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ABSTRACT 
In this paper we introduce the notion of a continuous fuzzy metric and prove a common fixed point theorem for three 
self maps on a complete fuzzy metric space with continuous fuzzy metric, under the influence of a contractive control 
function of type (AS).  
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0. INTRODUCTION 
Vasuki [13] proved a common fixed point theorem for two R-weakly commutative self maps on a complete fuzzy 
metric space with certain condition A.K.Sarma.et.al [9] extended this result to three self maps. In this paper, we make 
use of contractive control function of type (AS) to prove a common fixed point theorem for three self maps on a 
continuous complete fuzzy metric space. 
 
1. PRELIMINARIES 
Definition 1.1: [14] A fuzzy set 𝐴𝐴 in 𝑋𝑋 is a function with domain  𝑋𝑋  and values in [0, 1]. 
 
Definition 1.2: [11] A binary operation  ∗ ∶ [0,1] × [0,1] ⟶ [0,1] is called a continuous t-norm, if for each 𝑎𝑎, 𝑏𝑏, 𝑐𝑐,𝑑𝑑 in 
[0,1], ∗  satisfies the following conditions 
           
(i)   ∗  is commutative and  associative,  i.e.  𝑎𝑎 ∗  𝑏𝑏 =  𝑏𝑏 ∗ 𝑎𝑎   and   𝑎𝑎 ∗ ( 𝑏𝑏 ∗ 𝑐𝑐 )  =  (𝑎𝑎 ∗ 𝑏𝑏) ∗ 𝑐𝑐, 
(ii)   ∗  is  continuous , 
(iii)   𝑎𝑎 ∗ 1 =   𝑎𝑎  for all  𝑎𝑎 ∈   [0,1] , 
(iv)   𝑎𝑎 ∗ 𝑏𝑏 ≤  𝑐𝑐 ∗ 𝑑𝑑  whenever  𝑎𝑎 ≤ 𝑐𝑐  and  𝑏𝑏 ≤ 𝑑𝑑. 
 
Examples of a continuous t-norm: 
 
                   𝑎𝑎 ∗ 𝑏𝑏 = min{𝑎𝑎, 𝑏𝑏}  and  𝑎𝑎 ∗ 𝑏𝑏 = 𝑎𝑎𝑏𝑏   
 
Definition 1.3:   [5] The triplet (𝑋𝑋 ,𝑀𝑀,∗) is a fuzzy metric space, if 𝑋𝑋 is a non empty set, ∗ is a continuous t-norm, M is 
a fuzzy set in 𝑋𝑋2  × [0,∞) satisfying the following conditions for all 𝑥𝑥,𝑦𝑦, 𝑧𝑧 ∈ 𝑋𝑋  and  𝑠𝑠, 𝑡𝑡 > 0, 
(i)   𝑀𝑀(𝑥𝑥,𝑦𝑦, 0) = 0 ,       
(ii)  𝑀𝑀( 𝑥𝑥,𝑦𝑦, 𝑡𝑡 ) = 1  ∀  𝑡𝑡 > 0 ⇔ 𝑥𝑥 = 𝑦𝑦 , 
(iii)  𝑀𝑀( 𝑥𝑥,𝑦𝑦, 𝑡𝑡)  = 𝑀𝑀( 𝑦𝑦, 𝑥𝑥, 𝑡𝑡) 𝑓𝑓𝑓𝑓𝑓𝑓  𝑡𝑡 > 0 , 
(iv)  𝑀𝑀( 𝑥𝑥,𝑦𝑦, 𝑡𝑡) ∗ 𝑀𝑀( 𝑦𝑦, 𝑧𝑧, 𝑠𝑠)  ≤ 𝑀𝑀(𝑥𝑥, 𝑧𝑧, 𝑡𝑡 + 𝑠𝑠),                                          
(v)   lim𝑡𝑡→∞ 𝑀𝑀(𝑥𝑥,𝑦𝑦, 𝑡𝑡 ) = 1  for all   𝑥𝑥,𝑦𝑦 ∈ 𝑋𝑋  .    
(vi)   𝑀𝑀( 𝑥𝑥 ,𝑦𝑦 , ∙ ) ∶ [ 0 ,∞ ) → [0 , 1]  is left continuous,  
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Note that  𝑀𝑀( 𝑥𝑥,𝑦𝑦, 𝑡𝑡) can be considered as the degree of nearness between 𝑥𝑥 𝑎𝑎𝑎𝑎𝑑𝑑 𝑦𝑦  with respect to t. We identify 
𝑥𝑥 = 𝑦𝑦  with  𝑀𝑀( 𝑥𝑥,𝑦𝑦, 𝑡𝑡 ) = 1 ∀  𝑡𝑡 > 0. 
 
The following Example shows that every metric space induces a fuzzy metric  
 
Example 1.4:  [2] Let ( 𝑋𝑋,𝑑𝑑) be a metric space. Let a ∗  b = min{ a, b } and 𝑀𝑀( 𝑥𝑥,𝑦𝑦, 𝑡𝑡) =  𝑡𝑡

𝑡𝑡+𝑑𝑑( 𝑥𝑥 ,𝑦𝑦) 
  𝑓𝑓𝑓𝑓𝑓𝑓  𝑡𝑡 > 0  and 

for all 𝑥𝑥,𝑦𝑦, 𝑧𝑧 ∈ 𝑋𝑋 . Then (𝑋𝑋,𝑀𝑀, ∗) is called a fuzzy metric space. It is called the fuzzy metric space induced by d. 
 
Lemma 1.5:  [3] For all  𝑥𝑥,𝑦𝑦 ∈ 𝑋𝑋,𝑀𝑀 ( 𝑥𝑥,𝑦𝑦, ∙ )  is a non - decreasing function. 
 
Definition 1.6:[3] A sequence {𝑥𝑥𝑎𝑎 }𝑎𝑎=1

∞   in a fuzzy metric space (𝑋𝑋 ,𝑀𝑀,∗) is called Cauchy, if   
lim𝑎𝑎→∞ 𝑀𝑀�𝑥𝑥𝑎𝑎+𝑝𝑝  , 𝑥𝑥𝑎𝑎  , 𝑡𝑡 � = 1    𝑓𝑓𝑓𝑓𝑓𝑓 𝑡𝑡 > 0  and   𝑝𝑝 > 0 . 
 
Definition 1.7:  [3] A sequence {𝑥𝑥𝑎𝑎 }𝑎𝑎=1

∞   in a fuzzy metric space  (𝑋𝑋 ,𝑀𝑀,∗)  is called convergent to 𝑥𝑥 ∈ 𝑋𝑋, if   
lim𝑎𝑎→∞ 𝑀𝑀(𝑥𝑥𝑎𝑎  , 𝑥𝑥 , 𝑡𝑡 ) = 1    𝑓𝑓𝑓𝑓𝑓𝑓  𝑒𝑒𝑎𝑎𝑐𝑐ℎ 𝑡𝑡 > 0.  In this case 𝑥𝑥 is called the limit of {𝑥𝑥𝑎𝑎}. 
 
Definition 1.8:  [3] A fuzzy metric space  (𝑋𝑋 ,𝑀𝑀,∗)  is said to be complete if every Cauchy sequence in  𝑋𝑋  converges 
in  𝑋𝑋. 
 
Definition 1.9: Let  ( 𝑋𝑋 ,𝑀𝑀,∗)  be a fuzzy metric space. 𝑀𝑀 is said to be a continuous fuzzy  metric, if  𝑥𝑥𝑎𝑎 → 𝑥𝑥 , 𝑦𝑦𝑎𝑎 → 𝑦𝑦  
in  𝑋𝑋   implies  𝑀𝑀( 𝑥𝑥𝑎𝑎  ,𝑦𝑦𝑎𝑎 , 𝑡𝑡) → 𝑀𝑀(𝑥𝑥,𝑦𝑦, 𝑡𝑡 ) ∀  𝑡𝑡 > 0 .  In this case we say that  (𝑋𝑋 ,𝑀𝑀,∗)  is a continuous fuzzy metric 
space . 
 
Definition 1.10:  [6] Two mappings  𝑓𝑓 𝑎𝑎𝑎𝑎𝑑𝑑 𝑔𝑔  of a fuzzy metric space ( 𝑋𝑋 ,𝑀𝑀,∗)  into itself are said to be weakly 
commuting if  𝑀𝑀( 𝑓𝑓𝑔𝑔𝑥𝑥,𝑔𝑔𝑓𝑓𝑥𝑥, 𝑡𝑡)  ≥ 𝑀𝑀( 𝑓𝑓𝑥𝑥,𝑔𝑔𝑥𝑥, 𝑡𝑡) for each  𝑥𝑥 ∈ 𝑋𝑋 . 
 
Definition 1.11:Let  𝜑𝜑 ∶ [0,∞) → [0,∞)  be  such that  𝜑𝜑  is increasing  and 𝜑𝜑(𝑡𝑡) = 0 ⇔ 𝑡𝑡 = 0. Two mappings  
𝑓𝑓 𝑎𝑎𝑎𝑎𝑑𝑑 𝑔𝑔  of  a fuzzy metric space ( 𝑋𝑋 ,𝑀𝑀,∗)  into itself  are said to be  𝜑𝜑 − weakly commuting if , 𝑀𝑀( 𝑓𝑓𝑔𝑔𝑥𝑥,𝑔𝑔𝑓𝑓𝑥𝑥, 𝑡𝑡) ≥
𝑀𝑀( 𝑓𝑓𝑥𝑥,𝑔𝑔𝑥𝑥 ,𝜑𝜑(𝑡𝑡)) ∀𝑥𝑥 ∈ 𝑋𝑋. 
 
Remark 1.12: 𝜑𝜑 − weakly commutativity implies weak-commutativity only when 𝜑𝜑(𝑡𝑡) ≥ 𝑡𝑡 .      
       
The following Example shows that a pair ( 𝑓𝑓,𝑔𝑔 )  may be 𝜑𝜑 − weakly commutative but not weakly – commutative. 
 
Example 1.13: Let 𝑋𝑋 = 𝑅𝑅 be the set of all real numbers. Define a ∗ b = 𝑎𝑎𝑏𝑏   and   

                𝑀𝑀( 𝑥𝑥,𝑦𝑦, 𝑡𝑡) = �𝑒𝑒(  |x−y |
t   )�

−1
for all 𝑥𝑥 ,𝑦𝑦 ∈ 𝑋𝑋  and  𝑡𝑡 > 0. 

 
                𝑀𝑀( 𝑥𝑥,𝑦𝑦, 0) = 0 .   Then ( 𝑋𝑋 ,𝑀𝑀,∗)  is a fuzzy metric space. 
 
Define  𝑓𝑓(𝑥𝑥)  =   2𝑥𝑥 − 1  𝑎𝑎𝑎𝑎𝑑𝑑   𝑔𝑔(𝑥𝑥) = 𝑥𝑥2  . Then 
 

𝑀𝑀 ( 𝑓𝑓𝑔𝑔𝑥𝑥,𝑔𝑔𝑓𝑓𝑥𝑥, 𝑡𝑡)  =    �𝑒𝑒�  2|𝑥𝑥−𝑦𝑦 |2
𝑡𝑡   ��

−1

 

 

𝑀𝑀( 𝑓𝑓𝑥𝑥 ,𝑔𝑔𝑥𝑥 , 𝑡𝑡
2
 )    =    �𝑒𝑒�  2|𝑥𝑥−𝑦𝑦 |2

𝑡𝑡   ��
−1

    

 
Let  𝜑𝜑(𝑡𝑡)  =  𝑡𝑡

2
 .  Then 𝑓𝑓 𝑎𝑎𝑎𝑎𝑑𝑑 𝑔𝑔   are  𝜑𝜑 − weakly commuting. But 𝑓𝑓 𝑎𝑎𝑎𝑎𝑑𝑑 𝑔𝑔  are not weakly commuting since 

exponential function is strictly increasing.  
 
Definition 1.14:   [4] Let  ∗ be a continuous t-norm. For any 𝑎𝑎 ∈ [0,1], write  
∗ 0 ( 𝑎𝑎 ) = 1  and  
∗ 1 ( 𝑎𝑎 ) =  ∗ ( ∗0 ( 𝑎𝑎 ), 𝑎𝑎 ) =  ∗ ( 1 , 𝑎𝑎 ) = 𝑎𝑎 .   In general  
∗ 𝑎𝑎+1 ( 𝑎𝑎 ) =  ∗ ( ∗𝑎𝑎 ( 𝑎𝑎 ), 𝑎𝑎 ) for  𝑎𝑎 = 0,1,2,3,… 
 
If the sequence {∗𝑎𝑎 } is equicontunious at 1, that is given 𝜖𝜖 > 0 ,∃ 𝛿𝛿 > 0 ∋ 𝑥𝑥 > 1 − 𝛿𝛿 ⇒ ∗𝑎𝑎 (𝑥𝑥 )  > 1 − 𝜖𝜖 ∀ 𝑎𝑎 ∈ 𝑁𝑁, 
then we say that  ∗ is a Hadzic type t – norm.  
 
We observe that ‘min’t-norm is of Hadzic type. 
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Definition 1.15: [10] If  𝜑𝜑 ∶  𝑅𝑅+  →  𝑅𝑅+  is such that  
 
(i)   𝜑𝜑  is increasing , 
(ii)   𝜑𝜑(𝑡𝑡) > 𝑡𝑡  ∀  𝑡𝑡 > 0 ,               
(iii)  𝜑𝜑( 𝜑𝜑 (𝑡𝑡) − 𝑡𝑡 ) ≥ 𝜑𝜑2 (𝑡𝑡) − 𝜑𝜑 (𝑡𝑡)  𝑓𝑓𝑓𝑓𝑓𝑓 𝑒𝑒𝑒𝑒𝑒𝑒𝑓𝑓𝑦𝑦 𝑡𝑡 > 0 , then 𝜑𝜑  is called a contractive control function of type (A) . 
 
Definition 1.16:[10] If  𝜑𝜑 ∶  𝑅𝑅+  →  𝑅𝑅+ is a contractive control function which is strictly increasing,  𝜑𝜑  is onto 
and   𝜑𝜑�𝑡𝑡 − 𝜑𝜑−1(𝑡𝑡)� ≥ 𝜑𝜑(𝑡𝑡) − 𝑡𝑡  𝑓𝑓𝑓𝑓𝑓𝑓 𝑒𝑒𝑒𝑒𝑒𝑒𝑓𝑓𝑦𝑦   𝑡𝑡 > 0 ,  then 𝜑𝜑  is called a contractive control function of type (AS). 
 
Example 1.17:   [10] If  𝜑𝜑 ∶  𝑅𝑅+  →  𝑅𝑅+  is defined by  
 

         𝜑𝜑 (𝑡𝑡) = �
𝑎𝑎 + 1    𝑖𝑖𝑓𝑓  𝑡𝑡 ∈ [𝑎𝑎 ,𝑎𝑎 + 1 )

     1    𝑖𝑖𝑓𝑓  𝑡𝑡 ∈ (0,1)       
          0    𝑖𝑖𝑓𝑓  𝑡𝑡 = 0                   

� 

 
then  𝜑𝜑 is a contractive control function of type (A)  but not type (AS) .  
 
Example 1.18: [10] If  𝜑𝜑 ∶  𝑅𝑅+  →  𝑅𝑅+  is defined by 𝜑𝜑(𝑡𝑡) =  𝑘𝑘𝑡𝑡  ∀  𝑡𝑡 > 0  𝑎𝑎𝑎𝑎𝑑𝑑 𝑓𝑓𝑓𝑓𝑓𝑓 𝑠𝑠𝑓𝑓𝑠𝑠𝑒𝑒 𝑘𝑘 > 0,  then  𝜑𝜑  is  a  
contractive control function of type (AS) . 
 
Vasuki [13] proved the following theorem. 
 
Theorem 1.19: Let (𝑋𝑋,𝑀𝑀,∗) be a complete fuzzy metric space, let 𝑅𝑅 > 0 𝑎𝑎𝑎𝑎𝑑𝑑  𝜑𝜑(𝑡𝑡) = 𝑡𝑡

𝑅𝑅
 ∀  𝑡𝑡 > 0.  Let 𝑓𝑓 𝑎𝑎𝑎𝑎𝑑𝑑 𝑔𝑔 be 

 𝜑𝜑 −weakly commuting mappings of 𝑋𝑋 satisfying the condition 𝑀𝑀( 𝑓𝑓𝑥𝑥, 𝑓𝑓𝑦𝑦, 𝑡𝑡) ≥ 𝑓𝑓 {𝑀𝑀( 𝑔𝑔𝑥𝑥,𝑔𝑔𝑦𝑦 ,𝜑𝜑(𝑡𝑡))} for all  𝑥𝑥,𝑦𝑦 ∈ 𝑋𝑋. 
 
where 𝑓𝑓 ∶ [ 0,1] → [ 0,1] is a continuous function such that  
 
𝑓𝑓(𝑡𝑡) > 𝑡𝑡 𝑓𝑓𝑓𝑓𝑓𝑓  0 < 𝑡𝑡 < 1. The sequences {𝑥𝑥𝑎𝑎} and {𝑦𝑦𝑎𝑎 } 𝑖𝑖𝑎𝑎 𝑋𝑋  are such that 
 
𝑥𝑥𝑎𝑎  → 𝑥𝑥 , 𝑦𝑦𝑎𝑎  → 𝑦𝑦 , 𝑡𝑡 > 0 implies that 𝑀𝑀( 𝑥𝑥𝑎𝑎  ,𝑦𝑦𝑎𝑎  , 𝑡𝑡) → 𝑀𝑀(𝑥𝑥 ,𝑦𝑦 , 𝑡𝑡 ) 𝑎𝑎𝑠𝑠 𝑎𝑎 → ∞.   
     
If the range of 𝑔𝑔 contains the range of 𝑓𝑓 and if either 𝑓𝑓 𝑓𝑓𝑓𝑓 𝑔𝑔 is continuous, then 𝑓𝑓 and 𝑔𝑔 have a unique common fixed 
point in 𝑋𝑋 . 
 
A. K. Sarma , V. H. Badshah , V. K. Gupta and A. Sarma [9] generalized the  above result for three weakly commuting 
maps instead of two maps . 
 
Theorem 1.20:  [9] Let ( 𝑋𝑋 ,𝑀𝑀,∗) be a complete fuzzy metric space, let  𝑓𝑓,𝑔𝑔 𝑎𝑎𝑎𝑎𝑑𝑑 ℎ be three self maps on 𝑋𝑋   satisfying 
(i)   𝑓𝑓(𝑋𝑋) ∩ 𝑔𝑔(𝑋𝑋)  ⊂ ℎ(𝑋𝑋) and  
(ii)   𝑀𝑀( 𝑓𝑓𝑥𝑥,𝑔𝑔𝑦𝑦, 𝑡𝑡)  ≥ 𝑓𝑓 {𝑀𝑀(ℎ𝑥𝑥 , ℎ𝑦𝑦 , 𝑡𝑡)} for all  𝑥𝑥 ,𝑦𝑦 ∈ 𝑋𝑋, 
 
where 𝑓𝑓 ∶ [0,1] → [0,1] is a continuous function such that    
 
          𝑓𝑓(𝑡𝑡) > 𝑡𝑡 𝑓𝑓𝑓𝑓𝑓𝑓 𝑒𝑒𝑎𝑎𝑐𝑐ℎ  0 < 𝑡𝑡 < 1.  
 
Let  𝑅𝑅 > 0 𝑎𝑎𝑎𝑎𝑑𝑑   𝜑𝜑(𝑡𝑡) = 𝑡𝑡

𝑅𝑅
 for  𝑡𝑡 > 0 .  

 
Suppose  ℎ is continuous and the pairs (𝑓𝑓, ℎ ) 𝑎𝑎𝑎𝑎𝑑𝑑 ( 𝑔𝑔 , ℎ) are 𝜑𝜑 − weakly commuting on 𝑋𝑋. Then 𝑓𝑓,𝑔𝑔 𝑎𝑎𝑎𝑎𝑑𝑑 ℎ  have a 
unique common fixed point in 𝑋𝑋 . 
 
2. MAIN RESULT 
In this section we prove our main result and obtain the result of  A. K. Sarma, V. H. Badshah, V. K. Gupta and A. 
Sarma [9] ( Theorem  1.20 ) as a corollary.  Sastry et al. [10] used the notion of contractive control function of type 
(AS) to prove a sufficient condition for a sequence {𝑦𝑦𝑎𝑎 } in a Menger space ( 𝑋𝑋 ,𝐹𝐹, ∗)  with t-norm ∗ assumed to be of 
Hadzic type, to be Cauchy.  
    
We use these notions in fuzzy metric spaces and prove the following Lemma, which we use in our main result. 
 
Lemma 2.1: Let (𝑋𝑋,𝑀𝑀 ,∗) be a complete fuzzy metric space, where ∗ is a Hadzic type t – norm. Let  𝜑𝜑 be a contractive 
control function of type (AS) such that 𝜑𝜑n  (𝑡𝑡) − 𝜑𝜑n+1 (𝑡𝑡)  → ∞  as  𝑎𝑎 → ∞  𝑓𝑓𝑓𝑓𝑓𝑓 𝑎𝑎𝑎𝑎𝑎𝑎 𝑡𝑡 > 0. Suppose {𝑥𝑥𝑎𝑎} is a          
sequence 𝑖𝑖𝑎𝑎 𝑋𝑋 such that  𝑀𝑀(𝑥𝑥𝑎𝑎  , 𝑥𝑥𝑎𝑎+1 , 𝑡𝑡 ) ≥  𝑀𝑀(𝑥𝑥𝑎𝑎−1 , 𝑥𝑥𝑎𝑎  ,φ (𝑡𝑡 )) ∀  𝑡𝑡 > 0 Then {𝑥𝑥𝑎𝑎}is a Cauchy  sequences 𝑖𝑖𝑎𝑎 𝑋𝑋 . 
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Proof: By hypotheses 
                      𝑀𝑀(𝑥𝑥𝑎𝑎  , 𝑥𝑥𝑎𝑎+1 , 𝑡𝑡 ) ≥  𝑀𝑀(𝑥𝑥𝑎𝑎−1 , 𝑥𝑥𝑎𝑎  ,φ (𝑡𝑡 )) 
                                                 ≥ 
                                                  ⋮  
                                                 ≥  𝑀𝑀( 𝑥𝑥0 , 𝑥𝑥1,𝜑𝜑n  (𝑡𝑡)) 
                                                 ≥  𝑀𝑀( 𝑥𝑥0 , 𝑥𝑥1,𝜑𝜑n  (𝑡𝑡) − 𝜑𝜑n−1 (𝑡𝑡) )      → (2.1.1) 
                                                 =    𝜆𝜆𝑎𝑎   ( 𝑡𝑡) 
 
Since 𝜑𝜑 ∈ Φ ,     𝜆𝜆𝑎𝑎   ( 𝑡𝑡)  → 1  𝑎𝑎𝑠𝑠 𝑎𝑎 → ∞ .   Now we show that  
 
      𝑀𝑀( 𝑥𝑥𝑎𝑎  , 𝑥𝑥𝑎𝑎+𝑘𝑘  , 𝑡𝑡 ) ≥  ∗ 𝑘𝑘 � 𝜆𝜆𝑎𝑎   ( 𝑡𝑡)� .  
 
This is true for for k = 1   and any  𝑎𝑎 ∈ 𝑁𝑁 by (2.1.1) assume the truth for k 
 
  𝑀𝑀(𝑥𝑥𝑎𝑎  , 𝑥𝑥𝑎𝑎+𝑘𝑘+1 , 𝑡𝑡 ) ≥  ∗  𝑀𝑀( 𝑥𝑥𝑎𝑎  , 𝑥𝑥𝑎𝑎+1 , 𝑡𝑡 − 𝜑𝜑−1(𝑡𝑡)) , 𝑀𝑀( 𝑥𝑥𝑎𝑎+1 , 𝑥𝑥𝑎𝑎+𝑘𝑘+1 , 𝜑𝜑−1 (𝑡𝑡))  
 
                                 ≥  ∗  𝑀𝑀( 𝑥𝑥0 , 𝑥𝑥1 ,   𝜑𝜑𝑎𝑎  ( 𝑡𝑡 − 𝜑𝜑−1 (𝑡𝑡) ), ∗ 𝑘𝑘  𝑀𝑀( 𝑥𝑥0 , 𝑥𝑥1 ,   𝜑𝜑𝑎𝑎+1 (  𝜑𝜑−1 (𝑡𝑡)) − 𝜑𝜑𝑎𝑎  ( 𝜑𝜑−1 (𝑡𝑡))) 
 
                                     ≥  ∗  𝑀𝑀( 𝑥𝑥0 , 𝑥𝑥1 ,   𝜑𝜑𝑎𝑎  ( 𝑡𝑡) − 𝜑𝜑𝑎𝑎−1 (𝑡𝑡)),∗ 𝑘𝑘  𝑀𝑀( 𝑥𝑥0 , 𝑥𝑥1 ,   𝜑𝜑𝑎𝑎  ( 𝑡𝑡) − 𝜑𝜑𝑎𝑎−1(𝑡𝑡)) 
 
by definition (1.15) and (1.16)   we have  
                                =  ∗ 𝑘𝑘+1  𝑀𝑀( 𝑥𝑥0 , 𝑥𝑥1 ,   𝜑𝜑𝑎𝑎  ( 𝑡𝑡) − 𝜑𝜑𝑎𝑎−1 (𝑡𝑡)) 
 
                                =  ∗ 𝑘𝑘+1 � 𝜆𝜆𝑎𝑎   ( 𝑡𝑡)�    → (2.1.2) 
 
Let  𝜖𝜖 > 0 . Since  ∗  is a Hadzic type t – norm, ∗  is equicontinuous at 1.             
            
Hence there exists 𝜂𝜂 ∈ (0,1) such that 1 ≥ 𝑠𝑠 > 1 − 𝜂𝜂 ⇒  ∗ 𝑘𝑘+1 (s)  > 1 − 𝜖𝜖 
 
Since  𝜆𝜆𝑎𝑎   ( 𝑡𝑡)  → 1  𝑎𝑎𝑠𝑠 𝑎𝑎 → ∞  there exists N such that  𝑎𝑎 ≥ 𝑁𝑁 
 
                                      ⇒   𝜆𝜆𝑎𝑎   ( 𝑡𝑡)  > 1 − 𝜂𝜂 .   
 
Hence by (2.1.2), we have  
 
                           𝑀𝑀(𝑥𝑥𝑎𝑎  , 𝑥𝑥𝑎𝑎+𝑘𝑘+1 , 𝑡𝑡 ) ≥  ∗ 𝑘𝑘+1 � 𝜆𝜆𝑎𝑎   ( 𝑡𝑡)� 
 
                                                         > 1 − 𝜖𝜖  ∀  𝑎𝑎 ≥ 𝑁𝑁 
 
Consequently 
                             𝑀𝑀(𝑥𝑥𝑎𝑎  , 𝑥𝑥𝑠𝑠  , 𝑡𝑡 ) > 𝜖𝜖, whenever   𝑠𝑠 > 𝑎𝑎 ≥ 𝑁𝑁  
 
Hence{𝑥𝑥𝑎𝑎}  is a Cauchy  sequence .  
 
Now we are sufficiently equipped with the tools to prove our main result.      
 
Theorem 2.2: Let  𝑓𝑓,𝑔𝑔 𝑎𝑎𝑎𝑎𝑑𝑑 ℎ be three self mappings on a continuous complete fuzzy metric space (𝑋𝑋,𝑀𝑀,∗) , where  ∗  
is a Hadzic type t – norm. Suppose  
(i)   𝑓𝑓(𝑋𝑋) ∩ 𝑔𝑔(𝑋𝑋)  ⊂  ℎ(𝑋𝑋)                                                                                                                                              (2.2.1)       
and  
(ii)  𝑀𝑀( 𝑓𝑓𝑥𝑥,𝑔𝑔𝑦𝑦, 𝑡𝑡) ≥ 𝑀𝑀(ℎ𝑥𝑥 , ℎ𝑦𝑦 ,φ(𝑡𝑡))                                                                                                                         (2.2.2)        
 
where  𝜑𝜑 is  a  contractive control function of  type (AS)  such that 
 
𝜑𝜑n(𝑡𝑡) − 𝜑𝜑n−1(𝑡𝑡)  →  ∞   as   𝑎𝑎 → ∞   ∀  𝑡𝑡 > 0 .  
 
Let   𝜓𝜓 ∶ [0,∞) → [0,∞)  be as in the definition (1.11). Suppose that ℎ is  continuous and one of the pairs (𝑓𝑓, ℎ) and 
(𝑔𝑔, ℎ) is  𝜓𝜓 − 𝑤𝑤𝑒𝑒𝑎𝑎𝑘𝑘𝑎𝑎𝑦𝑦 commuting on 𝑋𝑋 . Then 𝑓𝑓,𝑔𝑔 𝑎𝑎𝑎𝑎𝑑𝑑 ℎ  have a unique common fixed point in 𝑋𝑋. 
 
 Proof: Let 𝑥𝑥0 ∈ 𝑋𝑋. By (2.2.1) we can choose 𝑥𝑥1 ∈ 𝑋𝑋 such that 𝑓𝑓𝑥𝑥0 = ℎ𝑥𝑥1 and for this 𝑥𝑥1 ∈ 𝑋𝑋 ,∃  𝑥𝑥2 ∈ 𝑋𝑋 such that 
𝑔𝑔𝑥𝑥1 = ℎ𝑥𝑥2 and so on. Continuing in this manner    



K. P. R.  Sastry1, S. Kalesha Vali2, Ch. Srinivasa Rao3 and M. A. Rahamatulla4*/ A COMMON FIXED POINT THEOREM FOR THREE 
SELF MAPPINGS IN A FUZZY METRIC SPACE WITH CONTINUOUS FUZZY METRIC /IJMA- 4(2), Feb.-2013. 

© 2013, IJMA. All Rights Reserved                                                                                                                                                                      166  

 
We can choose a sequence {𝑦𝑦𝑎𝑎} in  𝑋𝑋 such that  
 
                       𝑦𝑦2𝑎𝑎    =    𝑓𝑓𝑥𝑥2𝑎𝑎       =  ℎ𝑥𝑥2𝑎𝑎+1      
 
                   𝑦𝑦2𝑎𝑎+1 =    𝑔𝑔𝑥𝑥2𝑎𝑎+1   =  ℎ𝑥𝑥2𝑎𝑎+2  , 𝑓𝑓𝑓𝑓𝑓𝑓 𝑎𝑎 =  0,1,2, ….                                                                               (2.2.3) 
 
 
Now             𝑀𝑀( 𝑦𝑦2𝑎𝑎 ,𝑦𝑦2𝑎𝑎+1, 𝑡𝑡)   ≥  𝑀𝑀(𝑓𝑓𝑥𝑥2𝑎𝑎  ,𝑔𝑔𝑥𝑥2𝑎𝑎+1 ,φ( 𝑡𝑡 ))          
 
                                                      =  𝑀𝑀(ℎ𝑥𝑥2𝑎𝑎  , ℎ𝑥𝑥2𝑎𝑎+1 ,φ( 𝑡𝑡 ))      by (2.2.2) 
 
               ∴    𝑀𝑀( 𝑦𝑦2𝑎𝑎 ,𝑦𝑦2𝑎𝑎+1, 𝑡𝑡)   ≥  𝑀𝑀( 𝑦𝑦2𝑎𝑎−1 ,𝑦𝑦2𝑎𝑎  ,φ( 𝑡𝑡 ))                                                                                         (2.2.4)     
and  
                   𝑀𝑀( 𝑦𝑦2𝑎𝑎+1,𝑦𝑦2𝑎𝑎+2, 𝑡𝑡) =  𝑀𝑀(𝑔𝑔𝑥𝑥2𝑎𝑎+1 , 𝑓𝑓𝑥𝑥2𝑎𝑎+2 , 𝑡𝑡 ) 
 
                                                          =   𝑀𝑀(𝑓𝑓𝑥𝑥2𝑎𝑎+2 ,𝑔𝑔𝑥𝑥2𝑎𝑎+1 , 𝑡𝑡 ) 
 
                                                    ≥  𝑀𝑀(ℎ𝑥𝑥2𝑎𝑎+2 , ℎ𝑥𝑥2𝑎𝑎+1 ,φ( 𝑡𝑡 ))       
 
                                                   =   𝑀𝑀( 𝑦𝑦2𝑎𝑎+1,𝑦𝑦2𝑎𝑎 ,φ( 𝑡𝑡)) 
 
             ∴   𝑀𝑀( 𝑦𝑦2𝑎𝑎+2,𝑦𝑦2𝑎𝑎+1, 𝑡𝑡)  ≥   𝑀𝑀( 𝑦𝑦2𝑎𝑎+1,𝑦𝑦2𝑎𝑎 ,φ( 𝑡𝑡))                                                                                          (2.2.5)   
 
From (2.2.4) and (2.2.5) we get 
 
                        𝑀𝑀( 𝑦𝑦𝑎𝑎  ,𝑦𝑦𝑎𝑎+1 , 𝑡𝑡) ≥   𝑀𝑀( 𝑦𝑦𝑎𝑎−1 ,𝑦𝑦𝑎𝑎  ,φ( 𝑡𝑡))  ∀  𝑡𝑡 > 0 and  𝑎𝑎 = 1,2, … 
 
Now by Lemma (2.1) , the sequence {𝑦𝑦𝑎𝑎} is Cauchy sequence in X. But X is complete and so by completeness of 𝑋𝑋, 
{𝑦𝑦𝑎𝑎} converges to some point 𝑢𝑢 in X. 
 
Consequently the sequences {𝑓𝑓𝑥𝑥2𝑎𝑎}, {ℎ𝑥𝑥2𝑎𝑎+1}, {𝑔𝑔𝑥𝑥2𝑎𝑎+1}, {ℎ𝑥𝑥2𝑎𝑎+2} of { 𝑦𝑦𝑎𝑎  } also converge to the same point  𝑢𝑢  in X.  
 
Suppose the pair ( 𝑓𝑓, ℎ )  is  𝜓𝜓 − 𝑤𝑤𝑒𝑒𝑎𝑎𝑘𝑘𝑎𝑎𝑦𝑦 commuting. Since  ℎ is continuous it follows that 
 
             𝑀𝑀( 𝑓𝑓ℎ𝑥𝑥𝑎𝑎  , ℎ𝑓𝑓𝑥𝑥𝑎𝑎  , 𝑡𝑡)  ≥  𝑀𝑀( 𝑓𝑓𝑥𝑥𝑎𝑎  , ℎ𝑥𝑥𝑎𝑎  ,𝜓𝜓( 𝑡𝑡 ))   ∀ 𝑥𝑥 ∈ 𝑋𝑋,  
 
On letting  𝑎𝑎 → ∞,  we get 
 
            lim

𝑎𝑎→∞
𝑀𝑀(𝑓𝑓ℎ𝑥𝑥𝑎𝑎  , ℎ𝑢𝑢 , 𝑡𝑡 ) ≥  𝑀𝑀(𝑢𝑢 ,𝑢𝑢 ,𝜓𝜓( 𝑡𝑡 ))  

 
Hence   𝑓𝑓ℎ𝑥𝑥𝑎𝑎   →  ℎ𝑢𝑢  from (2.2.2.)  We have  
 
        𝑀𝑀( 𝑓𝑓ℎ𝑥𝑥2𝑎𝑎  ,𝑔𝑔𝑥𝑥2𝑎𝑎+1 , 𝑡𝑡)  ≥  𝑀𝑀(ℎℎ𝑥𝑥2𝑎𝑎  , ℎ𝑥𝑥2𝑎𝑎+1 ,𝜑𝜑( 𝑡𝑡 ))  
 
On letting  𝑎𝑎 → ∞  , we get 
 
                   𝑀𝑀(ℎ𝑢𝑢 ,𝑢𝑢 , 𝑡𝑡 )  ≥  𝑀𝑀(ℎ𝑢𝑢 ,𝑢𝑢 ,𝜑𝜑( 𝑡𝑡 ))  
 
                                          ≥  𝑀𝑀(ℎ𝑢𝑢 ,𝑢𝑢 , 𝑡𝑡 ),   since  𝜑𝜑 (𝑡𝑡) > 𝑡𝑡   
 
Hence        𝑀𝑀(ℎ𝑢𝑢 ,𝑢𝑢 , 𝑠𝑠 )   =  𝑀𝑀(ℎ𝑢𝑢 ,𝑢𝑢 , 𝑡𝑡 ) ∀ 𝑠𝑠 ∈ [𝑡𝑡, 𝜑𝜑 (𝑡𝑡) ],   
 
Since 𝜑𝜑 (𝑡𝑡) is strictly increasing and onto 𝑅𝑅+, it follows that  𝜑𝜑 (𝑡𝑡)  → ∞  as 𝑡𝑡 → ∞.   
 
Hence  𝑀𝑀(ℎ𝑢𝑢,𝑢𝑢, 𝑡𝑡)  is a constant in (0,∞) . 
 
Now by definition 1.3 (v) follows that        
      𝑀𝑀(ℎ𝑢𝑢 ,𝑢𝑢 , 𝑡𝑡 ) = 1 ∀  𝑡𝑡 > 0 . Consequently, ℎ𝑢𝑢 = 𝑢𝑢 (by definition 1.3 (ii)). 
 
Also by (2.2.2) we have   
        𝑀𝑀( 𝑓𝑓𝑢𝑢,𝑔𝑔𝑥𝑥2𝑎𝑎+1, 𝑡𝑡)  ≥ 𝑀𝑀(ℎ𝑢𝑢 , ℎ𝑥𝑥2𝑎𝑎+1 ,φ( 𝑡𝑡 )) 
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On letting  𝑎𝑎 → ∞  , we get 
                𝑀𝑀( 𝑓𝑓𝑢𝑢 ,𝑢𝑢 , 𝑡𝑡 )  ≥  𝑀𝑀(ℎ𝑢𝑢 ,𝑢𝑢 ,𝜑𝜑( 𝑡𝑡 ))   
 
                                        =  𝑀𝑀( 𝑢𝑢 ,𝑢𝑢 ,𝜑𝜑( 𝑡𝑡 ))    
 
                                         = 1  ∀ 𝑡𝑡 > 0 . 
Hence  𝑓𝑓𝑢𝑢 = 𝑢𝑢 .   
 
Now consider  
                𝑀𝑀(𝑢𝑢 ,𝑔𝑔𝑢𝑢 , 𝑡𝑡 )  ≥  𝑀𝑀(𝑓𝑓𝑢𝑢 ,𝑔𝑔𝑢𝑢 , 𝑡𝑡)   
 
                                            ≥  𝑀𝑀(ℎ𝑢𝑢 , ℎ𝑢𝑢 ,𝜑𝜑( 𝑡𝑡 ))   
 
                                       = 1   ∀  𝑡𝑡 > 0 . 
 
Hence  𝑔𝑔𝑢𝑢 = 𝑢𝑢 .  
 
Thus  𝑢𝑢 is a common fixed point of  𝑓𝑓,𝑔𝑔 𝑎𝑎𝑎𝑎𝑑𝑑 ℎ . 
 
UNIQUENESS 
Suppose that 𝑒𝑒  is a common fixed point of 𝑓𝑓,𝑔𝑔 𝑎𝑎𝑎𝑎𝑑𝑑 ℎ. Then  
 
                   𝑀𝑀(𝑢𝑢 , 𝑒𝑒 , 𝑡𝑡 )  =  𝑀𝑀(𝑓𝑓𝑢𝑢 ,𝑔𝑔𝑒𝑒 , 𝑡𝑡)   
 
                                          ≥  𝑀𝑀(ℎ𝑒𝑒 , ℎ𝑒𝑒 ,𝜑𝜑( 𝑡𝑡 ))   
 
                                     =  𝑀𝑀(𝑢𝑢 , 𝑒𝑒 ,𝜑𝜑( 𝑡𝑡 ))   
 
                                          ≥  𝑀𝑀(𝑢𝑢 , 𝑒𝑒 , 𝑡𝑡)     ∀  𝑡𝑡 > 0 .        
 
Hence  𝑢𝑢 = 𝑒𝑒 and so common fixed point of 𝑓𝑓,𝑔𝑔 𝑎𝑎𝑎𝑎𝑑𝑑 ℎ  is unique. 
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