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ABSTRACT 

In this paper, some identities on generalized Bernoulli polynomials of negative order connecting with Riemann-
Liouville fractional integrals and Gr𝑢̈𝑢nwald-Letnikov fractional differences are studied. 
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1.  INTRODUCTION 
The generalized Bernoulli polynomials have important applications both in analytic theory of numbers and numerical 
analysis. Usually, Bernoulli polynomial 𝐵𝐵𝑛𝑛

(𝛼𝛼)(𝑥𝑥) of (real and complex) of order 𝛼𝛼 is defined by the following 
generating function [3, 4]. 

 
𝑡𝑡𝛼𝛼𝑒𝑒𝑥𝑥𝑥𝑥

(𝑒𝑒𝑡𝑡−1)𝛼𝛼
= ∑ 𝐵𝐵𝑘𝑘

(𝛼𝛼)(𝑥𝑥) 𝑡𝑡
𝑘𝑘

𝑘𝑘!
∞
𝑘𝑘=0 .                                                                                                                                         (1) 

 
The Riemann-Liouville right and left handed integral of f of fractional order 𝛼𝛼 [2, 5] defined   on  −∞ ≤ 0 ≤ 𝑥𝑥 < ∞  
and  −∞ < 0 ≤ 𝑥𝑥 ≤ ∞ respectively as follows: 

 
𝐼𝐼𝑥𝑥𝛼𝛼𝑓𝑓(𝑥𝑥) = 1

Γ(𝛼𝛼) ∫ (𝑥𝑥 − 𝑢𝑢)𝛼𝛼−1𝑓𝑓(𝑢𝑢)𝑑𝑑𝑑𝑑.𝑥𝑥
0                                                                                                                                (2) 

and 
 
 x𝐼𝐼𝛼𝛼𝑓𝑓(𝑥𝑥) = 1

Γ(𝛼𝛼) ∫ (𝑢𝑢 − 𝑥𝑥)𝛼𝛼−1𝑓𝑓(𝑢𝑢)𝑑𝑑𝑑𝑑.0
𝑥𝑥                                                                                                                               (3) 

 
The Gr𝑢̈𝑢nwald-Letnikov right and left handed fractional difference of order 𝛼𝛼  of 𝑔𝑔 [2, 5] are defined as follows:  
 
∆𝑥𝑥𝛼𝛼𝑔𝑔(𝑥𝑥) = ∑ (−1)𝑘𝑘∞

𝑘𝑘=0 �𝛼𝛼𝑘𝑘�𝑔𝑔(𝑥𝑥 − 𝑘𝑘).                                                                                                                               (4) 
and 

   x∆𝛼𝛼𝑔𝑔(𝑥𝑥) = ∑ (−1)𝑘𝑘∞
𝑘𝑘=0 �𝛼𝛼𝑘𝑘� 𝑔𝑔(𝑥𝑥 + 𝑘𝑘).                                                                                                                           (5) 

  
Recently in Ref [3], some properties and applications of generalized Bernoulli polynomials of positive order connecting 
with Riemann-Liouville fractional integral and Gr𝑢̈𝑢nwald-Letnikov fractional difference are studied. In the present 
work, some properties and applications of generalized Bernoulli polynomials of negative order connecting with 
fractional integrals and fractional differences are studied. 
 
2.  MAIN RESULTS 
Theorem 2.1.  Let 𝛼𝛼 > 0 and 𝑘𝑘 ∈ 𝑊𝑊. Then 
 
∆𝑥𝑥𝛼𝛼𝐼𝐼𝑥𝑥𝛼𝛼((𝑥𝑥 + 𝛼𝛼)𝑘𝑘) = 𝐵𝐵𝑘𝑘

(−𝛼𝛼)(𝑥𝑥)                                                                                                                                             (6) 
 
Proof.  Replacing 𝛼𝛼 by – 𝛼𝛼 in (1), then 
 
(𝑒𝑒𝑡𝑡−1)𝛼𝛼𝑒𝑒𝑥𝑥𝑥𝑥

𝑡𝑡𝛼𝛼
= ∑ 𝐵𝐵𝑘𝑘

(−𝛼𝛼)(𝑥𝑥) 𝑡𝑡
𝑘𝑘

𝑘𝑘!
∞
𝑘𝑘=0 .                                                                                                                                          (7) 
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In Ref [3], it is well known that 
 

∆𝑥𝑥𝛼𝛼𝐼𝐼𝑥𝑥𝛼𝛼(𝑒𝑒𝑥𝑥𝑥𝑥 ) = 𝑒𝑒𝑥𝑥𝑥𝑥 �1−𝑒𝑒−𝑡𝑡

𝑡𝑡
�
𝛼𝛼

.                                                                                                                                               (8) 
 
Using (8) in (7), then 
 

∆𝑥𝑥𝛼𝛼𝐼𝐼𝑥𝑥𝛼𝛼(𝑒𝑒𝑥𝑥𝑥𝑥 )𝑒𝑒𝛼𝛼𝛼𝛼 = �𝐵𝐵𝑘𝑘
(−𝛼𝛼)(𝑥𝑥)

𝑡𝑡𝑘𝑘

𝑘𝑘!

∞

𝑘𝑘=0

. 

 
Since 𝛼𝛼 is constant, after simplification, gives 
 

∆𝑥𝑥𝛼𝛼𝐼𝐼𝑥𝑥𝛼𝛼�𝑒𝑒(𝑥𝑥+𝛼𝛼)𝑡𝑡� = �𝐵𝐵𝑘𝑘
(−𝛼𝛼)(𝑥𝑥)

𝑡𝑡𝑘𝑘

𝑘𝑘!

∞

𝑘𝑘=0

. 

 
Expanding the exponential function on the left hand side of the above equation 
 

�∆𝑥𝑥𝛼𝛼𝐼𝐼𝑥𝑥𝛼𝛼((𝑥𝑥 + 𝛼𝛼)𝑘𝑘)
𝑡𝑡𝑘𝑘

𝑘𝑘!

∞

𝑘𝑘=0

= �𝐵𝐵𝑘𝑘
(−𝛼𝛼)(𝑥𝑥)

𝑡𝑡𝑘𝑘

𝑘𝑘!

∞

𝑘𝑘=0

. 

 
Then, comparing coefficients of 𝑡𝑡𝑘𝑘 , 𝑘𝑘 = 0,1,2, …, gives  (6). 
 
Theorem 2.2.  Let 𝛼𝛼 > 0 and 𝑘𝑘 ∈ 𝑊𝑊.  Then 
 
x∆𝛼𝛼 x𝐼𝐼𝛼𝛼(𝑥𝑥𝑘𝑘) = 𝐵𝐵𝑘𝑘

(−𝛼𝛼)(𝑥𝑥)                                                                                                                                                     (9) 
 
Proof.  Replacing 𝑡𝑡 by – 𝑡𝑡 in (7), then 
 
(1−𝑒𝑒−𝑡𝑡)𝛼𝛼𝑒𝑒−𝑥𝑥𝑥𝑥

𝑡𝑡𝛼𝛼
= ∑ 𝐵𝐵𝑘𝑘

(−𝛼𝛼)(𝑥𝑥)(−1)𝑘𝑘 𝑡𝑡
𝑘𝑘

𝑘𝑘!
∞
𝑘𝑘=0 .                                                                                                                         (10) 

 
In Ref [3], it is well known that 
 

x∆𝛼𝛼 x𝐼𝐼𝛼𝛼(𝑒𝑒−𝑥𝑥𝑥𝑥 ) = 𝑒𝑒−𝑥𝑥𝑥𝑥 �1−𝑒𝑒−𝑡𝑡

𝑡𝑡
�
𝛼𝛼

                                                                                                                                        (11) 
 
Using (11) in (10), then 
 

x∆𝛼𝛼 x𝐼𝐼𝛼𝛼(𝑒𝑒−𝑥𝑥𝑥𝑥 ) = ∑ 𝐵𝐵𝑘𝑘
(−𝛼𝛼)(𝑥𝑥)(−1)𝑘𝑘 𝑡𝑡

𝑘𝑘

𝑘𝑘!
∞
𝑘𝑘=0 . 

             
Expanding the exponential function on the left hand side of the above equation and then comparing coefficient of 
𝑡𝑡𝑘𝑘 , 𝑘𝑘 = 0,1,2, …, gives  (9). 
 
Theorem 2.3.  Let 𝑓𝑓 be a continuously differentiable function,𝛼𝛼 > 0.   Then 
 

 ∆𝑥𝑥𝛼𝛼𝐼𝐼𝑥𝑥𝛼𝛼𝑓𝑓(𝑥𝑥 + 𝛼𝛼) = ∑ 𝑓𝑓(𝑘𝑘)(0)
𝑘𝑘!

∞
𝑘𝑘=0 𝐵𝐵𝑘𝑘

(−𝛼𝛼)(𝑥𝑥) = x∆𝛼𝛼 x𝐼𝐼𝛼𝛼𝑓𝑓(𝑥𝑥)                                                                                                  (12) 
 
Proof. Expanding 𝑓𝑓(𝑥𝑥 + 𝛼𝛼)  by Taylor series at 𝑥𝑥 + 𝛼𝛼 = 0, then 
 

𝑓𝑓(𝑥𝑥 + 𝛼𝛼) = ∑ 𝑓𝑓(𝑘𝑘)(0)
𝑘𝑘!

∞
𝑘𝑘=0 (𝑥𝑥 + 𝛼𝛼)𝑘𝑘                                                                                                                                    (13) 

 
Applying Riemann-Liouville right hand fractional integral and Grunwald-Letnikov right hand fractional difference on 
both sides of (13), then         
 

 ∆𝑥𝑥𝛼𝛼𝐼𝐼𝑥𝑥𝛼𝛼𝑓𝑓(𝑥𝑥 + 𝛼𝛼) = �
𝑓𝑓(𝑘𝑘)(0)
𝑘𝑘!

∞

𝑘𝑘=0

 ∆𝑥𝑥𝛼𝛼𝐼𝐼𝑥𝑥𝛼𝛼((𝑥𝑥 + 𝛼𝛼)𝑘𝑘) 
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Using Theorem 2.1, yields  
 

 ∆𝑥𝑥𝛼𝛼𝐼𝐼𝑥𝑥𝛼𝛼𝑓𝑓(𝑥𝑥 + 𝛼𝛼) = ∑ 𝑓𝑓(𝑘𝑘)(0)
𝑘𝑘!

∞
𝑘𝑘=0 𝐵𝐵𝑘𝑘

(−𝛼𝛼)(𝑥𝑥)                                                                                                                          (14) 
 
Similarly, expanding 𝑓𝑓(𝑥𝑥)  by Taylor series at 𝑥𝑥 = 0,  then 
 

𝑓𝑓(𝑥𝑥) = ∑ 𝑓𝑓(𝑘𝑘)(0)
𝑘𝑘!

∞
𝑘𝑘=0 𝑥𝑥𝑘𝑘                                                                                                                                                      (15) 

 
Applying Riemann-Liouville left hand fractional integral and Grunwald-Letnikov left hand fractional difference on 
both sides of (15), then                  
 

x∆𝛼𝛼 x𝐼𝐼𝛼𝛼𝑓𝑓(𝑥𝑥) = ∑ 𝑓𝑓(𝑘𝑘)(0)
𝑘𝑘!

∞
𝑘𝑘=0  x∆𝛼𝛼 x𝐼𝐼𝛼𝛼 (𝑥𝑥𝑘𝑘) 

 
Using Theorem 2.2, yields  
 

x∆𝛼𝛼 x𝐼𝐼𝛼𝛼𝑓𝑓(𝑥𝑥) = ∑ 𝑓𝑓(𝑘𝑘)(0)
𝑘𝑘!

∞
𝑘𝑘=0 𝐵𝐵𝑘𝑘

(−𝛼𝛼)(𝑥𝑥)                                                                                                                                (16) 
 
Combining (14) and (16), completes the theorem.   
 
Corollary 2.4.  Let 𝑓𝑓 be a continuously differentiable function,  𝑚𝑚 ∈ 𝑁𝑁.  then 
 
 ∆0
𝑚𝑚𝐼𝐼𝑥𝑥𝑚𝑚𝑓𝑓(𝑥𝑥 + 𝑚𝑚) = 𝑚𝑚!∑ 𝑓𝑓(𝑘𝑘)(0)∞

𝑘𝑘=0
𝑆𝑆(𝑚𝑚,𝑚𝑚+𝑘𝑘)

(𝑚𝑚+𝑘𝑘)!
= 0∆𝑚𝑚 x𝐼𝐼𝑚𝑚𝑓𝑓(𝑥𝑥).                                                                                       (17) 

 
Where 𝑆𝑆(𝑚𝑚,𝑚𝑚 + 𝑘𝑘) is Striling numbers of second of order 𝑚𝑚[1]. 
 
Proof.    Let  𝛼𝛼 = 𝑚𝑚,𝑚𝑚 ∈ 𝑁𝑁   and  𝑥𝑥 = 0 in (12). Then 
 

 ∆0
𝑚𝑚𝐼𝐼𝑥𝑥𝑚𝑚𝑓𝑓(𝑥𝑥 + 𝑚𝑚) = ∑ 𝑓𝑓(𝑘𝑘)(0)

𝑘𝑘!
∞
𝑘𝑘=0 𝐵𝐵𝑘𝑘

(−𝑚𝑚)(0) = 0∆𝑚𝑚 x𝐼𝐼𝑚𝑚𝑓𝑓(𝑥𝑥).                                                                                             (18) 
 
But 𝐵𝐵𝑘𝑘

(−𝑚𝑚)(0) = 𝐵𝐵𝑘𝑘
(−𝑚𝑚), where 𝐵𝐵𝑘𝑘

(−𝑚𝑚) is 𝑘𝑘𝑡𝑡ℎ  Bernoulli number of order −𝑚𝑚.  
 
Also,  𝐵𝐵𝑘𝑘

(−𝑚𝑚) = 𝑆𝑆(𝑚𝑚,𝑚𝑚 + 𝑘𝑘) 𝑘𝑘!𝑚𝑚!
(𝑚𝑚+𝑘𝑘)!

.                                                                                                                               (19) 
 
The equation (19) can be easily found by comparing coefficients of powers of 𝑡𝑡  of the following generating function of  
𝐵𝐵𝑘𝑘

(−𝑚𝑚) and Stirling number of second kind  𝑆𝑆(𝑚𝑚,𝑚𝑚 + 𝑘𝑘)[1] 
. 
(𝑒𝑒𝑡𝑡 − 1)𝑚𝑚

𝑡𝑡𝑚𝑚
= �𝐵𝐵𝑘𝑘

(−𝑚𝑚) 𝑡𝑡𝑘𝑘

𝑘𝑘!

∞

𝑘𝑘=0

. 

 
 and  

(𝑒𝑒𝑡𝑡 − 1)𝑚𝑚 = 𝑚𝑚! � 𝑆𝑆(𝑚𝑚, 𝑘𝑘)
𝑡𝑡𝑘𝑘

𝑘𝑘!
.

∞

𝑘𝑘=𝑚𝑚

 

 
Using (19) in (18), completes the corollary. 
 
Theorem 2.5.  Let 𝑚𝑚 ∈ 𝑁𝑁 and 𝑛𝑛 ∈ 𝑊𝑊. Then 
 
∆𝑚𝑚𝐵𝐵𝑛𝑛+𝑚𝑚

(𝑚𝑚) (𝑚𝑚)
𝑚𝑚!(𝑛𝑛+𝑚𝑚)!

= ∑ 𝐵𝐵𝑛𝑛−𝑘𝑘
(𝑚𝑚)

(𝑛𝑛−𝑘𝑘)!
𝑛𝑛
𝑘𝑘=0

𝑆𝑆(𝑚𝑚,𝑚𝑚+𝑘𝑘)
(𝑚𝑚+𝑘𝑘)!

.                                                                                                                                  (20) 
 
Proof.   Let 𝑓𝑓(𝑥𝑥) = 𝐵𝐵𝑛𝑛

(𝑚𝑚)(𝑥𝑥) in (17). Then 
 

 ∆0
𝑚𝑚𝐼𝐼𝑥𝑥𝑚𝑚𝐵𝐵𝑛𝑛

(𝑚𝑚)(𝑥𝑥 + 𝑚𝑚) = 𝑚𝑚! 𝑛𝑛! ∑ 𝐵𝐵𝑛𝑛−𝑘𝑘
(𝑚𝑚)

(𝑛𝑛−𝑘𝑘)!
𝑛𝑛
𝑘𝑘=0

𝑆𝑆(𝑚𝑚,𝑚𝑚+𝑘𝑘)
(𝑚𝑚+𝑘𝑘)!

 .                                                                                                        (21) 
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Using (2), gives 
 

𝐼𝐼𝑥𝑥𝑚𝑚𝐵𝐵𝑛𝑛
(𝑚𝑚)(𝑥𝑥 + 𝑚𝑚) =

1
Γ(𝑚𝑚)

�(𝑥𝑥 − 𝑢𝑢)𝑚𝑚−1𝐵𝐵𝑛𝑛
(𝑚𝑚)(𝑢𝑢 + 𝑚𝑚)𝑑𝑑𝑑𝑑.

𝑥𝑥

0

 

 
Using integral by parts and applying  ∆0

𝑚𝑚 ,  it is easily find that  
 

 ∆0
𝑚𝑚𝐼𝐼𝑥𝑥𝑚𝑚𝐵𝐵𝑛𝑛

(𝑚𝑚)(𝑥𝑥 + 𝑚𝑚) = ∆𝑚𝑚𝐵𝐵𝑛𝑛
(𝑚𝑚)(𝑚𝑚)

(𝑛𝑛+1)(𝑛𝑛+2)…(𝑛𝑛+𝑚𝑚)
.                                                                                                                        (22) 

 
Comparing (22) and (21), gives (20).  This completes the theorem. 
 
3.  CONCLUSION 
Some properties and applications of negative order Bernoulli polynomials connecting with Riemann-Lioville fractional 
integral and Gr𝑢̈𝑢nwald-Letnikov fractional differences have been developed in this paper. The expansion of Riemann-
Lioville fractional integrals and Gr𝑢̈𝑢nwald-Letnikov fractional differences of a function can be expressed in terms of 
negative order Bernoulli polynomials.  
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