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ON GENERALIZED BERNOULLI POLYNOMIALS OF NEGATIVE ORDER
CONNECTING WITH FRACTIONAL INTEGRALS AND FRACTIONAL DIFFERENCES
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ABSTRACT

In this paper, some identities on generalized Bernoulli polynomials of negative order connecting with Riemann-
Liouville fractional integrals and Griinwald-Letnikov fractional differences are studied.
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1. INTRODUCTION

The generalized Bernoulli polynomials have important applications both in analytic theory of numbers and numerical
analysis. Usually, Bernoulli polynomial B,E"‘)(x) of (real and complex) of order a is defined by the following
generating function [3, 4].
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The Riemann-Liouville right and left handed integral of f of fractional order a [2, 5] defined on —co <0 <x <
and —oo < 0 < x < oo respectively as follows:

EF () = 1 fy (e = 0™ e 2
and
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The Griinwald-Letnikov right and left handed fractional difference of order & of g [2, 5] are defined as follows:

3 g(x) = Tiso(-1)* (3) 9Cx = o). (4)
and
A2 g(x) = Do (1) (7)) gCx + ko). (5)

Recently in Ref [3], some properties and applications of generalized Bernoulli polynomials of positive order connecting
with Riemann-Liouville fractional integral and Griinwald-Letnikov fractional difference are studied. In the present
work, some properties and applications of generalized Bernoulli polynomials of negative order connecting with
fractional integrals and fractional differences are studied.

2. MAIN RESULTS
Theorem 2.1. Leta > 0and k € W. Then

AL ((x + @)*) = BTV (x) (6)
Proof. Replacing a by - a in (1), then
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In Ref [3], it is well known that

1-e~ 0\

AZIE (™) = ext (=) . ®)

t

Using (8) in (7), then
NN
AZIE (e )e = > BV (@)
k=0
Since «a is constant, after simplification, gives

oo B tk
ag1E () = 3 BEV0) -
k=0

Expanding the exponential function on the left hand side of the above equation
[e%] tk o (_ ) tk

D A+ N 5= Y BP0

k=0 k=0

Then, comparing coefficients of t*, k = 0,1,2, ..., gives (6).

Theorem 2.2. Leta > 0and k € W. Then

A% () = BEO () ©)
Proof. Replacing t by -t in (7), then

(1—6 —t)ae—x

e oy, BUO (-1 (10)

In Ref [3], it is well known that

a

a Ja(p,—xty — ,—x 1-e”t
AT (e = e () (12)
Using (11) in (10), then

AT (e = ¥ BED (x) (—1)F ;—k

Expanding the exponential function on the left hand side of the above equation and then comparing coefficient of
tk k =0,1,2, ..., gives (9).

Theorem 2.3. Let f be a continuously differentiable function,a > 0. Then

) _
BLIEf (x + @) = By TP BTV () = A% f () (12)
Proof. Expanding f(x + a) by Taylor series at x + a = 0, then

fa+ ) =300 (x + )t (13)

Applying Riemann-Liouville right hand fractional integral and Grunwald-Letnikov right hand fractional difference on
both sides of (13), then

NARO,
AIEf(x +a) = ACIE((x + )b
kz:o k!
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Using Theorem 2.1, yields

AT f (x + @) = By D B (x) (14)

Similarly, expanding f(x) by Taylor series at x = 0, then

£ = By D (15)

Applying Riemann-Liouville left hand fractional integral and Grunwald-Letnikov left hand fractional difference on
both sides of (15), then

(k)
ATIEF () = Do T A1 ()

Using Theorem 2.2, yields

DI F () = BT B () (16)
Combining (14) and (16), completes the theorem.

Corollary 2.4. Let f be a continuously differentiable function, m € N. then

S(m,m+k)

BRI f e+ m) = ml Do £)(0) S0 = oam 7 f (x). a7

Where S(m, m + k) is Striling numbers of second of order m[1].

Proof. Let a =m,m €N and x = 0in(12). Then

mym — ' f(k)(o) (=m) — m ym
AR L f (e +m) = B I BU™(0) = oA™ ™ £ (). (18)

But BC™(0) = BE™, where BE™ s k" Bernoulli number of order —

k!'m!
(m+k)"

Also, BC™ = S(m,m + k) (19)

The equation (19) can be easily found by comparing coefficients of powers of t of the following generating function of
B(_"‘) and Stirling number of second kind S(m, m + k)[1]

and

(ef —1)"™ =m! z S(m,k)ﬁ
k=m

Using (19) in (18), completes the corollary.

Theorem 2.5. Letm € Nandn € W. Then

m p(m) (m
A"Bpam M) _ g By k S(m,m+k)
)l = 2k=0 Gt Gm O (20)
Proof. Let f(x) = B™ (x) in (17). Then
(m
AP ImBM™ (x +m) = mIn! X7, B4 S(nam +h) (21)

(n—=k)! (m+k)! °
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Using (2), gives

B (x +m) = Lf(x — W™ 1B{™ (u + m)du

x Bn I'(m) n '
0

Using integral by parts and applying Af, itis easily find that

Am B ()

m ym p(m) i | A
AG LBy (x +m) = n+1)(M+2)...(n+m)"

(22)
Comparing (22) and (21), gives (20). This completes the theorem.

3. CONCLUSION

Some properties and applications of negative order Bernoulli polynomials connecting with Riemann-Lioville fractional
integral and Griinwald-Letnikov fractional differences have been developed in this paper. The expansion of Riemann-
Lioville fractional integrals and Griinwald-Letnikov fractional differences of a function can be expressed in terms of
negative order Bernoulli polynomials.
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