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ABSTRACT

Invoking the linear operator, a class of harmonic functions has been introduced. The coefficients bounds, distortion
theorems, closer theorem, radii of close-to-convexity and radii of starlikeness are obtained for the same class of
functions.
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INTRODUCTION
Let Sy denote the class of functions of the form f(z) = h + g which are harmonic univalent and sence-preserving in
the unit disk U = {z: |z| < 1} for which £(0) = £'(0) — 1 = 0. Analytic functions h and g may be expressed as

hz)=z+) anz"
m=2

g(z) = Z b,z", (|b;] < 1),and f(2) is then, given by
m=1

fz)=z+ i a,z™m + i b,z™, (|by] < 1). (1.2)
m=2 m=1

Note that Sy reduces to the class S of normalized analytic univalent functions in U if the co-analytic part of f is
identically zero. Also we denote by Sz the subfamily of Sy consisting the harmonic functions f(z) = h + g of the
form

f@=z-) ayz" =) buz", (lby|<1D). (1.2)
m=2 m=1
Cf. Silverman [4].

The Hadamard product of two power series

b =2+ Y P (13)
and "
¥(z) =z + Z P, z™ (1.4)
is defined bym:2
(p*x¥)(2)=z+ ZZ G V2™ (1.5)

For positive real value of a;, ...a, and By, ... B, (B; # 0.—1,—2....;j = 1,2,... q) the generalized hypergeometric
function ,F, is defined by

oFa(2)=pFq(ar, .. ap; B1, - By)
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_ C (a1)m -----(ap)m m

T (B (Bg)m (M) (1.6)
m=0
(p<q+1;p,qg eNyzel).
Recently Srivastava et. al [5] define the linear operatorL “P4 a5 follows:
Oa B
P(z) = ¢(2) A7)
1a
() = (1= DHY (0, )b () + Az (Hi (1, ()
where Hg (aq, By) is the Dziok-Srivastava operator (see [2] and [3]).
‘[a B a B =1,a,,0
PP g(z) = p q(L/1 p q)
ie. £} ﬁqu(z) = z+Z &5 (ay, B) 2™ (1.8)
m=2
where
. (@)m -1 (ap) 1+A(m 1)]]
& (@, By) = [ BDm -1 (ﬁq)m 1(m=1)! (1.9)

We note that when T = 1 and A = 0, then the linear operator L;'a”‘ﬁ ? reduces to the Dziok-Srivastava operator (see [2]
and [3]).

The linear operator for harmonic function f(z) = h + g is defined by

L) = 7P + £ g(2) (1.10)

Now we introduced certain subclasses of harmonic analytic functions with negative coefficients. Let

p g
Sy (1;8; 4, A,B; Z a;, Z p;) denote the class of functions f(z) € Sz such that
il El

‘r a1,ap—1.8q

+5’1

Tap Bq

1-6) L, f(@) f(@) < L4z
z

1+Bz

(6§>0,-1<A<B<1) (1.11)

For detail one can see [1].

p g
Now we study the class @z | 7;6;4; A, B; Z a;, Z pB; | by using the linear operator L;'a”’ﬁqf(z).
il j<1

p g
Definitionl. We say that f(z) € S isinthe class Qz | 7; ;4 4, B; z a;, Z p; |ifand only if
i=1 j=1

(-5 (55 @) + (T ) < (L.12)

1+Bz
(z€U,6,20,-1<A<B<10<B<11pq€Ny,p<q+1)

2. COEFFICIENT ESTIMATES

p g
Theorem 1. Let the function f(z) be defined by (1.2). Then f(z) € Qi | 7; 6; 4; A, B; Z %Z B; | ifand only if
i i1

Z & (e, B, )m(ay, + by)(1 + B) {1 —5+6 (M) } < ¢(4,B), (2.1)
m=2
where &7 (a,, B,) is given by (1.9) and ¢(4,B) =B —A—Bb, — b, (2.2)
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p [
Proof. Let f(z) € Qg | ©:6;4,4,B; ), a;, ). f; | Then
i1 it

M) = (- 8) (L7 @) + 8 (£ ()| = 110 23)

1+Bw (z)
(z€U,6,120,-1<A<B<10<B<11pq€EN,p<q+1)

From (2.3), we get

1-h(2)
Bh(z)—-A

w(z) =
Therefore

R = 1= by = Y €5 (B m(ans + b ) {1 - 6+ 6 (<2m)’),

ag
m=2

where &7, (a,, B, ) is defined by(1.9) and |w(z)| < 1 implies

o0

b“Z £k (p B )m(amz™ L 4byz™ 1){1—5+5(%)’}

m=2

: <1 24)
B-a-Bb1-B ), £ (apfIm(anz"L4bn7" " Y1-045(LEEL))
m=2
b1+z &k (ap B )m(amz™ 1+bmz’"‘1){1_5%(‘11;7;1—1)?}
e - <1 25)
LB—A—Bbl—BZ & (ap ﬁq)m(amzm Lyp, 7"~ 1){1_“6(%?_1)1”
m=2

We consider real value of z and z. Taking |z| = |z| = r with 0 <r < 1. Then, for r = 0, the denominator (2.5) is
positive and so it is positive for all » with 0 < r < 1. Since w(z) is analytic for |z| < 1. Then (2.5) gives

i & (cp, By )My + by )r™™ 1(1+B){1—5+5(L’“) }<B—A-Bb b (2.6)
m=2

ai

Letting » — 1 in (2.6), we will get (2.1). Conversely, let f(z) € Sy and satisfies (2.1). For |z| = |z| =7, 0<r <1,
we have (2.6) by (2.1), since ¥™~! < 1. So that

b, + z & (ay, By )m(amz™ ™ + byz"~ 1){1_6+6(a1+m 1)}

ai
m=2

<bh + i & (ap,ﬁq)m(am + bm)rm—l {1 —546 (M)T}

a
m=2

<B—-A-Bb; — Bi & (ap,ﬁq)m(am + b,)rm-1 {1 —5+ 5 (a1+m—1>r}

m=2 “
B—A—Bb —B) & (ayB,)m(a,z"t +b,z" ")
< m=2
_ ap+m-1\"
{t-s+o () )
which gives (2.4) and hence follows that

_ ‘L’(lpﬁq ‘L’(l1+1(1p 184 1+Aw (2) ZEU,S,AZO,-lSA<BS1,0<BS1,)
a 5)( f(z))+5( fU) 1+Bw(z)’( TP qENyp<qg+1lw(@l<1

© 2012, IJMA. All Rights Reserved 4842



CHENA RAM & GARIMA AGARWAL*/ ON CERTAIN CLASS OF HARMONIC FUNCTIONS DEFINED BY USING THE LINEAR OPERATOR/
IJMA- 3(12), Dec.-2012.

P q
3. SOME PROPERTIES OF Qz | T: 5 ,4,B; ), a;, ). B
il [

P q p q
Theorem2. Q7 | 56 LA B ay +1,) a, ), B | < Q7 <r SLABY ) B
i=2 j il j=L
(zeU,6,/120,—1SA<BS1,0<BS1,)
P, q€ENy,p<q+1

i
[N

Proof. By Theorem 1, we have Z & (ay, By )m(ay, + by)(1 + B) {1 —-5+46 (“1;—’"_1)1}

1

m=2
<5 550 B 4800+ By 1= (2222 ()
m=2
=Y. €5(en + 1apos, B Iy + by)(1+ B) {1-s+s(22))
m=2
; < ¢(4,B)
l.e.
Z Em(ap'ﬁq)m(a +b,)(1+B) {1 —5+4+6 (_“1+’Z‘ 1) } < 0(4,B),
m=2

where &, (ap,ﬁq) and @ (A, B) is defined by (1.9) and (2.2) respectively. The theorem is completely proved.

g
B Qf 1;51;/1;A,B;Z ai,z B

(ZEU,5,/120,—ISA<B’SLO<B’S1,)
T'p;qENO,qu-I-l

MQ

p
Theorem 3. Q7 | 7;62; 4, A, B; ag + 1,2 a;,
i=2 i

i
[N
0

Proof. By Theorem 1, we have

Z $m (ap'ﬁq)m(am +b,,)(1+ B) {1 — 5+ 8 (a1+m 1) }

ay
m=2

s

<Y, & (@ By )m@n + b)) (1 + B) {1 = 8, + 8, () } < (4, B),

2

=
m

where @ (4, B) is defined by (2.2), for

P q
f(2)€Qp | T oA B ar + 1,2 “i'z B;

i=2 il

p q
Hence f(2) € Q | T: 6y A Biay +1, ) @) B
i=2 il

The theorem is completely proved.

4. DISTORTION THEOREMS

1=
N

Theorem 4. Let the function f(z) defined by (1.2) be inthe class Qi | 7;5; 4, A,B; ) a;,

i N

1N
0
[N

Then for |z| = |z| = r < 1, we have

(AB)r?
r+ byr — L <|f@)]
Y (e, Bo)a+BY1-5+5(<L)')

4,8)r?
Sr+br— e 4.1
Y (e, ﬁq)(1+3){1 5+5("‘1“) } 4.
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and
1+b e (4,B) < 1F(
L &3 (ap ﬁq)(1+3){1 5+5(“1:1)} |f( )|
<1+5b ¢ (A,B) y
o & (ap 3q)(1+3){1 6+6(“1+1) } (4.2)
et Since &5 (@, fo)m {1 —61+8 (Lml) } is an increasing function of m(m=>2) and
ai

q
ai'Z ﬁj

il

1=

N

f(2)€Qy| ;6,4 AB;

By theorem 1, we have

285 (@, B, ) A+ BY) {1 =6+ 5 (“1“) }Z (ay + by)

o0

<Y & (ay B )m(ay + b,)(1 + B) {1—5+5(L’;”) }<<p(A,B) (4.3)

m=2
ie.

i (@ +bn) <
m=2

0 (A,B)
263 (ap ﬁq)(1+3){1 6+5(“1+1) }

(4.4)

where & (a8, ) = [“1 @ 1 /1)] (4.5)
lfD)l <7 +br+ Z (ap + by)r™

m=2
¢ (A,B) i r

23 (ap 3q)(1+3){1 6+5("‘1+1) }

<r+br+

@ (AB)r?
263 (ap ﬁq)(1+3){1 6+5(“1+1) }

<r+br+

and
¢ (A,B) r2

285 (ap ,Bq)(1+3){1 a+5(a1:1) }

If(2)| =r+br—

Hence (4.1) follows.
Also by theorem 1, we have
£3(ap, B) A+ B {1 -6 + 8 (") }Z (@ + b)m < (4, B) (4.6)

Thus

IF(@DI S 1+by+ ) (@ +by)mr™™
m=2

ro (A,B)

<1+5b
o &3 (ap 3q)(1+3){1 6+5("‘1+1) }

and

If (] = 1+b; - aqug

&5 (ap ﬁq)(1+B){1 5+5(a1:1) }

This proves the theorem completely.

5. CLOSURE THEOREM
Let the functions f;, (z) be defined, for k = 1,2, ....,v by

fl@=2=) Quiz™ =Y byz" (5.1)
m=2 m=1
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B; |- Then the function

-

p
Theorem 5. Let the function f;, (z) defined by (5.1) be in the classesQy | 7; 5; 4; 4, B; Z a;,
il i

i
[N

h(z) defined by

h(z) =z — Z A (2™ — Z by 2™ (5.2)
m=2 m=1

g
isinthe class Q7 | 7;8;4; A, B; ai.Zﬁj )

=

§ g

N

|
where
min
A=

min
1<k< v{B"}'

1SkSv{Ai}andB=

(5.3)

p g
Proof. Since f,(z) € Q7 | ;6; 4; A,B;Z %Z p; |fork =1,2,....,v, by Theorem 1 we have
i=1 j=1

Z & (@, B )M e + b s )1+ B {1 =8+ 6 (2= SEEXIO:D

Hence

@ v

Z fm(ap,ﬁq)m(1+3k){1—5+5(L’“ Z (@ + D)

0

5| Sh(etmCans +bes)1 50 {10+ 5 (2 )

1

Vv

<% B, — A, —Byb, — b, < B—A—Bb, — b, (5.4)
k=1
Thus
Y & (e, B)m(1 + By) {1 — 546 (”Q—’I“l)} =Y (@mjc +bup) { < B—A—Bb — b, (5.5)
m=2 k=1

The theorem is proved completely.

p g
Theorem 6. Let the functions f;, (z)(k = 1,2, ....,v) defined by (5.1) be in the classQz | 7; 6;4; A, B; Z a;, Z B |

i=1 j=L
Then the function h(z) defined by

h(z) = ), difi(2) (5.6)

k=1

P q v
is also in the class Q5 | 7; 6; A;A,B;Z %Z B; |, where Z d, =1 (5.7)
i=l j=1 k=1

Proof. By (5.6) and (5.1), we have

h(z) =z—i Z Ay e | 2™ — Z diby i | 2™ (5.8)

m=2 k=1 m=1

p g
Since f.(z) € Qz | ©: 6,4, A, B; Z “i'Z B; |- Then we have
i=1 j=1
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i & (ay, B)m(1 + B) {1 —5+6 (L’;“) } Z die (@i + Bruse)
m=2 k=1

1%

=) dj Z & (@ B)mL+B){1-6+5 (““": 1) } (@ + buie)

i=1 m=2

Z dvp(4,B) = p(A, B)
i=1

g
a;, Z B; |, where (4, B) is defined by (2.2).The theorem is completely
j=L

Mv

Thus h(z) is in the class Qg | 7; 8; 4; A,B,

N

proved.
6. RADII OF CLOSE-TO-CONVEXITY, STARLIKENESS AND CONVEXITY

p g
Theorem?. Let the function f(z) defined by (1.2) be in the class Qy | 7;8;4; 4, B; Z ai,z B; |- Then f(z) is close-
il B

g
ai'z Bi.p |

o

g

JIN

to-convex of order p(0 < p < 1)in|z| <r | 7;8; 4 A, B;

D [ aq+m—1\" 1/m—-1
. mf £5: (ap Bq) (1-p)(1+B)(1—72 )){1 5+5(a—)}
where 7 [ 7;8;2; A,B,g a, ; Bi,p T L (6.1)
Proof. It is sufficient to prove that
lf@-1<1-p
F =1 <Y apmznt+Y bymzn-t (6.2)
m=2 m=1

Hence
Y an (;"Tp) |2+ ) b, (%) IzZm ' <1 (6.3)
m=2 m=1
By Theorem 1, we have
Z & (ap ,Bq)m(1+B){1 5+5(“1+’" 1) }(am+bm)

2
= i <1 (6.4)
(&)lzm - & (ap ﬁ’q)m(1+B){1 6+6(%) }

() T 9 (4,B)

a1 +m 1/m-1

2] = £ (ap ) (1=p)(1+B) (1-72 )){1 5+5(1+—11) } m=2).

»(AB)

The Theorem is completely proved.
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1=

Theorem 8. Let the function f(z) defined by (1.2) be in the class Q7 | 7;8;4,4,B; ) a;,

p
B; |- Then f(2) is
i i

i
[N

p g
starlike of orderp(0 < p <1)in|z| < nry | T; S;A;A,B;Z ai,Z Bi,p |
i El

a1+m—1nT)11/m-1
_inf | (ap,ﬁq)(l—p)m(1+B)(1—b1){1—6+6(L1) }

p g
LS. . . . ay
where 7, 1,6,A,A,B,; al,; Bj.p m B (6.5)
Proof. It is sufficient to prove that
Zf(z)—1’s1—p
f(2)
Z,f(iz)) _ 1| < Z a,,mzm1 + Z b, mzm-1 (6.6)
m=2 m=1
Hence
Z am(m—l)IZI’"_1+Z bm (m=1)[ZI"
o=t - (6.7)
1_2 am |Z|m_1bm |E|m—l
m=2
Thus
(m —p)
—(a, +by)lz|" <1
a-pa-py @+l
By using (6.4) and (6.8)
- a; +m—1\°
(m ~p) |z|™1 fm(ap,ﬁq)m(1+3){1—5+5(1a—l)}
L — 1 K <
(1-p)A-b) »(4,B)
a +m—1\O1"""
&5 (ap B )m( + BYA - p)(1 - b {1 - 6 + 5 (E2=1) |

z| <
é $@BYn—p)

The theorem is completely proved.
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