splitting

H™E ;Z) = p*H"(P,(C);Z) + a-p™H?(E ; Z)
And the map is “division by a” [8]. Then
Cza+az ap'@) =ca+ta-Pca
0sis2
Maps to ¢, a + Pc, a = 0 under . Therefore, there is a class z € H™(B,(C); Z) such that
pz=ca+ az a;p'(2).
osis<2
Since a can be varied, z is not uniquely determined. It may vary by any element in the image of

¢y H2(P,(C); Z) » H™(P,(C); 2).

According to Liao [7], z is the secondary (and last) obstruction to constructing a never zero section B, > N @ H
(n > 4). Therefore, if
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¢yt H'2(By(C); Z) » H"(By(C); 2)
Is bijective, it is clear that we can construct the section we want.
Theorem: 10 If n = 4k + 1, k > 2 and k is a power of 2, then P, (C) can be embedded in n- complex dimension.
Proof: We embed P, in 2n-space by using theorem 1. Then H" 2(P,(C);Z) = Z, and ¢, : H" 2(P,(C);Z) -
H™(P,(C); Z) is an isomorphism for n = 4k. The theorem then follows from proposition 2, and corollary 3.
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