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ABSTRACT

The content of this paper is to study the basic separation axioms in « open sets under the Ditopological
texture setting. Here we also analyse the relationships between them and discuss their characterizations of
these separation axioms.

Keywords: Texture spaces, Ditopology, Ditopological Texture spaces, Texture a —T, space, Texture o —T, space,
Texture a —T, space.

2000 AMS Subject Classification: 54A20.

1. INTRODUCTION

L. M. Brown [2] laid foundation to the notion of Textures which was initially called as fuzzy structures as a
point-set for the study of fuzzy sets in 1998. Here in textures, it offers a convenient setting for the investigation
of complement-free concepts in general. Extensive research has been done on texture using generalized form of
sets by many authors. [4, 5, 15].

In this paper we present some classes of new spaces namely the T,-T, T.-T,, T.-T, spaces in dichotomous

topologies or ditopology. Let S be a set, a texturing T [2] of S is a subset of P(S). If

(1) (T, ©) is a complete lattice containing S and ¢, and the meet and join operations in (T, ) are related with the
intersection and union operations in (P(S), c) by the equalities A ;4 A; = NgepA;, A €T, L el for all index sets I,
while Vi3 Al =V 3 A A e Toi e 1, for all finite index sets 1.

(2) T is completely distributive.

(3) T separates the points of S. Thatis, given's, #s, in S we have A e Twith s, e A,s, ¢ A or Ae T with
s,eA, s, £A.

If Sis textured by T we call (S, T) a texture space or simply a texture.

For a texture (S; T), most properties are conveniently defined in terms of the p-sets P = N{A€T\s € A} and the
g-sets, Qs =V {A ¢ T/s ¢ A} The following are some basic examples of textures.

Examples 1.1: Some examples of texture spaces,

(1) If X isa set and P(X) the power set of X, then (X; P(X)) is the discrete texture on X. For xeX,
Px =€ xF and Qx = X\{xF}.

(2) Setting 1 =[0; 1], T = L[0;r);[0;r]/re I}gives the unit interval texture (I; T). For r €1, Pr=[0;r] and
Qr =1[0;r).

(3) T=o,La,b}, Lb3¥, Lh,cF,SFisasimple texturing of S= La,b,cFPa=La b}, Pb=LbFand
Pc = b, C}.
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Definition1.2. [4] The texture (S, T) is called coseparated if Qg cQt= PscPt forall s, t € S.

Since a texturing T need not be closed under the operation of taking the set complement, the notion of topology is
replaced by that of dichotomous topology or ditopology, namely a pair (t, k) of subsets of T, where the set of
open sets t satisfies

1.5, ¢c¢r,

2. G;;G, et then G,n G,e T and

3.G et icl thenViGj er,

and the set of closed sets « satisfies

1.S ek

2. K; K, ex then Ku K, e x and

3. K, ex, i el then NK, ex. Hence a ditopology is essentially a "topology” for which there is no a priori relation
between the open and closed sets.

For A € T we define the closure [A] or cl(A) and the interior [A] or int(A) under (t, k) by the equalities
[A] =n{Ke /A c K} and JA[ = V{G € 1/G c A}

An mapping 6: T — T is said to be complementation on (S, T) if x = o(1), then (S, T, o, 1, k) is said to be a
complemented ditopological texture space. The ditopology (z, t°) is clearly complemented for the complementation

m, P (X) —P(X) given by m, (Y) = X\Y.

We denote by O(S; T; 1, ), or when there can be no confusion by O(S), the set of open sets in S. Likewise,
C(S; T; 1,x) or C(S) will denote the set of closed sets.

Definitionl.3. For a ditopological texture space (S; T; t,):
1. A €T is called a-open (b-open) if A c intclintA (Ac clint(A) v intcl(A)). BeT is called a-closed (resp. b-
closed) if clintcIB ¢ B (intcIB uclintB ¢ B)

We denote by aO(S; T; 1, ¥) (bO(S; T; 1, ¥)), or simply by aO(S) (bO(S)), the set of a-open sets (b-open sets) in
S. Likewise, aC(S; T; 1, x) (bC(S; T; 1,x)), or aC(S) (bC(S)) will denote the set of a-closed (b-closed sets) sets.

Now using aO(S) and aCO(S) we construct a new a-topology and a-closed topology or o~ ditopology, namely a pair
(ta, ko) of subsets of T, where the set of a-open sets ta satisfies

1. S ¢cera,

2. G1;G2 e ta then G1n G2 e ta and

3. Gierot, icl then VjGj ¢ ta,

and the set of o closed sets ko satisfies

1S ¢ecxa

2. K; K, exa then K; yK, e xa and

3. K, exa, i el then nK, e xa. Hence a aditopology is essentially a topology” for which there is no a priori
relation between the o open and o closed sets.

Definitionl.4. Let A ditopological texture space (S, T, 1, k) is said to be
1. o-R, ifGeta, GzQs = ocl(Ps)c G.

2. Co-a-R, ifF exa, Ps¢F = F caint(Qs).

3. a-R, ifG e 10, G ¢ Qs,Pte G = there exists H eta with H ¢ Qs , Pt zcl(H).

4. Co-0—R,, ifF €aC(S), Ps ¢F,F ¢ Qt = thereexists F € xa with Ps ¢ K, int(K) z Qt.
5. o—Regular, if G € t0,G ¢ Qs = there exists H €t withH ¢ Qs ,cl(H) €G.

6. Co-a Regular if F € xa, PszF = there exists K € xa withPg ¢ K, F cint(K).

2. Texture a-separation axioms
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Definition 2.1: A ditopological space (S, T, t, k) is said to be Texture a-T (T,-T,) if it satisfies the equivalent

conditions obtained by setting A= (T U Ka)v in Theorem.2.2 and B = (to. U 1<oc)m in Theorem.2.3.

Theorem.2.2. [4] Let A cS contains S,p and be closed under arbitrary joins. Then the following are equivalent.
1. For every A €T, there exists Aj €A, J e, with A =1NjegAj.
. For s, teS, P,eP, = there exists A eA with P, c Aand P_zA.
. For st €S, PszP, = there exists A ¢ A with P, cAcQ..
. There exists a complete family of dipods (Lk, Mk) ke satisfying
L’xz Ly = there exists A e Awith Ly cAc M,
. forevery A e T there exists A’ €A, je J,ie Ij with A=Vje Iie A
. For st €S,Q, ¢Q, = there exists A cA with P.¢A¢Q,.
. Fors, te,S,Q, Q, = there exists A eA with Pt cAcQs.
. QteA forevery teS.

B w DN

0o N O O

Theorem 2.3: [4] Let Bc S contains S, ¢ and be closed under arbitrary joins. Then the following are equivalent.
1. For every B ¢ T, there exists Bj €, j € J, with B =VjeJ Bj.
2. For s,t € S, Qg2 Qt = there exists B B with Ps ¢B ¢ Qt
3. For s, t €S, Qs ¢ Qt = there exists B € B with Pt cB c Qs,
4

. There exists a complete family of dipods (Lk, Mk )kek satisfying m! ¢ Mg
= there exists with B eBwith L, cBc Mk

5. For every B ¢ T there exists Bil ¢ B jed i €lj with B =0j € JVielj,B
If (S,T) is coseparated, each of the following is also equivalent to the above:
6. For s,t € S,Pg ¢ Pt = there exists B ¢ B with Pg ¢ B ¢ Qt.

7. For s,t e S,Ps¢ Pt = there exists B ¢ B with Pt cB ¢ Qs.
8. Ps eBforeveryseS

Theorem 2.4: Characterizations of T,-T,. Let (S, T, 1, x) be a ditopological texture space. Then following are
equivalent. :

. Ps @ Pt =there exists Cj etau ko, j € J with Pt c Vje 3Cj cQs.

. Qsz Qt = there exists Cj etauxa, je J withPtcje JCjcQs.

. For A ¢ T there exists Ci etauka, je J, i el,with A=VjelnielCil
Qs ¢ Qt = there exists C ¢ ta uko with Ps ¢ C ¢ Qt.

. cl(Ps) ccl(Pt) and int(Qs) c int(Qt) = Qs < Qt.
. For se S we have Qs =Vje ch for Cj € ta Uxka.

If (S, T) is coseparated the following condition also characterizes the T, T, property,
7. For all se S we have Pq :ﬂjnJCj for Cj e ta Uka

o gA®W NP

Proof: Here (1) and (7) are equivalent for any collection B by Theorem.2.3. Therefore, in particular these are

also equivalent for B = (ta Uka) n,

Similarly (2), (3), (6) are equivalent for any collection A in Theorem.2.2. Thergforgis ig also true for A=( ta v
xa)”. Since Theorem 2.2 holds for A = ta U ko)’ then any element of T can be written in the form of NjeJ (Viel

Cj) with Cj €ta U ko, by completely distributive property this set is equal to Vg € 1j (NCi j). Thus any element
of A can be written in the form of B Similarly the converse holds. Therefore the two theorems (2.2 and 2.3) are
equivalent for this choice of A and B.

(3)=>(4): Let Qs Qt theq by definition Qs = V{Pt|Ps « Pt} so there exists t €S with Ps¢ Pt and Pt ¢
Qt, using (3) we can write Py =VjeJ Nielj Ci J.ci d €1a U ko sowe have j €J with Nielj Ci < Qt then

Ps <zCiJ ¢ Qt forsome i €lj.
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(2) = (4): Since every C =Njej Cj. Therefore (2) can be written as Pt € C € Qs. Thus we obtained Ps ¢ C ¢ Qt.
(4) = (2): Similarly the converse.

(4)= (5):if QszQt we have C € tau aC(S) with Psz C ¢Qt using(4). Then two cases arise,

Case (i): If C eta then Ps ¢ C = C c Qs which implies Cc intQs and thus we have intQg ¢ intQt

Case (ii): If CcaC(S)then C¢ Qt = Pt cC = cl(Pt) c C which implies cl(Ps) ¢ cl(Pt).

(5) = (2): If Qs « Qt then cl(Ps) « cl(Pt) or int(Qs) ¢ int(Qt).If first occur then Pt ccl(Pt) c Qs and if the
other happen then Pt cint(Qs) c Qs .

Definition.2.5. A ditopological texture space is said to be,
1. Ta-Tp ifitisTa-Tg and a-R,.

2. coT,-T, ifitis T,-T and co-a R,.

3. bi-Ta-T, ifit is T,-T,and bj—aR, .

Theorem.2.6. Let (S, T, 1, ) be a ditopological texture space,
1. (S5, T, 1,1 is T, =T, if and only if it satisfies the conditions of Theorem 2.3 with B = «xa. In particular, the

following are characteristic of a T,—T, ditopological space.

(i) For any A ¢ T we have Fj exa, i €1 with A = Vie| Fj.

(if) For s,t €S, Qg ¢ Qt = there exists F exa with PgzF ¢ Qt.
(iii) If (S, T) is coseparated then Pg e ko for each s €S.

2. (S, T, 7, x) is co-T,-T, if and only if it satisfies the conditions of Theorem.2.2 with A = ta, In particular,
the following properties.

(i) For any A e Twe have G, eta), i e | with A = Nje] Gj.

(i) For s, t €S, Qs ¢ Qt = there exists G e ta. with Ps ¢ G ¢ Q.

(iii) Qg € ta for all s € S.

Proof: Here we prove (2). Let the space be co-T,-T,, (i.e) it is T,—T, and co-a R,. To prove it satisfies the
conditions with A = ta. Let us consider for any s, t €S satisfying Qs ¢ Qt, we have B € ta Uka with Ps ¢ B
¢ Qt, since the space is Ta-Tg. Then two cases arise,

Case (i): If Be ta then B = G € ta. which satisfies Pt ¢ G c Qs .

Case (ii): If B € ka then Pg ¢ B which implies Bc int(Qs) by coa-Rg then G=intQg then we have Pt c G c Qg ,
Thus the (ii)of (2) is proved. Since all the above conditions are equivalent it is enough to prove anyone of them,
hence proved for A = to..

Conversely, Let (S, T, 1, k) satisfies Theorem 2.2 with A = ta.. Then we have to prove it is T,-T, and co-oR,. It is

obliviously true for A= (ta N m)v.(i.e) it is T,—T,. Take Fe ko such that Ps ¢ F in Theorem 2.2, we have F
= NjeJ Gj , Gj €aO(S). From the equivalent conditions, Qs € ta. Hence F ¢ Qs (i.e.) F c int(Qs ).Hence the
proof..

Similarly we can prove (1).

Definition.2.7: A ditopological texture space is called,

1 T,T, ifitis T,-T, and a-R,.

2. co-T,-T, ifitis T,-T, and co—aR.

3. b-T,-T, ifitisT,-T, and bi-oR,.

Theorem 2.8: The following are equivalent for a ditopology (S, T, 1, k)
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1. (5T, 1, x) is bi-T,-T,.
2. For s, t €S, QszQt = there exists Heto, Keka withH c K, Ps¢K and H ¢ Qt.

3. For A e T there exist Hil ¢ ta, Kile o, ielagdjed with Hil g Kid, forall i, j and

Proof: (1) = (2): Let Qs « Qt. Since the given space is bi-T,T, it is To—T,s0 we have B e tauxa With Ps ¢ B
¢ Qt by theorem 2.2.

Case(i): If B ¢ ta then we have H ¢ to. with Ps ¢ cl(H), H ¢ Qt by o-Rg.Here take K=cl(H) then we get the
required result.

Case (ii): If B € xa then we have K ¢ ko With Ps ¢ K, int(K) ¢ Qt by co-a-R1.Here take H=int(K)then we get the
required result.

(2) = (3): For Ac T we can write A = V{Pt|A ¢ Qt 3= N{Qs|Ps ¢ AJ. For s, t such that A¢Qt and Ps ¢ A
we have Qs ¢Qt and so there exist Hs' e aO(S), Ks' e aC (S) with Hs' c Ks', and Ps & Ks', Hs' € Qt. Hence we
get A =ViaFog N gps Eay Hs' = Via Fog N gps Eay Ks'

(3)= (2): Similarly we can prove this result.

Definition 2.9: Let (S, T, t,«), be ditopological texture spaces then it is said to be T-a normal if G € ta
and F e xa with Fc G there exists He too with Fc H ccl(H) cG.

Remark 2.10: From the Definitions it is clear that
(i) Every Ta-T2 space is TaT1space.
(if) Every Ta-T1 space is Ta-Tgspace.

The converse need not be true always.

Theorem 2.11: Let (S, P(X),t, x, ) be a complemented ditopological texture space then we have the following
result
1. She T a normal space.

2. for each A eta and each Ueta containing A, there exists G € tanko such that A cG cU.
3. for each pair of disjoint A,B € ko there exists disjoint to. Uand V such that AcUandB cV.

Proof:
(1) = (2): Itis clear from the definition.

(2) = (3): Let A and B be any pair of disjoint o closed sets. Then we have A € S - B € ta and there exists U €
taN ko such that A € U € S —B. Now putV = S-U, thenwe obtain A cU,BCS VetaandU NV = o.

The converse need not be true always.
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