International Journal of Mathematical Archive-4(2), 2013, 162-168
@IMA Available online through www.ijma.info ISSN 2229 - 5046

A COMMON FIXED POINT THEOREM FOR THREE SELF MAPPINGS IN A FUZZY
METRIC SPACE WITH CONTINUOUS FUZZY METRIC

K. P.R. Sastry, S. Kalesha Vali®, Ch. Srinivasa Rao®and M. A. Rahamatulla**
18-28-8/1, Tamil Street, Chinna Waltair, Visakhapatanam-530 017, India
2Department of Mathematics, GITAM University, Visakhapatnam- 530 045, India
*Department of Mathematics, Mrs. A. V. N. College, Visakhapatnam -530 001, India

“Department of Mathematics, Al-Aman College of Engineering, Visakhapatnam — 531 173, India

(Received on: 15-11-12; Revised & Accepted on: 09-02-13)

ABSTRACT

In this paper we introduce the notion of a continuous fuzzy metric and prove a common fixed point theorem for three
self maps on a complete fuzzy metric space with continuous fuzzy metric, under the influence of a contractive control
function of type (AS).
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0. INTRODUCTION

Vasuki [13] proved a common fixed point theorem for two R-weakly commutative self maps on a complete fuzzy
metric space with certain condition A.K.Sarma.et.al [9] extended this result to three self maps. In this paper, we make
use of contractive control function of type (AS) to prove a common fixed point theorem for three self maps on a
continuous complete fuzzy metric space.

1. PRELIMINARIES
Definition 1.1: [14] A fuzzy set A in X is a function with domain X and values in [0, 1].

Definition 1.2: [11] A binary operation = : [0,1] x [0,1] — [0,1] is called a continuous t-norm, if for each a, b, c,d in
[0,1], # satisfies the following conditions

(i) = iscommutative and associative, i.e. a * b = bxa and ax*(b*c) = (a*b) *c,
(i) = is continuous ,

(iii) a*1 = a forall a € [0,1],

(iv) a*b < c+d whenever a<c and b <d.

Examples of a continuous t-norm:
a*b =min{a, b} and a*b = ab

Definition 1.3: [5] The triplet (X, M,*) is a fuzzy metric space, if X is a non empty set, * is a continuous t-norm, M is
a fuzzy setin X2 x [0, o0) satisfying the following conditions for all x,y,z € X and s,t > 0,

() M(x,y,0)=0,

(i) M(x,y,t)=1Vit>0ox=y,

(iii) M(x,y,t) = M(y,x,t) for t >0,

(iv) M(x,y,t) *M(y,z,s) <M(x,zt+s),

(v) lime, M(x,y,t)=1 forall x,yeX .

(vi) M(x,y, -):[0,0) > [0,1] is left continuous,
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Note that M(x,y,t) can be considered as the degree of nearness between x and y with respect to t. We identify
x =y with M(x,y,t) =1V t > 0.

The following Example shows that every metric space induces a fuzzy metric

Example 1.4: [2] Let (X, d) be a metric space. Leta * b = minifia,b} and M(x,y,t) = Hd(tx - for t >0 and

forall x,y,z € X . Then (X, M, =) is called a fuzzy metric space. It is called the fuzzy metric space induced by d.

Lemma 1.5: [3] Forall x,y € X,M (x,y, +) isanon - decreasing function.

Definition 1.6:[3] A sequence {x,, };—; in a fuzzy metric space (X , M,*) is called Cauchy, if
lim,, e, M(xn+p ) X, ,t) =1 fort>0and p>0.

Definition 1.7: [3] A sequence {x,}y—; in a fuzzy metric space (X,M,*) is called convergent to x € X, if
lim, o M(x,,x,t) =1 for eacht > 0. Inthiscase x is called the limit of {x, }.

Definition 1.8: [3] A fuzzy metric space (X, M,) is said to be complete if every Cauchy sequence in X converges
in X.

Definition 1.9: Let (X, M,*) be a fuzzy metric space. M is said to be a continuous fuzzy metric, if x, - x,y, -y
in X implies M(x,,y,,t) » M(x,y,t) ¥V t > 0. In this case we say that (X, M,*) is a continuous fuzzy metric
space .

Definition 1.10: [6] Two mappings f and g of a fuzzy metric space (X, M,*) into itself are said to be weakly
commuting if M( fgx,gfx,t) = M(fx,gx,t) foreach x € X .

Definition 1.11:Let ¢ :[0,0) - [0,0) be such that ¢ is increasing and ¢(t) =0 & t = 0. Two mappings
f and g of afuzzy metric space (X, M,*) into itself are said to be ¢ — weakly commuting if , M( fgx, gfx,t) =
M(fx,gx,p(t)) Vx € X.
Remark 1.12: ¢ — weakly commutativity implies weak-commutativity only when ¢(t) > t.
The following Example shows that a pair ( f,g) may be ¢ — weakly commutative but not weakly — commutative.
Example 1.13: Let X = R be the set of all real numbers. Defineaxb = ab and
=yl \ 171
M(x,y,t) = [e(T”] forallx,y € X and t > 0.

M(x,y,0) =0. Then (X,M,x) isa fuzzy metric space.

Define f(x) = 2x—1 and g(x) = x% . Then

-1

M (fox,gfxt) = [e( - )]

2lx—y|?

1
M(fx,gx,%) = [e( ¢ >]

Let @(t) = % . Then fand g are ¢ — weakly commuting. But f and g are not weakly commuting since
exponential function is strictly increasing.

Definition 1.14: [4] Let = be a continuous t-norm. For any a € [0,1], write
*y(a)=1 and

x1(a)=*(*(a)a)=*(1,a)=a. Ingeneral
*,01(a)=*(x,(a)a)for n=0,123,...

If the sequence {*,} is equicontunious at 1, that is givene >0,3§>03x>1—-86=>%,(x) >1—€eVn €N,
then we say that = is a Hadzic type t — norm.

We observe that ‘min’t-norm is of Hadzic type.
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Definition 1.15: [10] If ¢ : R — R* issuch that

(i) ¢ isincreasing,

(i) p®)>tvit>0,

(iii) (@ (t) —t) = @% (t) — ¢ (t) for everyt > 0,then ¢ is called a contractive control function of type (A) .

Definition 1.16:[10] If ¢ : Rt — R* is a contractive control function which is strictly increasing, ¢ is onto
and @(t—@71(t)) = @(t) —t forevery t >0, then ¢ is called a contractive control function of type (AS).

Example 1.17: [10]If ¢ : Rt — R* isdefined by
n+1l if ten,n+1)
@)= 1 if te(0,1)
0 if t=0

then ¢ is a contractive control function of type (A) but not type (AS) .

Example 1.18: [10] If ¢ : Rt - R* s defined by ¢(t) = kt V t > 0 and for somek >0, then ¢ is a
contractive control function of type (AS) .

Vasuki [13] proved the following theorem.

Theorem 1.19: Let (X, M,*) be a complete fuzzy metric space, let R > 0 and ¢(t) = % vVt >0. Let fand g be
¢ —weakly commuting mappings of X satisfying the condition M( fx, fy,t) = r {M(gx, gy ,@(t))} forall x,y € X.

where r : [ 0,1] - [ 0,1] is a continuous function such that
r(t) >t for 0 <t < 1. The sequences {x,} and {y,}in X are such that
X, > X,y, 2y, t>0impliesthat M(x, ,y,,t) > M(x,y,t)asn — oo.

If the range of g contains the range of f and if either f or g is continuous, then f and g have a unique common fixed
pointin X .

A. K. Sarma, V. H. Badshah , V. K. Gupta and A. Sarma [9] generalized the above result for three weakly commuting
maps instead of two maps .

Theorem 1.20: [9] Let (X, M,*) be a complete fuzzy metric space, let f, g and h be three self maps on X satisfying
(i) fXWNngX) ch(X)and
(i) M(fx,gy,t) =r{M(hx, hy,t)}forall x,y € X,

where 7 : [0,1] — [0,1] is a continuous function such that

r(t) >tforeach 0 <t<1.
Let R > 0 and (p(t)=%fort >0.

Suppose A is continuous and the pairs (f,h) and (g, h) are ¢ — weakly commuting on X. Then f, g and h have a
unique common fixed pointin X .

2. MAIN RESULT

In this section we prove our main result and obtain the result of A. K. Sarma, V. H. Badshah, V. K. Gupta and A.
Sarma [9] ( Theorem 1.20) as a corollary. Sastry et al. [10] used the notion of contractive control function of type
(AS) to prove a sufficient condition for a sequence {y,} in a Menger space (X ,F, *) with t-norm * assumed to be of
Hadzic type, to be Cauchy.

We use these notions in fuzzy metric spaces and prove the following Lemma, which we use in our main result.

Lemma 2.1: Let (X, M ,x) be a complete fuzzy metric space, where = is a Hadzic type t — norm. Let ¢ be a contractive
control function of type (AS) such that " (t) — "™ (t) > o as n - o forallt > 0. Suppose {x,} is a
sequence in X such that M(x, ,x,41,t) = M(x,_1,%,,@ (t)) V t > 0 Then {x, }is a Cauchy sequences in X .
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Proof: By hypotheses

M(xn » Xn+1 rt) = M(xn—l » Xn '(p(t))
>

; M(xg,x1, 9" (1))
> M(xp,%,9" () =" T (1)) - (211)
= 4, (0)
Sincep e ®, A, (t) »1 asn - oo. Now we show that
M(xp Xk, t) = %y (2, (D).
This is true for fork =1 and any n € N by (2.1.1) assume the truth for k
Mty Xnskr1,t) = % M(xp , Xpr E— @7 )  M( X1 s Xpgierr, @1 (D))
>« M(x0,%1, " (t =71 (), % M(x0,%1, @""' (71 () — 9" (97! (1))
>« M(x0,%, " (£) =" 1 ())x M(x0,%, @" () — " 1(1))

by definition (1.15) and (1.16) we have
= % M(x0,x1, " (8) — 0" (D))

= 4 (A (D) > (@12)
Let € > 0. Since = isaHadzic type t—norm, = is equicontinuous at 1.
Hence there existsn € (0,1) suchthat1>s >1—n = *,,,(s) >1—¢€
Since 1, (t) » 1 asn — oo there exists N such that n = N
=2 1, (t) >1—n.

Hence by (2.1.2), we have

M@y Xpaks1,t) = * i (A, (D)

>1—-eVn=N

Consequently
M(x, ,x, ,t) > €, whenever m>n=>N

Hence{x,} isa Cauchy sequence .
Now we are sufficiently equipped with the tools to prove our main result.

Theorem 2.2: Let f, g and h be three self mappings on a continuous complete fuzzy metric space (X, M,*) , where *
is a Hadzic type t — norm. Suppose

(i)df(X)ng(X) c h(X) (2.2.1)
an
(i) M(fx, gy, t) = M(hx ,hy,@(1)) (2.2.2)

where ¢ is a contractive control function of type (AS) such that
P"() —" 1) - ® as n—>o Vi >0.

Let 1 :[0,00) > [0,00) be as in the definition (1.11). Suppose that k is continuous and one of the pairs (f, h) and
(g, h)is P —weakly commuting on X . Then f, g and h have a unique common fixed point in X.

Proof: Let x, € X. By (2.2.1) we can choose x; € X such that fx, = hx; and for this x; € X,3 x, € X such that
gx, = hx, and so on. Continuing in this manner
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We can choose a sequence {y,} in X such that

Yon = fxon = hXyn41
Yon+1 = GXon+1 = hx2n+2 ,fOT'Tl = 0!1'2' (223)
Now M( Yo, Yon+1,t) = M(fxon, 9Xon41, @(t))
= M(hxzn , hxzne1,9(t)) by (22.2)
M(Y2n,Yon+1,8) = M(Yon—1,Y2n,@(t)) (2.2.4)

and
M(Yon+1,Yons2:t) = M(gXoni1 s fX2n42,t)

= M(fxni2,9%m+1,t)
= M(hxapniz , hxoni1,@( 1))
= M(Yzn41 Yon, (1))
© M(Yn42,Y2ni1,t) = M(Y2n41, Yon, @(1)) (2.2.5)
From (2.2.4) and (2.2.5) we get
M(yy , Yns1,8) = M(yp_1, 0, 0(t)) Vit >0and n=1.2,..

Now by Lemma (2.1) , the sequence {y,} is Cauchy sequence in X. But X is complete and so by completeness of X,
{v,,} converges to some point u in X.

Consequently the sequences {fx,,} {hxon41} {g9X%2n413 {hxz, 423 Of { v, } also converge to the same point u in X.
Suppose the pair ( f,h) is Y — weakly commuting. Since h is continuous it follows that

M( fhx,  hfx,,t) = M(fx,,hx, ,Y(t)) Vx€X,
On letting n — oo, we get

lim M(fhx, ,hu,t) = M(u,u,P(t))

n-—-oo

Hence fhx, — hu from (2.2.2.) We have

M( fhxzn , 9%ant1,t) = M(hhxa,  hxpniy, @(t))
On letting n — oo , we get

M(hu,u,t) = M(hu,u,p(t))
> M(hu,u,t), since ¢ (t) >t

Hence M(hu,u,s) = M(hu,u,t)Vselt e ()]
Since ¢ (t) is strictly increasing and onto R*, it follows that ¢ (t) — o ast — oo.
Hence M (hu,u,t) isa constantin (0, ).

Now by definition 1.3 (v) follows that
M(hu,u,t) =1V t > 0. Consequently, hu = u (by definition 1.3 (ii)).

Also by (2.2.2) we have
M(fu, gxan41,8) = M(hu, hxyp i, @(t))
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On letting n — o , we get
M(fu,u,t) = M(hu,u,p(t))

= M(u,u,o(t))

=1Vvt>0.
Hence fu=u.

Now consider
M(u,gu,t) = M(fu,gu,t)

> M(hu,hu,p(t))
=1 VvVt>0.

Hence gu =u.

Thus u is a common fixed point of f,g and h.

UNIQUENESS
Suppose that v is a common fixed point of f, g and h. Then

Mu,v,t) = M(fu,gv,t)

> M(hv,hv,@(t))

= M(u,v,p(t))
> Mu,v,t) vt>0.
Hence u = v and so common fixed point of f, g and h is unique.
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