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ABSTRACT
In this paper, we introduce a new class of set namely bTH —closed sets in supra topological space. We further

discuss the concept of bT“-continuity and obtained their applications.
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1. INTRODUCTION

In 1983 Mashhour et al [2] introduced Supra topological spaces and studied S- continuous maps and S*-
continuous maps. In 2010, Sayed et al [3] introduced and investigated several properties of supra b-open set and
supra b-continuity. In 2011, Arockiarani and Trintia Pricilla [5] introduced and investigated several properties of a
new type of sets called supra T-closed set and supra T-continuity maps. In this paper, we introduced the concept

of bTH - closed sets and study its basic properties. Also, we introduce the concept of bTH- continuous functions
and investigated several properties for these classes of functions in supra topological spaces.

2. PRELIMINARIES
Definition: 2.1[2, 3] A subfamily of u of X is said to be a supra topology on X, if

()X ¢ e
(i) if Aj ¢ upforallie Jthen UAj ¢ L.

The pair (X, W) is called supra topological space. The elements of p are called supra open sets in (X, i) and
complement of a supra open set is called a supra closed set.

Definition: 2.2[3] (i) The supra closure of a set A is denoted by cIH(A) and is defined as clt (A)=nNn{B:B
is a supra closed set and A < B}.

(if) The supra interior of a set A is denoted by int“(A) and defined as int“(A) =u{B: B is a supra open set and
Ao B}

Definition: 2.3[2] Let (X, t) be a topological spaces and p be a supra topology on X. We call p a supra
topology associated with t if t < .

Definition: 2.4[3] Let (X, p) be a supra topological space. A set A is called a supra b-open set if A clH
(int”(A)) uint“(cl“(A)). The complement of a supra b-open set is called a supra b-closed set.

Definition: 2.5[6] Let (X,) be a supra topological space. A set A of X is called supra generalized b-closed set

(simply g“b—closed) if bclM (A) cU whenever Ac U and U is supra open. The complement of supra generalized b-
closed set is supra generalized b-open set.

Definition: 2.6[5] A subset A of (X, W) is called TH _closed set if bcl“(A) cU whenever A c U and U is
gHb - open in (X,p). The complement of TH - closed set is called TH-open set.
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Definition: 2.7[4] A subset A of a supra topological space (X, W) is called supra regular open if A
:cI“(int“(A)). The complement of supra regular open set is called supra regular closed set.

Definition: 2.8[4] A subset A of a supra topological space (X,u) is called supra generalized b- regular closed
set if belH (A) cU and whenever A < U and U is supra regular open of (X,u). The complement of supra
generalized b- regular closed set is called supra generalized b- regular open set.

3.BASIC PROPERTIES OF bTH-CLOSED SETS
Definition: 3.1 A subset A of a supra topological space (X, W) is called bT H _closed set if bcl“(A) cU whenever
Ac U and U is TH- open in (X,p).

The complement of supra bTH - closed set is called supra bTH -open set. We denote the family of all bTH - closed
set by bT“(X, W).

Theorem: 3.2 Every supra closed set is bTH - closed.

Proof: LetA c U and U is TH- open set. Since A is supra closed then cI“(A) = A c U.We know that
belM(A) c clM(A) cuU, implies belt(A) cU. Therefore A is bTH - closed.

The converse of the above theorem need not be true as seen from the following example.

Example: 3.3 Let X={a, b,c} and p ={X, ¢, {a}}.Then the set{a, c} is bTH- closed set in (X, p) but not supra
closed.

Theorem: 3.4 Every bT" - closed set is g“b - closed set.

Proof: Let A cU and U is supra open set. We know that every supra open set is TH open set, then U is
TH-open set. Since A is bTH -closed set, we have bclH(A) cU. Therefore A is gHb-closed set.

Example: 3.5 Let X={a, b,c}. and p = {X, ¢,{a}}.Then the set{a, b} is g“b— closed but not bT" - closed.
Theorem: 3.6 Every bTH- closed set is g“br - closed set.

Proof: Let A < U and U is supra regular open set. We know that every supra regular open set is T u-open
set, then U is TH-open set. Since A is bTH -closed set, we have bclH(A) cU. Therefore A is gMbr- closed set.

Example: 3.7 Let X={a, b, c}. and p = {X, ¢ , {a}}.Then the set{a, b} is g br- closed set but not bT H- closed
set.

Theorem: 3.8 The union of two bTH - closed set is bTH- closed set.
Proof: Let A and B two bTH- closed set. Let ALUBCG, where G is TH - open.

Since A and B are bTH -closed sets. Therefore bcl“(A)u belH (B)c G. Thus bcI“(Au B)c G. Hence AUB is bT H.
closed set.

Theorem 3.9 Let A be bT M -closed set of (X,u). Then bclH (A) - A does not contain any non empty T M-
closed set.

Proof: Necessity Let A be bT H_ closed set. suppose F= ¢ isa T H_ closed set of bl (A) - A. Then Fc
bel® (A) - A implies F< belt(A) and A®.  This implies Ac FC. Since A is bT M- closed set, bcl* (A) cU
€ Consequently, F< [oclH (A)].Hence F bel (A) A [belH(A)]S = 6. Therefore F is empty, a contradition.
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Sufficiency: Suppose A cU and that U is TH- open. If belH(A) < U. Then
belH (A)~UC is a not empty TH- closed subset of belM(A) - A.

Hence belH(A)A U = ¢ and belH(A)c U.Therefore A is bTH - closed.

Theorem: 3.10 If A is bTH —closed set in a supra topological space (X,u) and AcB < bl (A) then B is also
bTH- closed set.

Proof: Let U be TH- open in set (X,u) such that Bc U. Since Ac B = AcU and since A is bTH -closed set in (X,
1) belt (A)c U, since B < belM(A). Then belH(B) cU. Therefore B s also bTH - closed set in (X, 1)

Theorem: 3.11 Let A be bTH- closed set then A is bH- closed iff bcI“(A)-A is TH- closed.
Proof: Let A be bTH- closed set.If A is bH- closed, we have bclM(A)-A =¢, which

is TH- closed. Conversely, let belH (A)-A is bTH - closed. Then by the theorem 3.13, belH(A) - A does not contain
any non empty TH- closed and bcl“(A)-A:q). Hence A is bH- closed.

Theorem: 3.12 A subset AcX is bTH- open iff F< bintH(A) whenever F is TH- closed and Fc A.

Proof: Let A be bT M- open set and suppose F< A, where F is T M- closed. Then X-A is bT M- closed set
contained in the T H- open set X-F. Hence bl (X-A)c X-F. Thus Fc bint“(A). Conversely, if Fis T H . closed
set with F bint*(A) and F<A |, then X-bintH (A) =X —F. This implies that bcl? (X-A)c X-F. Hence X-A is
bTH - closed. Therefore A is bTH - open set.

Theorem: 3.13 If B is TH- open and bTH - closed set in X, then B is bH- closed.

Proof: Since B is TH- open and bTH- closed then belH (B)c B, but Bc bcl“(B). Therefore B=hclH (B).Hence B
is bH- closed.

Corollary:3.14 If B is supra open and bTH - closed set in X. Then B is bH-closed.

Theorem: 3.15 Let A be supra gu b-open and bTH - closed set. Then A~F is TH- closed whenever F is supra
b- closed.

Proof: Let A be supra gH b-open and bTH- closed set then bel® (A)c A and also Ac bel® (A). Therefore
bcI“(A) = A. Hence A is supra b-closed. Since F is supra b-closed. Therefore A~ F is supra b-closed in X.

Hence ANF is TH- closed in X.
From the above theorem and example we have the following diagram
Supra closed
2
Supra bT-closed — supra gb-closed
2
Supra gbr-closed

4. bTH- CONTINUOUS FUNCTIONS.
Definition: 4.1 Let (X, 1) and (Y, ¢) be two topological spaces and W be an associated supra topology with

t. A function f: (X, t ) — (Y, o ) is called bTH- Continuous if f_l(V) is bT M- closed in (X, for every closed
set V of (Y, o).

Definition: 4.2 Let (X, 1) and (Y, o) be two topological spaces and | be an associated supra topology with

7. A function f: (X, 1) — (Y, o) is called bTH- irresolute if £l (V) is bT H-closed in (X,u) for every bT H-closed
set V of (Y, o).
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Theorem: 4.3 Every continuous function is bTH - continuous.

Proof: Let f: (X, 1) — (Y, o) be a continuous function and A is closed in Y. Since f is continuous, then
f_l(A) is a closed set in X. Since W is associated with t, then T < W. Therefore £l (A) is supra closed in X and
it is bTH-closed in(X,p). Hence f is bTH - continuous.

Remark: 4.4 The converse of the above theorem need not be true as seen from the following example.
Example: 4.5 Let X =Y= {a,b,c}, 1 = {X, ¢{a}} and o ={X,¢, {a}{b}{a, b}}.

Let f: (X, 1) — (Y, o) be a function defined by f(a) = c, f(b) = a, f(c)=b. Let £l ({b, c}) ={a,c}isbT H_closed
but not closed. Then fis bTH-continuous but not continuous.

Theorem: 4.6 Every supra continuous function is bTH - continuous.

Proof: Let f: (X, 1) — (Y, o) be a supra continuous and A is supra closed in Y. Since f is supra continuous, then
f_l(A) is supra closed in X. Since p is associated with 1, then t c . Therefore £l (A) is supra closed and it
is bTH - closed in (X, n). Hence f is bTH - continuous.

Remark: 4.7 The converse of the above theorem need not be true as seen from the following example.

Example: 4.8 Let X ={a, b,c},t = {X, ¢,{a}} and o = {Y, ¢, {a} {b}{a, b}}. Let F:(X, 1) — (Y, o) be a function
defined by f(a) = c, f(b) = a, f(c) = b. Let f_l({b, cH={a, c}isis bT M —closed but not supra closed. Then fis
bTH-continuous but not supra continuous.

Theorem: 4.9
(i) Every bTH - continuous is g“br - continuous.
(ii) Every bTH- irresolute is bTH - continuous.

Proof: (i) Let f :(X,t) > (Y,c) bea bT H . continuous function. Let V be a supra closed set in Y. Since f is bT
H _continuous, f_l(V) is bTH -closed in X. We know that every bT H _closed is g“br - closed set, then f_l(V) is
g”br - closed set in X. Therefore fis g”br -continuous.

(i) Suppose f : (X, 1) — (Y, o) be a bTH- irresolute .Let \V be any supra closed set in Y, then V is bTH-closed.
Since f is bT“-irresqute, f_1 is bTH -closed in X. Hence f is bTH-continuous.

Remark: 4.10 The converse of the above theorem need not be true as seen from the following examples.

Example: 4.11 (i) Let X=Y={a,b,c}, t={X, ¢{a}{a, b}{b,c}} and 6 = {Y, ¢, {a}}.

Let f: (X, 1) — (Y, o) be a function defined by f(a) = c, f(b) = b, f(c) = a. £l {b, c} = {a, b} which is gu br-
continuous but not bTH - continuous

Example: 4.12 (ii) Let X=Y={a,b,c}, 1 ={X, ¢,{a}{a, b}{b,c}} and o = {Y, ¢, {a}{a, b}}.

Let f: (X, 1) —(Y, o) be a function defined by f(a) =c, f(b) =b, f(c) =a. Then fis bTH-continuous. Since
f_l{b,c} = {a, b} is not bTH closed in (X, t).Therefore fis not bT H_irresolute.

Theorem: 4.13 Let f:(X, 1) —(Y,0) and g : (Y, c) —(Z, y) be any two function then
(i) gofis bTH -continuous if g is supra continous and f is bTH -continuous.

(ii) gofis bTH- irresolute if gis bTH - irresolute and f is bTH - irresolute.

(iii) gof is bTH -continuous if g is bTH -continuous and f is bTH - irresolute.
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Proof: (i) Let V be supra closed in (Z, y). Then g_l(V) is supra closed in (Y, o). Since g is supra continuous,
then £ 1 (g_l(v )):(gof)_l(V) is bTH -closed in (X, t). Hence gof is bTH -continuous.

(ii) Let V be bTH -closed in (Z, y).Then g~ +(v) is bTH -closed in (Y, o). Since g is bTH-irresolute, then
£l (g_l(V )):(gof)_l(V) is bTH-closed in (X, t). Hence gof is bTH -irresolute.

(iii) Let V be supra closed in (Z, y).Then g_l(V) is bTH -closed in (Y, 6). Sinceg is bTH-continuous, then
£ 1 (gL (v))=(gof) "1(v) is bT* closed in (X, t). Hence gof is bTH -continuous.

Remark: 4.14 The composition of two bT H _continuous function need not bT M- continuous and it is shown by
the following example.

Example: 4.15 Let X ={a,b,c,d},t = {X, ¢, {a}{b}{a, b}} ande = {X, ¢, {a}{c}{a, c}}

Let f: (X, 1) — (X, t) be a function defined by f(a) = b, f(b) = ¢, f(c) = d and f(d)=a.

Let g: (X, 1) = (X, o) be a function defined by g(a) = b, g(b) = c,g(c) =d and g(d)=a. Then f and g are bT M
-continuous, since {b, ¢, d} is supra closed in (X, o), (gof )_1 {b, ¢, d} ={a, b, d} which is not bT H _closed in X, ).
Therefore gof is not bTH - continuous.

From the above theorem and example we have the following diagram
Continous —Supra continuous
{ {
Supra bf—continuous < supra bT-irresolute

Supra gbr- continuous

5. APPLICATIONS
Definition: 5.1 A supra topological space (X,u) is called ,7 T "-space. If every bT"-closed set is supra closed set.

Theorem: 5.2 Let (X,t) be a supra topological space then
(i) O*(r)=BT"O(x)
(i) A space (X,1) is pr TH-space iff O"(t) = BT*O(x).

Proof:
(i) Let A be supra open. Then X-A is supra closed and so bT"-closed. This implies that A is bT"-open. Hence
O*(r)=BT"O(x).

(ii) Let (X,t) be pr T M-space. Let A eBT"O(z), then X-A is bT"-closed. By hypothesis X-A is supra closed and thus
A 0"(t). Hence O*(t) = BT"O(x). Conversely, let O*(tr) = BT*O(z).Let A be bT"-closed, then X-A is bT"-open.

Hence X-A is supra open. Thus X is supra closed. This implies (X,t) is p7T¢"-space.

Theorem: 5.3 If (X,1) is s Tc'-space then for each xe X, {x} is either bT"-closed or supra open.

Proof: Suppose (X,1) is ,7Tc"-space. Let xeX and assume that {x} is not supra open, then X-{x} is not supra
closed. Then X-{x} is bT"-closed. Since (X,t) is y7T."-space, then X-{x} is supra closed or equivalently {x} is
supra open.

Definition: 5.4 A supra topological space (X,u) is called ¢, Tyr"-space. If every g"b-closed set is bT*- closed set.
Theorem: 5.5 Let (X,t) be a supra topological space then

(1)) BT"O(t)=G"BO(r)

(i) A space (X,t) is g Tpr"-space iff BT"O(t) = G*BO(x).

Proof: (i) Let A be bT*- open. Then X-A is bT*- closed and so g"b-closed. This implies that A is g"b-open. Hence
BT"O(t)=G"BO(r).
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(ii) Let (X,1) be ¢, Tyr"-space. Let A e G*BO(r), then X-A is g"b-closed. By hypothesis X-A is bT*- closed and thus
A e BT"O(r). Hence BT"O(z) = G"BO(x).Conversely, let BT"O(t) = G*BO(t).Let A be g'b-closed, then X-A is
g"b-open. Hence X-A is bT*- open. Thus X is bT*"- closed. This implies (X,t) is g Tpr"-space.

Theorem: 5.6 If (X,t) is g Tyr "-space then for each xe X, {x} is either g"b-closed or bT*- open.

Proof: Suppose (X,t) is ¢, Tpr"--space. Let xeX and assume that {x} is not bT"- open, then X-{x} is not bT"-
closed. Then X-{x} is g"b -closed. Since (X,1) is 4, Tpr"-space, then X-{x} is bT"-closed or equivalently {x} is bT"-
open.

Definition: 5.7 A supra topological space (X, p) is called 4, Tyr"- space.lIf every g"br-closed set is bT*- closed set.

Theorem: 5.8 Let (X,t) be a supra topological space then
(i) BT"O(1)=G"BRO(1)
(ii) A space (X,7) is pr TH-space iff BT'O(t) = G*BRO(1).

Proof: (i) Let A be bT"- open. Then X-A is bT"- closed and so g"br-closed. This implies that A is g"br-open.
Hence BT"O(t)cG"BRO(x).

(ii) Let (X,7) be g Tyr"-space. Let A eG"BRO(t), then X-A is g"br-closed. By hypothesis X-A is bT"- closed and
thus A € BT"O(r). Hence BT*O(t) = G"BRO(r).Conversely, let BT*O(t) = G*BRO(r).Let A be g"br-closed, then
X-A is g"br-open. Hence X-A is bT"- open. Thus X is bT*- closed. This implies (X,1) is gor Tor"-Space.

Theorem: 5.9 If (X,t) is g Tpr"-space then for each xe X, {x} is either g*br-closed or bT"- open.

Proof: Suppose (X,t) is g Tpr"--space. Let xeX and assume that {x} is not bT"- open, then X-{x} is not bT"-
closed. Then X-{x} is g"br -closed. Since (X,t) is ¢/ Tor"-space, then X-{x} is bT"-closed or equivalently {x} is
bT"-open.

Theorem: 5.10

(@) Every g Tyr"-space is ,7T"-space.
(b) Every g Tyr"-space is g, Tpr "-space.
(c) Every prTc"-spaceis g, Tyr"-space.

Proof: It is obvious.
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