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ABSTRACT 
In this paper, the authors investigate an interesting differential inequality of certain analytic functions, defined by a 
new multiplier transformation in the open unit disc }1:{ <= zzU . 
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1. INTRODUCTION 
Let )(nAp  denote the class of functions of the form 
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                                                                                                   (1.1) 
which are analytic in the open unit disc }.1:{ <= zzU  In particular, we set pp AA =)1( , )()(1 nAnA =  and 

AAAA === )1()1( 11 ,a well-known class of normalized analytic functions in U . 
 
For ,,,0 Nnpp ∈<≤ ρ we denote by ),(* ρnS p and ),( ρnK p the subclasses of )(nAp consisting of all analytic 
functions which are, respectively, n-p-valent starlike of order ρ and n-p-valent convex of order ρ   . Note that 

)(),1( **
1 ρρ SS =  and )(),1(1 ρρ KK = are, respectively, the usual classes of univalent starlike functions of order 

ρ  and univalent convex functions of order ρ , .10 <≤ ρ  We also write ** )0( SS =  and KK =)0(  , which are 
the classes of univalent starlike ( w.r.t origin) and univalent convex functions in U . 

 
Definition 1.1. ([18, 19]). Let ,, Nnp ∈  }0{0 NNm =∈ , 0≥β and α a real number with 0>+ βα p . 

Then we define the operator ),()(:,, nAnAI pp
m
p →βα  by 
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Remark 1.2. We observe that m
pI βα ,,  is a linear operator and for )(zf given by (1.1), we have 
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 It follows from (1.2) that  
  ),()(0,, zfzfI m

p =α                                                                                                                         
(1.3) 
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We note that  
• )()( ,,,1 zfIzfI mm

βαβα = (See [17]). 

• pzfIzfI m
p

m
p −>= ααα ),()()(1,, (See [1], [14] and [16]). 

• 0,),(),()(,, ≥−>=−+ ββββ plzflIzfI m
p

m
pplp (See Catas [6]). 

• )()(,0, zfDzfI m
p

m
p =β (See [4], [9] and [12]). 

 
Remark 1.3 i) )()( zfI m

p α  was considered in [1],[14] and [16], for 0≥α and )(),( zflI m
p β

 
was defined in [6] 

for 0,0 ≥≥ βl , ii) plzflIzflI m
p

m
p −>= ),(),1()()( , iii) )()()()0,( zfDzfI m

p
m
p ββ = , ,0≥β was 

mentioned in Aouf et.al. [3], iv) ,0),(1 ≥ββmD was introduced by Al-Oboudi [2],v) )()()1(1 zfDzfD mm = was 

defined by Salagean [13] and was considered for ≥m 0 in [5] , vi) ,0),()(1 ≥αα zfI m was investigated in [7] and 

[8] and vii) )1(1
mI was due to Uralegaddi and Somanatha[20]. 

 
Definition 1.4. A function )(nAf p∈ is said to be in the class ),,,( ρβαnS m

p for all z in U  if it satisfies 
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where ,0 p<≤ ρ  ,, Nnp ∈  }0{0 NNm =∈ , 0≥β and α a real number with 0>+ βα p . 
 
We note that ),1,,1( ραm

pS is the class considered in [15] for .0≥α we also note that  

),(),1,0,( *0 ρρ nSnS pp = and ).,(),1,0,(1 ρρ nKnS pp =  
 
The basic tool in proving our result is the following lemma. 

 
Lemma 1.5 [10, 11]). Let Ω be a set in the complex plane C. Suppose that the function CUC →×Ψ 2: satisfies 
the condition );,( 12 zyixΨ Ω∉  for all Uz∈  and for all real x 2 and y 1  such that   
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If p (z) = 1 + c n z n + … is analytic in E and for z∈E, ));('),(( zzzpzpψ ,Ω⊂ then 0))(Re( >zp  in U . 
 
2. MAIN RESULTS 

Theorem 2.1. Let p<≤≤≥ ργλ 0,1,0 be real numbers such that λγ ≤  and
2
11 <








−

p
ργ . Let ,0≥β α a 

real number such that 0>+ βα p and let 

))(1(1
)(2

))(1()/()/)(1(
),,,,,,(

2

p
p

pnpp
npM

ργ
βα
ρλβρλρλ

ρβαγλ
−−

+
−

−+−
= . 



S R SWAMY1*, ROHAN R1 AND NIRMALA J2/ AN INEQUALITY FOR CERTAIN ANALYTIC FUNCTIONS DEFINED BY A NEW 
MULTIPLIER TRANSFORMATION /IJMA- 3(12), Dec.-2012. 

© 2012, IJMA. All Rights Reserved                                                                                                                                                                    4900 

If )(nAf p∈ satisfies the condition  
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then  
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Proof.  Since p<≤ ρ0, , let us write 
p
ρτ = .Thus, we have .10, <≤ τ  Now we define 
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Therefore )(zp is analytic inU and .1)0( =p Differentiating (2.2) logarithmically and using (1.4), we obtain 
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A simple calculation yields 
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Let 21)( iuuzp += and 21)(' ivvzzp += , where 2121 ,,, vvuu are real numbers with )1(
2

2
21 unv +−≤ .  Then 

we have 

  ),(max)(
)1()1(

));,(Re( 222
2

222

2
2

12 uu
u

RuSzviu φφ
τγγτγ

ψ ≤=
−++−

+
≤                        (2.5) 

where, 
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It can be easily verified that 0)(' 2 =uφ implies 02 =u and ,0)0('' <φ under the given conditions. Therefore, 
 
  max ).,,,,,,()0()( 2 ρβαγλφφ npMu ==                                                                              (2.6) 
Let 
  )}.,,,,,,()Re(:{ ρβαγλnpMww >=Ω  
 
Then from (2.1) and (2.4), we have Ω∈));('),(( zzzpzpψ for all ,Uz∈ but ,);,( 12 Ω∉zviuψ  in view of (2.5) 
and (2.6). Therefore, by Lemma 2.1 and (2.2), we conclude that 
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Remark 2.2. Taking 1== nβ in Theorem 2.1, we obtain Theorem 2.2 of Singh et.al. [15] (Considered for ).0≥α  
Our result hold true for .p−>α  
 0=α in Theorem 2.1 yields 

Corollary  2.3. Let p<≤≤≥ ργλ 0,1,0 be real numbers such that λγ ≤ and .
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If )(nAf p∈ satisfies the condition  
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Remark  2.4. In the case when 1== np , Corollary 2.3 reduces to Corollary 3.1 of Singh et. al [15]. 
 
Taking ,, plppl −>−+= βα in Theorem 2.1, we obtain  
 

Corollary 2.5. Let p<≤≤≥ ργλ 0,1,0 be real numbers such that λγ ≤  and
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