
International Journal of Mathematical Archive-4(2), 2013, 244-254 
 Available online through www.ijma.info ISSN 2229 – 5046 

International Journal of Mathematical Archive- 4(2), Feb. – 2013                                                                                                               244 

 
A NOTE ON NEAR-RING GROUP OF QUOTIENTS 

 
Dipti Nath* 

Department of Mathematics, Gauhati University, Guwahati, 781014, Assam, India 
 

(Received on: 30-01-13; Revised & Accepted on: 23-02-13) 
 
 

ABSTRACT 
In this paper we present near-ring group structure of quotients of a near-ring group and is seen that near-ring of 
quotients may appear as a particular case in some cases. Bringing the notion of fractions of a near-ring group into our 
picture, we introduce the notion to meet our purpose in a broad aspect so that near-ring of quotients may appear as a 
particular case of what is available already. 
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1. INTRODUCTION 
In case of a right near-ring N usually an N-group E is an algebraic structure such that ( E,+ ) is a group ( not necessarily 
abelian ) together with an external composition EEN →×  operating E where N operates on E from left. In contrast 
what has been stated above we begin with the formal definition of an unusual module ( N-group ) structure because of 
the fact that to get the structure of right near-ring group of quotients or a near-ring group of quotients are more well 
behaved. Suppose (E, +) is a group and (N, +, .) is a right near-ring. A complementary representation of N on E is a 
semigroup homomorphismθ : (N,.) → (End (E), o). Suppose that (N, +, .) is a right near-ring. Then an unusual near-
ring N module is a pair ( ( E,+ ) , *) where ( E,+ ) is a group and ENE →×∗ :  is a function which satisfies (i) 

( ) ( ) baxbax ∗∗=∗ .  for all Ex∈  and Nba ∈, and  (ii) ( ) ayaxayx ∗+∗=∗+  for all Eyx ∈,  and 
Na∈ . 

 
Suppose ( )( )∗+ ,,E  is an unusual near-ring N-module. Then a function 

( )
θ

θ
aa

EEndN
→
→:

 

given by   ( ) axaxx
EEa
∗=→

→
θ

θ :
   is a semigroup homomorphism.  

 
Thus ‘∗ ’ induces the complimentary representation.  
 
Conversely if ( )EEndN →:θ  is a complementary representation then define a right scalar multiplication 

ENE →×∗ :  by ( )θaxax =∗  for all Na∈  and Ex∈ . Thus θ  induces a right scalar multiplication that 
makes E an unusual near-ring N-module. 
 
Here in this paper, our motivation to explore some unusual algebraic structure ( other than usual ones) may lead us to 
some normally expected more well be have structures that appear as a very natural one in some specific extended 
generalize structures to give a better explanation of what is stated above may be read as follows . 
 
In case of  a ring we have the notion of ring of right quotients as well as that of a left quotients. Similarly we have the 
structures of module of quotients where that is a right module or a left module. In case of near-ring we have the 
structure of the right near-ring of right quotients and the right near-ring of left quotients. It is interesting to note that in 
case of right near-ring of right quotients incidentally some unusual module theoretic or near-ring group theoretic 
structures come up to the front line . It is very interesting to note that with a matching to Barua’s [[1]] work we find 
Grainger[[5]] has presented in his Doctoral thesis specifically in his discussion on unusual near-ring module structures.  
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Incontrast what is available in ring theory it is here observed that to have the structure of near-ring group of quotients it  
is difficult to give up the notion of  what Grainger [[5]] has termed as unusual near-ring module structures. One may 
hope fore very interesting structure theory in such type of near-ring group of quotients.   
 
The definition of unusual near-ring group structure of an additive group (not necessarily Abelian) over a right near-
ring with identity 1 is as follows. 
 
Let (E, +) be a group and N be near- ring with a map   
        µ  : E × N → E, ( ) xqqx →,   
such that for all x , y ∈E and q, r ∈N , we have  
   ( x + y) q = xq + yq 
          x(qr) = (xq)r 
              x0 = 0  
and  x1 = x ,  where zero in the left is the zero of N and the zero in the right is the zero in E.  
 
Then NE  = (E , + ,µ ) is called the near-ring group. 
 
As for example we consider the near-ring N (=Z8) without unity w. r. t. addition modulo 8 and multiplication defined by 
the following table. 
 
 
 
 
 
 
 
 
 
 
 
 
Here N is a near-ring group over itself. 
 
A subset A of a near-ring group NE   is a sub-near-ring group of NE  , if   Axnyx ∈− , for all Ayx ∈, , Nn∈ . 
 
The notion immediately leads us to the following,  
 
If E and F are near-rings groups, then, a mapping FEf →:     is an N-homomorphism if  
i) f is a group homomorphism 

ii) ( ) ( )nefenf = , for Ee∈  and Nn∈  
in a usual way the notion of kernel of f follows. 
 
The notion of an N-map follows when the condition (i) is absent. 
 
In what follows it contains the notion of essential as well as rational extensions together with some relevant results. 
 
An N-subgroup A(≠0) of E (i.e.(A,+) is a subgroup of (E,+), with AN⊆A)  is an essential N-subgroup of E  or E is an 
essential extension of A , if for every N-subgroup X ( ≠ 0) of E , we have A∩X ≠0  and  is denoted by A⊆ e E. 
 
An N-subgroup D of  E is a dense ( or rational ) N-subgroup of E or E is a rational extension of  D , written D⊆ r E if 
given u , v ∈  E with u ≠ 0 there exists  t∈  N such that vt ∈D and ut ≠ 0.  
 
An N-subset D of L where N is a sub-near-ring of the near-ring L is LD r⊆  if and only if given Llk ∈, with 

0≠l  there exists Nx∈ such that Dkx∈  and 0≠lx . 
 
An N-subgroup D of F where F is a near-ring group over L (where N is a sub-near-ring of near-ring L) is FD r⊆  if 
and only if given Lqp ∈, with 0≠q  there exists Dx∈ such that Dpx∈ and 0≠qx . 
 

•  0 1 2 3 4 5 6 7 
0 0 0 0 0 0 0 0 0 
1 0 1 0 1 1 1 1 1 
2 0 2 0 2 2 2 2 2 
3 0 3 0 3 3 3 3 3 
4 0 4 0 4 4 4 4 4 
5 0 5 0 5 5 5 5 5 
6 0 6 0 6 6 6 6 6 
7 0 7 0 7 7 7 7 7 
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If  D⊆  F ⊆E, where E is a near-ring group, F is a sub-near-ring group and D is a normal sub-near-ring group of F 
such that D ⊆ r E ,  then zero homomorphism is the only homomorphism from F/D to E  [ i.e., Hom ( F/D , E ) = (0) ].  
 
Clearly, a rational extension is an essential extension. Moreover if EGD ⊆⊆ , where E is a near-ring group, G, an 
N-subgroup of E and D an N-subset of G then, ED r⊆  implies EGD rr ⊆⊆ . 
 
In this paper we mainly present the formal structure of near-ring group of quotients of a near-ring group NE  as 
mentioned above. 
 
A  fraction of NE  is a N- map f: NN EA →  where NA  is a dense N-subgroup of NE .  
 
Given two fractions f and g of NE , f and g are  ‘~’ related (denoted ‘f ~ g’) if and only if they agree on  the common 
part of their domains. 
 
It is to be noted that if f and g are fractions of NE , then f ~ g if and only if there exists a dense N-sub-near-ring group 

D of NE  such that f(x) = g(x) for all x∈D and  the relation ‘~’ is an equivalence relation on the set of all fractions of 

NE . 
 
Let ( )EQ  be the set of all equivalence classes of f , g , . . . . in to which the fractions   

f, g, . . . .  of NE  are partitioned by the relation  ~ .  

Defined in ( )EQ  by the rule f + g  = gf +  . 

We see that ‘+’ in ( )EQ  is justified. For, f ~ h  and g ~ l  let x ∈  Dom f ∩ Dom g ∩ Dom h ∩ Dom l . 
 
Now ( gf +  ) (x) = f (x) + g (x) 
    = h (x) + l (x)  
    = ( lh +  ) (x) 
 

Hence gf +  ~ lh +  . Thus if f = h  and g = l  , we have gf +  = lh +  .  
 

Again, let ( )NQ  be the set of all equivalence classes 
1
n

,
1
α

, . . . . into which the fractions ,.
1

,
1
αn

 . . .  of N are 

partitioned by the relation ~ . Then define in ( )EQ  the rule as follows 

   
1
nf  = 

1
nf . 

We see that it is well-defined in ( )EQ . Suppose f ~ g and 
1

~
1

αn
 

 

Let x ∈Dom
1
n
∩Dom 








−

∩
1

1

1
nα ( Dom f ) 








−

∩
1

1

α
( Dom g  ) 

Then ( f
1
n

) (x) = f  (
1
n

(x)) 

              = f (
1
α

(x)) 

              = g (
1
α

(x)) = ( g
1
α

)(x) 
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Hence f
1
n

~ g
1
α

. Thus if f = g  and 
1
n

=
1
α

 we have 
1
nf =

1
αg .  

 
A near-ring group LF  with NE  as its sub-near –ring group is a near-ring group of quotients of NE  if LrN FE ⊆  , 
where N is a sub-near-ring of near-ring L. In a domain R, let S = R-{0}. Then S is a multiplicatively closed set. Then 
we can obtain the quotient ring RS-1 = Q(R) which is a rational extension of R. 
 
The near-ring group NE  satisfies the N-Ore condition w.r.t a subset S of N, if given ( ) SErx ×∈,  , there exists a 
common right multiple 
   xr/ = rx/  
such that ( x/,r/ ) ∈E × S. 
 
An ordered family },....,,{ 21 nAAA  of sub-near-ring groups of NE  is called an independent family if 

0)..............(
^

1 =∩++++ tnt AAAA , for some nt ≤≤1 . The symbol ^ denotes omission of tA  . 
 
2. PRELIMINARIES 
Lemma 2.1. Given two fractions f and g of NE  with domains Dom f and Dom g respectively, then the map  

  f + g: Dom f ∩Dom g → NE   
    x → f(x) + g(x)  
is also a fraction of NE . 
 
Proof: Since Dom f and Dom g are dense N-sub-near-ring group of NE  , Dom f ∩Dom g is also dense N-sub-near-

ring group of NE . Now for any x ∈ NE  , n∈N we have, 
 
 (f + g) (x n) = f(x n) + g (x n) = f(x)n + g (x)n = ( f(x) + g(x))n = (f + g)(x)n. 
 
Thus f + g is a N-map. Hence f + g is a fraction of NE . 
 
Lemma 2.2. Given two fractions f and 1

n with domains Dom f and Dom 1
n , and also 1

n : Dom 1
n → E , x → nx . Then 

the map 
  f 1

n : ( 1
n )-1( Dom f ) → NE  

    x → f ( 1
n (x))  

is also a fraction of NE . 
 
Proof: Let u, v ∈ NE  , v ≠ 0 . Since Dom 1

n  is dense N-sub-near-ring group of NE  , there exists t ∈  N such that ut 

∈  Dom 1
n  and vt ≠ 0. We note that  

   1
n (ut) , vt ∈ NE . 

 
Since Dom f is dense in NE  , it follows that ∃ p ∈  N such that  

  1
n (ut)p ∈Dom f , (vt)p ≠ 0. 

 
Again since 1

n  is N-map, 1
n (ut)p = 1

n (utp) . Thus given any u ,v ∈ ,NE  v ≠ 0  ,∃  p ∈  N such that  (ut)p ∈( 1
n )-1 

(Dom f) and  (vt)p ≠ 0.  
 
Thus, ( 1

n )-1(Dom f ) is dense N-sub-near-ring group of NE . Further, x∈( 1
n )-1( Dom f ), m ∈  N 

 (f 1
n ) (xm) = f( 1

n (x)m) = f ( 1
n (x))m = ( f 1

n )(x)m. 

Thus f 1
n  is a fraction of NE . 
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Lemma 2.3.If f and g are fractions of NE  , then f ~ g if and only if there exists a dense N-sub-near-ring group D of 

NE such that f(x) = g(x) for all x∈D. 
 
Proof: If D = Dom f∩Dom g , then ‘only if ’ follows. 
 
To see ‘if’ part, let  x∈Dom f∩Dom g. Suppose f(x) ≠ g(x) . Then we have x, f(x) – g(x) ∈E and f(x) – g(x) ≠ 0. 
 
Hence, there exists y ∈  N such that xy∈  D and (f(x)-g(x)) y ≠ 0 
 
But we have, f(x)y = f(xy) = g(xy), since xy∈D 
            = g(x) y, 
 
or  (f(x) – g(x))y = 0. Which is a contradiction. From this contradiction it follows that f(x) = g(x) for all x∈  Dom 
f∩Dom g . 
 
Lemma 2.4.The relation ‘~’ is an equivalence relation on the set of all fractions of NE . 
 
Proof: The relation ~ is reflexive and symmetric trivially. To see that it is transitive, let f, g, h be fractions of NE  such 
that f ~ g and g ~ h. Then  
f(x) = g(x) for all x∈Dom f∩Dom g and  g(x) = h(x) for all x∈Dom g∩Dom h. 
 
Consequently we get f(x) = h(x) for all x∈Dom f∩Dom g ∩Dom h.  
 
Where Dom f∩Dom g ∩Dom h  is a dense N –sub-near-ring group of NE . Thus f ~ h. 
 
Lemma 2.5. Let LF  be a near-ring group with NE  as a sub-near-ring group (where N is a sub-near-ring of near-ring 

L). Then LF  is a near-ring group of quotients of NE  if and only if for every 0, ≠∈ qLq  we have 

)0()(, 11 ⊃⊆ −−
NNrN EqqEEq  where }|{1

NNN EqxExEq ∈∈=− . 
 
Proof: Suppose LrN FE ⊆ . Given NEqz 1−∈  and Nn∈ . Then we get, 

NEznq ∈)(  

NEqzn 1−∈⇒  
 
Hence NEq 1−  is subset of LF . 

0,, ≠∈ vFvu L . Then LFqu∈ . Since LrN FE ⊆ , there exists t∈  N such that 

NEtqu ∈)(  and vt≠ 0 
 
The first condition implies that NEqut 1−∈ . Thus, given 0,, ≠∈ vFvu L , there exists Nt ∈  such that 

NEqut 1−∈  and 0≠vt  leading there by LrN FEq ⊆−1 .  
 
Since we have LNN FEEq ⊆⊆−1    and LrN FEq ⊆−1 , it follows that .1

NrN EEq ⊆−  
 
Now NN qEEa ∩∈  gives NN qEEa ,∈  and hence there exists NEb∈  such that a=qb. Since NEaqb ∈= ,  
 
we have NEqb 1−= . Hence, )()( 1

NEqqqba −∈= . Thus NNN qEEEqq ∩⊇− )( 1 . 
 
Recalling LrN FE ⊆ , and LeN FE ⊆ , we see that ( )0⊃∩ NN qEE , which gives )0()( 1 ⊃−

NEqq . 
 
Suppose NrN EEq ⊆−1 and )0()( 1 ⊃−

NEqq  hold and Lqp ∈,  with 0≠q .  
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Now we show that there exists NEx∈  for which NEpx∈  and 0≠qx . Keeping in note NN qEEqq ⊆− )( 1  and  

}|{)( 11
NN EqxqxEqq −− ∈=  

      }|{ NEqxqx ∈=  

      NE⊆  
 
We get NNN qEEEqq ∩⊆− )( 1  which in turn gives )0(⊃∩ NN qEE .  
 
Thus, there exists b∈ NE  such that qba = . We note that 0≠qb . 

(1) Suppose p = 0 and x = b. Then we get px (= 0b = 0) ∈ NE  and 0)( ≠= qbqx  

(2) Suppose 0≠p . Then NrN EEq ⊆−1  gives p-1
NE ⊆ r NE  

And we have b, qb ∈ NE  with 0≠qb . Hence there exists y ∈N such that NEpby 1−∈ and ( ) 0.qb y ≠    

Again x = by gives NEx∈ such that NEpx∈ . 
 
Thus in both the cases p = 0 and 0≠p , there exists x ∈ NE   with NEpx∈  and 0≠qx . Hence LrN FE ⊆ . 
 
As in Lemma 2.1.1 [2] we have 
 
Lemma 2.6. Let ( )( )NQC be the complete near-ring of quotients of N and ( )( )NQC  exists.If Ssss n ∈,..., 21 , then 

there exists Nxxx n ∈,...,, 21 and Ss∈ such that nisxs ii ,...,2,1,11 == −−  
 
3. MAIN RESULTS 
Now we present the important notion of what we are intending.  
 
We see in this section that the fractions of NE  yield a near-ring group of quotients of NE . 

Theorem 3.1. The set ( )EQ  of all equivalence classes of f , g , . . . . in to which the fractions   f, g, . . . .  of NE  are 

partitioned by the relation  ~ defined by the rule f + g  = gf +  and f α  = αf  is a near-ring group. Where 

∈α ( )NQ  , the near-ring of right quotients. 
 

Proof: Let us define µ: ( )EQ × ( )NQ  → ( )EQ , ( f ,α ) = f α  = αf  , for all ∈α ( )NQ ,  f ∈  ( )EQ . 
 

Now for all α 1  , α 2  ∈ N , f , g∈ ( )EQ  we have  

( f + g )(α 1 ) = α 1)( gf +  

                          =  )( 11 αα gf +           

                          = α 1f + α 1g         

                          = f α 1 + gα 1  
 

f (α 1α 2 ) = )( 21ααf  

                       =  )( 21ααf  

                       = ( )( 1αf )α 2  

                       = ( α 1f )α 2  

( )EQ  has an additive identity 0  given by the fraction 0: NE → NE  , x→ 0. 
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For every f ∈ ( )EQ we get a fraction 

- f : Dom f → NE  , x → - f (x) 
 
Given x∈ Dom ,f  we have   

( f  + ( - f  ))(x) = f (x) - f (x) = 0 
 0(x) = 0, 
( ( - f ) + ( f )) (x) = - f (x) + f (x) = 0 
 

Hence, ( )ff −+  = 0  = ( ) ff +−  Or, f  + ( )f−  = 0  = ( )f−  + f  
 

Thus, every f ∈ ( )EQ  has an inverse ( )f− ∈ ( )EQ . 
 
And so we have 

f 0 = 0.  
 
Hence ( )EQ = ( ( )EQ , +, µ) is a near-ring group over ( )NQ  . 
 
In particular ( )NQ  =( ( )NQ ,+,.) is a near ring and ( )EQ  is a  near-ring ( )NQ  group. 
 
Theorem 3.2. NE  is embedded in the near-ring group ( ) ( )NQEQ .(and so N is embedded in the near-ring ( )NQ  
 
Proof: For every n ∈ N, we get a left multiplication in the near-ring group of transformations of NE  ,  

                  
1
n

: NE → NE  , x→ n x . 

Given x ∈ NE  , p ∈ N we see that  









1
n

 (xp) = n (xp) 

     = ( nx) p  

     = 







1
n

(x)p 

Thus the left multiplication 







1
n

 is a N-map and hence a fraction of NE  . 

 

Consider the map α: NE → ( ) ( )NQEQ , x→ 
1
x

, for x ∈ .NE  

 
Then for x, y ∈ NE   we have, 

α (x + y) = 
1

yx +
 

               = 
1
x

+ 
1
y

 

               = α (x) + α (y) 
 
Again, for n ∈ N, x ∈ NE  we have, 
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α (xn) = 
1
xn

 =  
11
nx

 

           = nx
1

 

           =
1
x n  

           =α (x) n  
 
Thus α  is a N-homomorphism. 
 

Now, Kernel α  = { x ∈ NE   
1
x

 = 0 } 

              = {x ∈ NE  x = 0 } 
              = (0) 
 
Hence α  is a N-monomorphism. 
 

Note 3.3. Since the map α: NE → ( ) ( )NQEQ  is a monomorphism , we shall identify  ( )NEα  with NE  and 
1
n

 with 

n, for simplicity of notation.  
 
Theorem 3.4. If Nr ED ⊆  and ( )NQq∈ , 0≠q , then ( )0=qD  implies 0=q . 
 
Proof: Let tq = , where t is a fraction of N, and Nn∈ . Then ( )0=qD  implies that        

                                   )1/(nt = (0) 

Or, ( )( )( ) 01/ =xnt  for every ( ) 11/ −∈ nx (Domt) 
 

t⇒ (Domt) = 0 
 
Thus 0== tq . 
 
Theorem 3.5. If ( )NQq∈ , t is a fraction of N, and f is a fraction of NE  such that tq = , then NEqDomf 1−⊆ . 
 
Proof: Let Domfr ∈ , then  

1
rtqr =  = ( )1

rt  = NErt ∈1
)(

 

NEqr 1−∈⇒  
 

Hence NEqDomf 1−⊆ . 
 
As a corollary we get 
 

Corollary 3.6. If ( )NQq∈ , then NrN EEq ⊆−1 ,where =−
NEq 1 { NEx∈ │ NEqx∈ }. Also  

 
Theorem 3.7. If  ( ),NQq∈ 0≠q , then 

   ( ) ( )01 ⊃−
NEqq . 

 
The proof is immediately follows from Theorem 3.4. 
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Using the last two results and the Lemma 2.5. , we have the  
 
Theorem3.8. ( ) ( )NQEQ  is a near-ring group of right quotients of NE . 
 
Theorem 3.9. Let NE satisfy the N-Ore condition with respect to a multiplicatively closed subset S of N and have N-
homomorphisms 
 

)(: NQN →α   

( )NQN EQE )(: →β  

such that r∈S implies ( ) )(1 NQr ∈−α . Then the subset  

( ) ( ) ( ){ }SEraraES ×∈= −− ,|11 αβ  is a sub-near-ring group of ( ) ( )NQEQ .  
 
Proof: Let ( ) ( ) ( ) ( ) 111 , −−− ∈ ESsbra αβαβ . Then we have ( ) ( ) SEsbra ×∈,,, . Since NE  satisfies the N-Ore 

condition w.r.t. S and ( ) ( ) SEsbra ×∈,,, , we get that there exists ( ) ( ) SErbsr ×∈′′′′′ ,,, such that rssr ′=′ and 

brrb ′=′′ and hence (i) ( ) ( )rssr ′=′ ββ  and (ii) ( ) ( )brrb ′=′′ ββ  
 
Again, as N satisfies the Ore condition w.r.t S and ( ) ( ) SNrpsr ×∈,,, , we therefore  get that there exists 

( ) ( ) SNrpsr ×∈′′′′ ,,,  such that rssr ′=′ and prrp ′=′′  

And hence (iii) ( ) ( )rssr ′=′ αα and (iv) ( ) ( )prrp ′=′′ αα  
 

Now ( ) ( ) ( ) ( ) 11 −− − sbra αβαβ = ( ) ( ) ( ) ( ) ( ) ( )( )( )11 −− ′′−′′ srrbrssa ααβααβ   [ using (iii)] 

                                                              = ( ) ( ) ( ) ( ) ( ) ( ) 11 −− ′′−′′ srrbsrsa ααβααβ  

                                                              = ( ) ( ) ( ) ( )( ) ( ) 1−′′−′ srrbsa ααβαβ 1−∈ ES  
 

Again, let ( ) ( ) 11 −− ∈ NSrn αα .  
 
Then, 

( ) ( ) ( ) ( ) 11 −− rnsb αααβ = ( ) ( ) ( ) ( ) ( ) 11 −−′′ rnrsrb ααααβ [using (iii)] 

                                          = ( ) ( ) ( )
1

1

−






 ′′′ rnsrb αααβ , where ( ) ( ) ( )

1

1
1

−
− 





 ′′=′ rnnr αααα  

                                  = ( ) ( ) ( ) 1
1

−′′′ rrnsrb ααβ  
                                          ∈ES-1 
 
Hence, ES-1 is a sub-near ring group of ( ) ( )NQEQ . 
 
Remark 3.10. We note that if in Theorem 3.9., 1∈S , then the near-ring group ES-1 has ( )1β  as its identity. 
 
Thus we get 
 
Theorem 3.11. Let NE  be near-ring group and S be a multiplicatively closed subset of N containing 1, 

)(: NQN →α , ( )NQN EQE )(: →β  are homomorphisms satisfying the condition  ( ) )(1 NQr ∈−α , for r ∈S 

and the condition ( ) 0=aβ , for NEa∈  implies that there exists t ∈S with 0=at . 
 
Also if the subset ES-1 is a sub-near-ring group of ( ) ( )NQEQ , then NE  satisfies the N-Ore condition with respect to 
S. 
 
 



Dipti Nath*/A Note on Near-ring group of Quotients/IJMA- 4(2), Feb.-2013. 

© 2013, IJMA. All Rights Reserved                                                                                                                                                                      253  

 
Proof: Let ( ) SEra ×∈, . Then NEa∈  and r ∈S . Since r ∈S implies  ( ) )(1 NQr ∈−α  , ( ) 1−rα   and 

( ) 11 −α exist and as ES-1   is a sub-near-ring group, we get, 

( ) ( ) ( ) ( ) 111 11 −−− ∈ ESar αβαβ  ⇒ ( ) ( ) 11 −− ∈ ESar βα  

It follows from the definition of ES-1 there exists ( ) SEsb ×∈, such that  

( ) ( ) ( ) ( ) 11 −− = sbar αββα ⇒ ( )( ) ( )( )brsa αβαβ = ⇒ ( ) ( ) ( ) ( )brsa βααβ =  

               ⇒ ( )( ) ( )( ) 0=− brsa ααβ  
 
Thus there exists t ∈S such that ( )( ) ( )( ) 0=− tbrsa αα   

       ⇒ ( ) ( )btrsta αα − = 0 
 

Putting bt = /a and st = r/, we see that given ( ) SEra ×∈, , there exists ( ) SEra ×∈// ,  such that 

( ) ( )// raar αα =  , i.e., NE  satisfies N-Ore condition with respect to S. 
 
Theorem 3.12. Let S be the set of non-zero divisors of N. If NE satisfies the N-Ore condition with respect to S and s 

∈S, then NrN EsE ⊆ . 
 
Proof: Clearly s NE  is an N-subgroup of NE . Let 0,, ≠∈ bEba N . Then ( ) SEsa ×∈, and hence there exists a 

common right multiple // saas = such that ( ) SEsa ×∈// , . Since NsEas ∈′   and since s′  is a non-zero divisor 

and 0≠b , we have 0≠′sb . Thus NrN EsE ⊆ . 
 
Because of the note 3.3., we regard NE  as a sub near-ring group of ( ) ( )NQEQ  

 
Following result gives how the N-ore condition is connected with classical near-ring group of quotients 
 
Theorem 3.13.If NE  satisfies the N-Ore condition w.r.t. S, then the subset ( )( ) ( ){ }SErxEQxrEQC ×∈∈= − ,|)(1  

is a sub- near-ring group of ( ) ( )NQEQ . ( )( )EQC  is the classical near-ring group of quotients of NE . 
 
Proof: Let α and β be the embedding  

)(: NQN →α   and ( )NQN EQE )(: →β  

r  →  r, 
1
xx →  

 

Also for any  ( ) )(, 1 NQrSr ∈∈ −α              
 
Thus ( )( ) ( ){ }SErxEQxrEQC ×∈∈= − ,|)(1  

             = { ( ) ( ) ( ) ( ) SErxEQrx ×∈∈− ,|1αβ } 

           = 1−ES   
 
As 1−ES  sub near-ring group of ( ) ( )NQEQ  , ( )( ) ( )( )NQcEQC  is a sub-near-ring group of ( ) ( )NQEQ  

(where ( )( )NQC  is the classical near-ring of quotients of near-ring N ). 
 
Theorem 3.14.  If J be a right N-sub-near-ring group of NE , then the subset ( ) ( ){ }SJsxEQxsJS ×∈∈= −− ,|11  

is a right ( )( )NQC  sub-near-ring group of ( )( ) ( )( )NQCEQC  
 
Proof:  Let p∈ ( )( ) ( )( )NQCEQC  , q ∈  ( )( ).C Q N   
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Then p = as-1, q = xt-1  where Ja∈  , x∈N , s, t∈S 

And pq  = ( )1−as ( )1−xt  

   = ( )11 −− xtsa  
 
Since ∈−1xt ( )( )NQC  , 1−s = 1 1−s ∈NS-1 = ( )( )NQC , we get  

( )∈−− 11 xts  ( )( )NQC  
 

Let  ( )11 −− xts  = 1−bu , ∈b N ,   ∈u S . Then,  ∈ab J gives 1−∈ JSpq .  
 
Hence the result. 
 
Theorem 3.15. If { J1, J2 , . . , Jt } be an independent family of right N-sub-near-ring groups of NE  , then { J1S-1, J2S-1, 

. . . . , JtS-1 } is an independent family of right ( )( )NQC  –sub-near-ring group of ( )( )EQC  
 
Proof: If possible, let {J1S-1, J2S-1, . . . . , JtS-1 } be not an independent family. Then there is an m , 1 ≤ m ≤ t such that , 
JmS-1 ∩ ∑

≠mn

JnS-1 ≠ 0. 

 
Then there is an non-zero element, 

jmsm
-1 = j1s1

-1 + . . . . + mmsj
∧

+ . . . . +jtst
-1 (^stands for deletion of the term underneath) in the intersection. 

 
By Lemma 2.6., for s1, . . . ,st∈S , we get  Nxx t ∈,....,1 and s∈S such that  
    si

-1 = xis-1 ,   1 ≤ i ≤ t 
 

Now, jmxms-1 = j1x1s-1 + .  . . . + 1−
∧

sxj mm  + . . . . + jtxts-1 

       = ( j1x1 + . . . . + mmxj
∧

+ . . . . + jtxt )s-1 

 
And this gives,  

 jmxm = j1x1 + . . . . + mmxj
∧

+ . . . . + jtxt 

         ≠ 0. 
 
So, Jm∩ (∑

≠mn

Jn ) ≠ ( 0 ) and is a contradiction, for { J1 , . . . . , Jt } is an independent family of N-sub-near-ring group 

of NE . 
 
Therefore {J1S-1. . . JtS-1} is an independent family of right ( )( )NQC –sub-near-ring group of ( )( )EQC . 
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